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1 Introduction

In certain backgrounds and in certain decou-
pling limits string theory exhibits fractional
quantum Hall-like behavior.

This suggests a new direction for string the-
ory, as an effective theory of the FQHE.

The basic principle can be thought of as re-
placing the coordinates of the electrons by
large N matrices.

This "effective string theory” naturally incor-
porates:

e Quantization of filling fraction v = 1/k.
e Fractional charges 4+vre and statistics.

e Effective gauge theories of FQHE.



2 Branes and the 2d FQHF

D2-brane in massive IIA SUGRA, G(0) = g:

N D2
(xt...,x9 (xx2)

Turn on B-field, Bijo =b =

G = kb

2d DO-brane QHF with filling fraction
po _ b 1

"TIG@] T kb Kk




D2-brane effective gauge theory

S = Q/d3x\/det(g+27ra’F-|—B)
gs

/ k
+u2/0/\62mF+B—|—4—/A/\dA+---
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Decoupling limit o/ — 0, with scalings

3 Bio
gs ~ ()3T, gij v (@)PH | b= 12

S = finite
T

where § > € >0 (6 = e =0 is SW limit).

Only the topological terms survive:

S=@/c<1)AdA+i/A/\dA.
2T 4

This resembles effective gauge the-
ory for the FQHE, where

c(1) = electromagnetic gauge field

A = "hydrodynamic” gauge field, describes
fluctuations of the fluid



NCCS theory

Define a new gauge field A by the SW map. In
the SW limit, the worldvolume theory reduces
to a non-commutative gauge theory:

e DBI action — NCYM ( )
e WZ action - NCWZ ( )

e CS action — NCCS*

In our limit § = gNCWZ + chcs, where
~ k . 21
Snoos = —/(A*dA+—7’A*A*A>,

47 3
in agreement with conjecture.

*The simplicity of the SW transform of the CS

action was demonstrated by and
. It's related to the absense of B in

the CS term.



Quasihole/quasiparticle excitations

Take a D6-brane across the D2-brane:

c®@

(@) G2 G2 +£1/4
(b) string created, end carries ¢ DO charge*

The DO-brane state has two components
N =poA=(N=£1/k)F1/k,
a uniform fluid with
N+t1/k 1
UV = = —,
AlG2) + 1| &k
and a localized excitation with Qg = F1/k.

*Explain next.



Strings ending on branes in massive SUGRA

Ordinarily, the string end is a source of world-
volume electric flux ( ):

B equation of motion from SUGRA + DBI:

d(xH) = £6®) 4 x,F A §9-P)

/S8d(>|<H)=O=il—|— i F

Sp—1

Corollary: Strings cannot end on DO-branes.
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In massive IIA SUGRA there are additional
terms in the B equation of motion:

d(xH) = £6®) 4 «,F A5007P)
+ k(G® +BAG® +B2rGW)
_|_

Integrate over S8 surrounding the string end:

O::I:1—|—/Sp_1>l<pF+k/58G(8)

But electric flux vanishes asymptotically due
to CS term, so the end carries DO charge:

_ 8) — . 1
Qo= [,0® =1

( )

Corollary: DO-branes carry k string ends.

( )



More strings ending on branes

2d array of strings ending on a Dp with B:

Ps 5(6) A dxl A da? , Bio=1»

Relevant terms in B equation

d(+H) = ps 6O ndz Ade?+k (GO + B A GO)

Integrate over S8 = DO density pg = ps/k
(secondary quasiparticle fluid).

Integrate over an S6 surrounding the end-plane,
find that it also carries D2-brane charge:

— (6) — Ps
=>Q2—/56G —kb'
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DO-brane matrix model

Describe the QHF in terms of the large N
DO-brane matrix model:

S = Sprss + SRr T Scs T Sy

Spr = % dt Tr [G,ff)XiDoXj] (Lorentz interaction)
Scg = —k/dt Tr [Ao — Xg} (classical 0-8 strings)
Sy = /dt Tr [v,bl(iDo — X9)¢a} (quantum 0-8 strings)

In our scaling limit this reduces to

2 :
S = / dt T [G&Q) X1DoX2 — kAg + ith} Dow,| |
where G2 = kb in the basic configuration.

