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Abstract

We give some examples that show the S-matrix elements in string theory satisfy S and T dualities.
Assuming this duality for all S-matrix elements, we then find the tree-level S-matrix elements on the world
volume of Fi-string and NSs-brane, which are related by S-duality to the disk-level S-matrix elements of
D;-string and Ds-brane, respectively. The S-matrix elements indicate that both Fi-string and NSs-brane
have D-string excitations. Inspired by this observation, we then propose a Born-Infeld and Chern-Simons

type effective action for both Fi-string and NSs-brane.



1 Introduction

It is known that the type II superstring theory is invariant under T and S dualities.

Compatibility of a given solution of equations of motion with these dualities can
be used to generate new solutions.

In this talk, I would like to apply this compatibility to the other on-shell quan-
tities, 7.e., the S-matrix elements.

2 T-duality of S-matrix

The T-duality holds order by order in string loop expansion.

We show that T-duality generates new S-matrix elements from a given S-matrix
element. All such S-matrix elements are at the same order in the loop.



Consider the disk level S-matrix element of two gravitons

, [(—t/4)D(—s o
ADyiths) ~ T K(Dyis o) L5+

where s = —a/(p1)a(p1)yn® , and t = —a/(py + p2)*.
The background metric 7, is the string frame metric.

The kinematic factor can be written as
K(Dy; hi,hy) ~ e %y —U[Rmz)cngde — 2R1wRY — Rigij RS + 2Ry RY

where Ry = 1 Regay and Rjj = 7 Reiq;.

The linear curvature tensor is

1
Rywpr = Q(hqu + hw)w _ hMPW/\ - hvk,up)

where metric is 1, + h,,, and h,,, 1s the graviton polarization tensor.
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What is the transformation of the above amplitude under T-duaity?

The full set of nonlinear T-duality transformations are

. 20 1 - B - GGy — B, B
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’ %/y Y Gy B Gny JG " " Gyy
R n B vy BV A(n n— n n
B, = Ty By = By, — py vy vy L 6n) o ‘Vl) : @E)V _ Cl(Ler%y)

9 uyy u
ny ny

If y is identified on a circle of radius R, i.e., y ~ y+ 2w R, then after T-duality the
radius becomes R = o//R. The string coupling is also shifted as § = gv/o//R.

Suppose we are implementing T-duality along a world volume direction of D,-
brane. Then for the background fields, we have

T — YT
T,0"  (pf +p3) — Tp-107(pf + pb)
s,t — s,t
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To generate new n-point functions from a given n-point function, one has to use
the linear T-duality transformations which are

~ 1
¢=¢— thya hyy - _hyyv huy = By, By = huyv h/w - huw B,y = By,
cn)  _ coln-1) @EL@V — cntl)

vy JIe 9 JIRR 2T
Our strategy for finding the new n-point functions of a D,-brane is as follows:

Under T-duality the D,-brane transforms to D,_;-brane and the above coupling
transforms to

—>7~€ . 7%@...;...4_7% ; 7%3/;

a/..-Z... y.-.Z..-

The indices are not complete in the T-dual theory. One must add new couplings
to the action to have the complete indices in the T-dual theory.

Let us consider each curvature terms in K (D,; hy, he) separately.
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2.1 Rupea R term

We first write it as
2 2 2 2
(Ravea)” = (Ryjeg)” + (Pay e — hi)y,ae) + (hyy,ai))
Our notation is such that e.g., (Rapea)’ = Riaped RE.
Under T-duality, it transforms to
(Rabcd)2 - (Rabcd)2 + (Bay,bc - Bby,ac)2 + (hyy,ab)2

Because there are incomplete transverse index gy, one concludes that the original
curvature term is not consistent with T-duality even in the absence of the B-field.
One must add some terms to the curvature term to have completed indices in the
T-dual theory. The T-dual invariant terms are:

(,Izabcd)2 + (Bai,bc - Bbi,ac)2 - 2<Bci,ab)2 - (hcd,ab)2
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2.2 kab’]éab, Rabinabij, ﬁljﬁw terms