This is similar to matrix models proposed by
and . (Here 14 are
fermions rather than bosons.)
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Matrix model configurations

Gauss’ law constraint:
A2 [x1, X2 + ity = iK1
N finite = Tr[X1, X2] =0 = Tryfy = Nk
Gas of DO-branes, each carrying k strings:
—
=
——

N — oo allows D2-brane ( ):

N
Trx!, X2] = id = %

The form of the solution depends on the value
of G(2). In particular:

T I -t
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(a) G(2) = kb:

1 27 _ ¢
X1 X% = 1
iy = 0

D2-brane with uniform DO-brane density pg =
b.

= Ground state of the QHF at v =1/k.

(b) G2 =kb+ 1/A:

;
b+kLA

—[0){0]

(X, X7 (1+10)0])

Ty

D2-brane with uniform DO-brane density pg =
b+ 1/(kA) and one string.

= Quasihole excitation of the QHF at v =
1/k.
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DO-brane statistics ( )
In general DO-branes obey non-Abelian statis-
tics, but they simplify in the QHF state.

Exchanging two DO-branes in the QHF ground
state gives a phase ¢ = exp(ink).

So DO-branes behave like 2d fermions for odd
k, and bosons for even k.

From DO-branes to NCCS theory

NC gauge theory can be formulated in terms
of a NC configuration in a lower dimensional
gauge theory. ( )

Expand around the QHF ground state,

and take the continuum limit N — oo. This
gives the 3d NCCS theory. ( )
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3 Higher dimensional FQHFs

Compact 4d generalization of the FQHE:

Particles in a large representation of SU(2)
on S% in the presence of an SU(2) instanton
gauge field. ( )

Equivalent to 6d system of charged particles
on CP3 in the presence of a large U(1) mag-
netic field. (Topologically S7 in both cases.)

The U(1) QHF can be generalized to CP™.
( )

In the large volume limit it becomes a planar
2n-dimensional QHF, with a magnetic field in
each of the n independent planes.

Main properties:
(a) Filling fraction v = 1/k™, k odd.
(b) QH/QP excitations with charge +v.

(c) Brane excitations, fractional statistics.
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Brane configuration for 4d FQHF

Replace D2-brane with D4-brane, turn on two
B-field components: By, = b, B3g =V .

2 ~0@ ~@
GlZ ’ GS4 ’ G1234

RR charges: po =0bb, po=0b, ph =1V
RR fields: G\%) = kb, G2 = kt/, G{3%, = kbb/
= 4d FQHF with filling fraction:

L — PO 1
A2 A(2) T 2
G5y G3y k
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Excitations of the 4d FQHF

Quasihole/quasiparticle:

D4 D4 D2 D2 D0
(x°,...,x%) (x*,...x%)
AGW= 1/AA
= Qo =1/k.
Quasimembrane:
D6 D4 D2 D2 D0
(x3,....x%) (x*,...x%
AG@= 1A

2d array of strings with ps =p> =b

= po =b/k, Q> = 1/k.
17



D4-brane effective gauge theory

In the scaling limit:

_|_
gs ~ (o) 2 1€ giim ()20 5,0 = finite,

we are left effectively with*

g =Ho / (J<1>/\(01A)2+“2 CCINJA+

= /A A (dA)>.

24712

We expect the CS part to become 5d NCCS
theory under the SW map A — A:

/(dﬁ*dA*AJr%dA*A*A*A_gﬁ*A*A*A*A).

*Some proposals for effective gauge theories of higher-
dimensional FQHFs were made by

. It would be interesting to
compare.
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Matrix model for 4d FQHF

G(2) G4 background, scaling limit =
S = / dt Tr [—3G§4,3lDoXinXle
4 i
1 ) )
+3 G X'Do X7 — kAo + i Doy | .
Gauss’ law:

; o 1 o
%GSQZX’XJX'“XI + 561X X + igly = ikl

4d QHF ground state:

o 2
Lo XEXIXEXD = -
€ijkl bh/
[X!, X7] = —i6Y1 (6 =idiag[oz/b,02/b'])
Pplp = 0

Excited states are obtained by changing the
RR fields. This gives strings:

N
ne=Tryly = — (A8, —vAcH - baGT)).
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4 Future directions

. Other geometries, boundaries (branes end-
ing on branes), edge states.

. Dynamical issues: hierarchy of filling frac-
tions, phase transitions.

. Gauge/gravity correspondence, 2-brane so-
lution in massive IIA SUGRA.

. Other string theory < condensed matter
physics connections?
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