The T-dual completion in these cases are the following couplings:

. 1 1 1

(Rab - ¢,ab)2 + Q(Bic,ca - Bia,cc)2 - Q(Bm,cc>2 - 4(hab,cc>2
1 1 1 1

(Rabz’j)z + Q(Bk:z',aj - Bkj,ai)2 + (Bac,bi - Bbc,ai)2 Q(Bk:z,aj)Q Q(Bac,bz>2
1

2.3 B-B amplitude

Now adding these terms one finds that the non-tensor graviton terms are canceled.
This means the graviton amplitude is invariant under the T-duality transforma-

tions when there is no B-field.



In the presence of B-field, the T-duality predicts the following amplitude:

I'(—=t/4)'(—s
A(Dy By B) ~ Ty K(Dys B B 1 g

where the kinematic factor is
_ 1
K(Dp7 Bla BZ) = € (b\/ -1 (Bki,ajBkj,az’ + Bac,biBbc,ai - Q(Bki,aj)z -
_(Bic,ca)2 - 2Bab,biBai,cc + (Bab,bi)2 + (Bai,bb)z)

1

*Baciz
5 (Baci)

We have checked that this amplitude is exactly reproduced by the disk-level scat-
tering amplitude of two B-fields.

For later use, we write the kinematic factor in terms of field strength H

1

_ 1 iik.a 1 abc,i
K(Dp;Bl,BQ) = € gZ§\/ —77{6H1ijk,aH2jk7 ‘|‘3[_]1abc,i]_12b7 _5

bci,a
Hlbcz’,aH2



2.4 RR-NSNS amplitude

Another example of T-dual S-matrix multiplet is the disk-level S-matrix elements
of one RR and one NSNS vertex operators

P(—t/4)l(=s)
I'(1—t/4—s)

A(D,;1,2) ~ T,*(Ki7(Dy;1,2) — Kop(Dy; 1,2)) G

pi +05)
The T-dual kinematic factors are

ag---a 1 ai 1 +2 a ij
Kir(Dp;1,2) = e (WFl(p) Haaga,™ +p!F1(p ) Ryay"”

. 1)' 14+ ap,a 1ay-apJ,a

1 (p+4) iik.a
—MFlmo.--apjk,aHQ

1 . 2 . y

) __ _ap—a (p) . i,a (p+2)  (pij i
K2T<Dp, 1, 2) =€ p (2'(}) — 1)!F1aa2...ap7@H2a0a1 -+ (p + 1)!F1a0~~-ap],2(R2 2 )])

The reason that there are two T-dual kinematic factors is to have consistency with S-

duality. Each term is invariant under the RR and the NSNS gauge transformations.
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2.5 RR-NSNS-NSNS amplitude

Consider the disk-level S-matrix element of one RR potential C?~3) and two gravi-
tons

A(Dy; CY™2 hg, hy) ~ T,a?K(Dy;Cy, h, ha) TP (p% + pl + pl)
where 7 is a function of the Mandelstam variables and the kinematic factor is
K(Dp7 C%)_Ba h27 h3) - anmapcyéz--?’-)ap {R2a0a1abR3a2agba - Ranalin?)agagji]

This amplitude at order o' has only contact terms, which reproduce the curvature
corrections to the Chern-Simons action.

This amplitude satisfies the Ward identities corresponding to the gravitons and
the RR field.

However, it is not invariant under T-duality. Consequently, the Chern-Simons
action is not invariant under the T-duality.
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Since the curvature terms have four indices contracted with the volume form, one

realizes that the T-dual S-matrix multiplet corresponding to the above amplitude
should involve C?=3) C=1) b+ CW@+3) CP+5),

Since the contracted indices a, b and 4, j are not derivative indices, the CP=3)-

component is not T-duality invariant when the Killing coordinate is an index of the
RR field.

Using the same steps as we have done before, one finds appropriate terms to
make the above amplitude invariant under T-duality.

The result satisty the Ward identity corresponding to the RR-field.

The result, however, does not satisfy the Ward identity corresponding to the
B-field.

Hence one must add some other T-duality invariant terms.



The result is
A(D,;CY™ By, Bs) ~ T,a”K(D,;CY"™ By, B3) T (pf + pl + pl) + - - -

where the kinematic factor is

— gl - 1 i,a 1 a,t
K(Dpa Ol(p 3)7 327 B3) = € pcfp ¥ {_ 2H2a0a1i,aH3a2a3 " 2H2a0a1a,iH3a2a3 7 }

Garap
The above terms are reproduced by the corresponding disk-level S-matrix element.
The above terms, however, do not satisfy the RR gauge transformation.
So we have to add more T-duality invariant terms to make it symmetric.
In principle, one may find such terms by imposing this symmetry:.
[t is very difficult to find such terms.
String theory is clever enough to find them.

We have found them by direct calculation in string theory:.
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The result is

A~ Tyo gy O D0t [i(;g%pg)ﬂgaoalﬂgaza?)j - i(pzapg)HéaoalHéaza?’j
) HE () Y 75— 3 () HE2
+;(p2)a(p2)¢H§a°a1H§a2a3% — (p1)i(p2)a H " Hy™ I
2 (p2) 0 () 205 — (1) a) HEO HEE T,
+i(pl)i(pl)jHéaoangamIl + i(ﬁl)i(pz)a éaoalH??a?ag%
D HE ) HE T, — () () HE N HET,

2 ) HE 2 ) HE Tr (1)) N HYT,
1

—3(pz)i(pz)aHgoamHémg(—Js + ‘7)}5“1(;0% + p§ + p3) + {2 - 3}
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This amplitude satisfies the Ward identities corresponding to both the RR and
the B-fields.

The sum of this amplitude and the graviton amplitude satisfy the linear T-duality
when one of the indices of the RR potential carries the Killing index.

When the Killing index is carries by graviton/B-field, the amplitude is not in-
variant under T-duality.

Imposing this T-duality one may find all other components of the T-dual S-matrix
multiplet.

That is, one can find the components C?~D @+ C@+3) CP+5),
We have found the C?+%)-component.

[t is reproduced by direct calculation.
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3 S-duality of S-matrix

The S-duality is nonperturbative in the string loop expansion.

We show that S-duality generates new S-matrix elements from a given S-matrix
element.

In this case, such S-matrix elements are not at the same order in the loop.

We call the set of S-matrix elements in a S-dual combination, the S-dual S-matrix
multiplet.

We will show that in some cases the S-dual multiplet has more than one term at
the tree-level.

In those cases, the S-duality generates new tree-level S-matrix elements from a
given tree-level S-matrix element.
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3.1 S-dual multiplets with single tree-level amplitude
The simplest example of S-duality invariant S-matrix element is the following disk-
level 1-point coupling:

A(D3;01(4>> ~ TDBan---a30(4) 54(]?%)

ao...as

The RR four-form is invariant under this duality.

The Ds-brane is also invariant under S-duality.

Hence, the above amplitude is invariant under the S-duality.

In this example, the S-duality does not require any tree-level or loop terms.
Let us extend it to 2-point function.

[t is given by the disk-level amplitude we discussed in the previous sections.
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In the Einstein frame, G, = e?/ g, the amplitude becomes
[(—te 9 /4)[(—se™9/?)
(1 —te=9/2/4 — se=9/2)

A(D3; CYY hy) ~ TpsaK(Ds; C1Y hy) 5 (p% + p3)

where the kinematic factor is

()  apeag o[ L () o i L6 B
K(Ds3;Cy7 hy) = €™ %e gb[z!glﬂal---%j,aR aoj_Z“FaO-~-a3j,iRj]

While the Einstein frame metric and the RR four-form are invariant, the dilaton
factor is not invariant under the S-duality.

Hence, one has to o’-expand the amplitude to discuss the S-duality at each order
of .

The expansion is

6 2
A(Dy; Y o) ~ TpsaK (Dy; C1Y, o) (—; + 72T4 — O(&/2€¢))
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The leading term is invariant under S-duality.
The dilaton factor e~¢ in the o/? order terms is not invariant.

Consider the non-holomorphic Eisenstein series defined by

@

QC(QS)ES(T, 7__) —
(mn)2(0,0) [+ nT[*

where 7 = 1 + 170.
[t is invariant under the SL(2, Z) transformation.
For s = 1, this series diverges logarithmically.

The regularized function has the following weak-expansion:

A(R)E(r,7) = (D — S ln(m) + /7 ¥
m=#0,n#0

1/2
‘m‘ / 2mimnTy
n

Kl/Q(QW\mn]Tg)e

The first term is the dilaton factor in the disk-level amplitude at order a/?.
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3.1.1 Another example

Consider the disk-level 2-point function of one RR two-form and one B-field.
In the Einstein frame, this amplitude is

[(—te= %2 /) (—se™9/?)
N1 —te=?/2/4 — se—9/2)

A(Dy; C? BY?) ~ Tpsa?K(Dy: 2, B 3 (pt + p3)

where the kinematic factor is

K(Ds;C1, BY) = ¢ e [F® 0 e Huga ™ — F® aagayi Hoga, ™

Using the S-duality transformation C® — B®) and B® — —C®, one finds

that it is invariant under the S-duality at order o',

At order o2, the dilaton factor is not invariant so it should be again replaced by
E to make 1t invariant.
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3.2 S-dual multiplets of Ds;-brane with more then one tree-level amplitude

Let us consider the disk-level 2-point function of B-fields on the world volume of
Ds-brane.

In the Einstein frame, it is given by

F(—t6_¢/2/4)F(—se_¢/2)

@ p@y 2 @ p@
A(D37Bl 7B2 ) TD305 K(D37B1 7B2 )F(l—t€_¢/2/4—86_¢/2)

5 (pf + p3)

where the kinematic factor is

- —0 _/ 1 ijha | 1 abc,i 1 ci,a
K(DP; BlaBZ) — € gb(e ¢ _n[6H1ijk,aH2]k’ ‘|‘3H1abc,z’H2b’ _2H1bci,aH§ ’D

Obviously the above amplitude can not be extended to the S-duality invariant
form by adding only the appropriate loops or the D-instanton effects.

One needs another disk-level amplitudes as well.
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Since the RR two-form and the B-field appear as doublet under the S-duality
transformation, the following combination is invariant

B2 )

[ = (B®, cHMm ( o

where the matrix M is

M =¢? ( 7l _C)

—-C 1

In component it is
I =e?BOBE) L o0@(2) _ €¢C{B<2), 0(2)} + e?CcCB® B2
The dilaton factor is the background field corresponding to the disk-level ampli-
tudes.

If one considers linear S-duality, then the combination of first two term are
invariant.
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The consistency of the above amplitude with the S-duality then predicts the
following disk-level amplitude:
[(—te= % /4)(—se=?/? 0
( - //2> ( — /2)54(]71 +p2)
(1 —te=?/2/4 — se=9/?)

A(Dg;C{Z), 2(2>) ~ TD30/2K(D3;C£2), 2(2>)

where the kinematic factor is

_ 1 17k,a
K(D,C?,cf) = e ¢(€¢° _"{6(F1(3))ijk,a(F2<3))jk’ +

1

3 3)\bei,a
—2(F1( >>bci,a<F2( ))b ’ D

This 2-point function is exactly reproduced by the direct calculation.

Adding the above two disk-level couplings and including the appropriate loops
and nonperturbative effects, one can make the whole multiplet to be invariant.

One can extend the above discussion to sphere-level amplitude because the
vacumme in this case also is invariant under the S-duality.
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3.3 S-matrix elements for F;-string and NS;-brane

We now speculate that S-duality may generate the S-matrix elements for Fq-string
and NSs-brane which we don’t know how to calculate them by the world-sheet
conformal field theory:.

Since Dq-string and Fi-string couples linearly to the RR two-form and the B-
field, respectively, one concludes that Di-string is mapped to Fi-string under the
S-duality.

In other words the combination of the following standard couplings are invariant
under the S-duality:
Tp1 [C® +Tpy [ B® —Tpy [C® —Tpy [ B®

While the coupling of the Dq-string can be confirmed by the disk-level 1-point
function in which the RR vertex operator is in (—1/2, —3/2)-picture, the coupling
of Fy-string has no such description.
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Now, what happens when one extends the 1-point function of the Dq-string to
2-point function? The 2-point functions in the Einstein frame is

[(—te= 92 /) (—se~9/?)
(1 —te=?/2/4 — se=9/2)

A(Dy;CY hy) ~ TpiaK(Dy; CF | hy) 32(p% + pt)

where the kinematic factor is

K (Dl?dQ)ahz) = anale_qb[ﬂg)j,aRaaoij _ B Rw}

apayji
In this case, one can not make it invariant under the S-duality by adding the
loops and the D-instanton effects. It should be transformed in covariant form. It
transforms to the following amplitude on the world-volume of the Fq-string:
[(—te?? /4T (—se?/?)

. n2) ~ 12 . n(2) a a
A(Flu Bl 7h2) Tr K(Fla Bl 7h2)r(1 . t€¢/2/4 . S€¢/2)5 (pl +p2)

where the kinematic factor is
5 . .
K<F17 B£ )7 h2> - 6a0a1€¢ [Hialj,aRaa()Z] - Hagalj,iRU}
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Adding the above amplitudes one finds S-duality invariant combination.

We expect in a similar way one can find all tree-level S-matrix elements on the
world-volume of Fy-string, e.g.,

[(—te?/4)[(—se?)
(1 —te?/4 — se?)

A(F1:1,2) ~ Tpo”K(Fy;1,2) 8% (p} + p5)

where the metric is the string frame metric and the kinematic factor is

Similarly for all other S-matrix elements.

The amplitude is at strong coupling, however, the S-matrix elements are invariant
under the supersymmetry. Hence, we expect them to be valid at weak couplings as
well.
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The new S-matrix elements can be found by using the linear S-duality transfor-
mation on a given disk-level S-matrix element.

The axion and the dilaton, i.e., 7 = C +1ie~? are the only fields which transfor-
mation nonlinearly under the S-duality.

The S-duality transformation that maps B® to C'®), maps 7 to

s, !
-
At the linear order of axion, it is
C = —C

where €% is the background dilaton factor.

Therefore, the axion state in the disk-level n-point function of D;-string is mapped
to —e??C in the tree-level n-point function of Fl-string.
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For the magnetic dual couplings, consider
Tps [ O + Tvss [ B —Tps [ C' — Tivss [ B
which are invariant under the S-duality.

Repeating the same steps as we have done in the previous case, one finds the
following tree-level 2-point function for the NSs-brane:

[(—te?/4)T(—se?)
(1 —te?/4 — se?)

where the kinematic factor K(NSs; 1,2) is related to the kinematic factor of Ds-
brane by the S-duality transformation, i.e.,

A(NS5:1,2) ~ Tyngsa”K(NSs:1,2)

K(D5; 1, 2) s K(NS5, 1, 2)

The combination A(NSs;1,2) + A(Ds;1,2) + A(NS5;1,2) + A(Ds; 1,2) is then
invariant under S-duality.
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The gamma functions in the above 2-point functions represent both s- and t-
channels.

The poles in the t-channel, which are at %"'t = 0,2,4,---, present the closed
D-string couplings to the Fy-string/NSs-brane.

,1,- -, present the open

The poles in the s-channel, which are at %° = O,%

D-string excitation of Fy-string/NSs-brane.

Hence, the S-duality predicts that these objects have D-string excitation at strong
and weak couplings.

Let us examine the massless poles in ¢- and s-channelds.

Consider the following standard coupling in the type IIB supergravity and the
linear coupling of the B-field to Fy-string:

[d"z(F® + COH)? ; Tp [ BY
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One can calculate the massless closed D-string pole in the scattering
CO 4 Fi—string — C® + F1—string
The Feynman amplitude becomes

F(l)uFlEZ%Eab
t
On the other hand, the supergravity coupling and the linear coupling of the RR

Ay(Fy) ~ Tr

two-form to Di-string can be used to calculate the massless closed string pole in
the following scattering:

C9 4+ Dy—string — B® + D;—string
The Feynman amplitude in this case becomes

F(l)uHMabeab

Ay(Dy) ~ Tpy ;
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The massless open string pole in the Di-string scattering can be calculated by
using the standard brane couplings Tp1 By f%, Tpi€™ o C?) and Ty fur f®. The
Feynman amplitude becomes

EabF(l)B o
AdDy) ~ Tp——a"

On the other hand, the massless open D-string pole in the Fi-string scattering
can be calculated by assuming the brane couplings T Coap f®, Tr1€® f,,C©) and
Tri furf®. The Feynman amplitude becomes

6abF’CSl)Cfbc,c

AS<F1) ~ TFl

Comparing these amplitudes, one finds that they are consistent with our proposal
for the string amplitude.

Note that the string amplitudes have no dilaton factor at order O(a/").
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One can find the contact terms at order O(a/") by subtracting the above massless
poles from the o/-expansion of the tree-level 2-point function.

In the case of D;-string, one finds

A(Dy; G, B®) — A(D1) = A(Dy) ~ TpiC"” Bue™ + 0(a”)

which is a standard term in the Chern-Simons part of the D;-string action.

Similar calculation for Fi-string gives

A(F;C0,CP) — A((Fy) = Af(Fy) ~ TrCCuwe® + O(a?)

This is a coupling in the world volume of F;-string.

One can extend this discussion to the n-point functions to find other a/’-couplings.
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4 Fi-string and NS;-brane action

The o'-couplings on the world-volume of Di-brane and Ds-brane in string frame
are given by the following actions:

SDl = TD1 / dQZL’e_QS\/— det(gab + Bab) + TD1 /[C(2> + C(O)B<2)]
Sps = Tps [ dze™®\/— det(gu + Bu) + Tps [[C® +
LCW A B 4 L@ A g@ A B 1 Lo pR) A B A )
2 3|

All the closed string fields in the actions are pull-back of the bulk fields onto the
world-volume of branes.

The abelian gauge field can be added to the actions as B — B + 2wd/ f.

The above actions can be confirmed by the disk-level S-matrix elements on the
world-volume of Di-string and Ds-brane.
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We have speculated that the tree-level S-matrix elements of Fi-string and NSs5-
brane are related by S-duality to the disk-level S-matrix elements of D;-string and
Ds-brane, respectively.

Using this, we expect the actions of Fy-string and NSs-brane to be related by the
S-duality to the actions of Di-string and Ds-brane, respectively.

The S-duality transformation are:

Juv — 9uv
— —0
o2 _, B©
B® _, _o®
o0 _200(0)
oW - oW

where the metric is the string frame metric.
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Using these transformations, one finds that the actions D-string and Dj-brane
are mapped to

S = Tp1 [ dxy= det(ga — Cap) + Ty [[B? + COCE)]

Snss = Tss [ d°ze = det(ga, — Cu) + Tivss [ e *[BY) —
_eWACc® 4 L@ A 0@ A 0@ £ Lome® A o A o)
2 3!
The closed string fields are pull-back of the bulk fields onto the world-volume of
branes.
The abelian gauge field can be added to the actions as C? — C® 4 27a/ f.

The gauge field f,;, and the transverse scalar fields in the definition of the pull-
back operation are the massless open D-string excitation of Fi-string and NSs-brane.

Since the D-brane action is supersymmetric, we expect the above action to be
valid for both strong and weak couplings.
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Thank you
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