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Local version of the 2nd law:

1)

In equilibrium: uµ = (1, 0, 0, 0)

Jµ
s = (s, 0, 0, 0)

2)

Wednesday, March 28, 12



An entropy current
dS

dt
+

�
�S · d�a � 0

�µJµ
s � 0

Local version of the 2nd law:

1)

In equilibrium: uµ = (1, 0, 0, 0)

Jµ
s = (s, 0, 0, 0)

2)

Jµ
s = suµ + J̃µ

s

Wednesday, March 28, 12



An entropy current
dS

dt
+

�
�S · d�a � 0

�µJµ
s � 0

Local version of the 2nd law:

1)

In equilibrium: uµ = (1, 0, 0, 0)

Jµ
s = (s, 0, 0, 0)

2)

Jµ
s = suµ + J̃µ

s

Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Wednesday, March 28, 12



An entropy current
dS

dt
+

�
�S · d�a � 0

�µJµ
s � 0

Local version of the 2nd law:

1)

In equilibrium: uµ = (1, 0, 0, 0)

Jµ
s = (s, 0, 0, 0)

2)

Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Jµ
s = suµ + �⌅�u

�uµ

+ (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T

+ (⇤T +
µ

T
⇥)Pµ⇥⌅⇥T

Wednesday, March 28, 12



An entropy current
dS

dt
+

�
�S · d�a � 0

�µJµ
s � 0

Local version of the 2nd law:

1)

In equilibrium: uµ = (1, 0, 0, 0)

Jµ
s = (s, 0, 0, 0)

2)

Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Jµ
s = suµ + �⌅�u

�uµ

+ (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T

+ (⇤T +
µ

T
⇥)Pµ⇥⌅⇥T

Wednesday, March 28, 12



Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Wednesday, March 28, 12



Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJµ
s � 0

Wednesday, March 28, 12



Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = one-derivative

expressions + two-derivative
expressions

Wednesday, March 28, 12



Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = one-derivative

expressions + two-derivative
expressions

Wednesday, March 28, 12



Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = two-derivative

expressions

Wednesday, March 28, 12



genuine two-
derivative terms
two-derivative
expressions

Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s =

Wednesday, March 28, 12



product of two
one-derivative
terms

genuine two-
derivative terms

Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = +

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = + genuine two-

derivative terms

(��u
�)2

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = + genuine two-

derivative terms

(��u
�)2 ���

�µ

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = + genuine two-

derivative terms � 0

(��u
�)2 ���

�µ

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = + genuine two-

derivative terms � 0

(��u
�)2 ���

�µ genuine two-
derivative terms =0

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ
s = suµ + �⌅�u

�uµ + (⇤ +
µ

T
⇥)Pµ⇥⌅⇥

µ

T
+ (⇤T +

µ

T
⇥T )P

µ⇥⌅⇥T

�µJ
µ
s = + genuine two-

derivative terms � 0

(��u
�)2 ���

�µ genuine two-
derivative terms =0

� = 0
� = 0
�T = 0
�T = 0

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s = + genuine two-

derivative terms � 0

(��u
�)2 ���

�µ genuine two-
derivative terms =0

� = 0
� = 0
�T = 0
�T = 0

Jµ
s = suµ +

µ

T
Pµ⌫@⌫

µ

T

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s = � 0

(��u
�)2

Jµ
s = suµ +

µ

T
�Pµ�⇥�

µ

T

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Wednesday, March 28, 12



product of two
one-derivative
terms

Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s = � 0

(��u
�)2

product of two
one-derivative
terms

� 0

� > 0
� > 0

� > 0

Jµ
s = suµ +

µ

T
�Pµ�⇥�

µ

T

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Wednesday, March 28, 12



Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Wednesday, March 28, 12



Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Thermodynamic input:

Wednesday, March 28, 12



Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Thermodynamic input: P (µ, T )

Wednesday, March 28, 12



Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Thermodynamic input:

Transport:

P (µ, T )

Wednesday, March 28, 12



Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

Thermodynamic input:

Transport:

P (µ, T )

⇤, ⇥, �

Wednesday, March 28, 12



Hydrodynamics

Wednesday, March 28, 12



Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

Wednesday, March 28, 12



Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Wednesday, March 28, 12



Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Jµ = ⇥uµ � �Pµ�⇤�
µ

T
� �TP

µ�⇤�T

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

�µJ
µ
s � 0

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

�µJ
µ
s � 0

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

�µJ
µ
s � 0

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

�µJ
µ
s � 0

Eµ = Fµ⌫u⌫

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇥uµ � �Pµ�⇤�
µ

T

�µJ
µ
s � 0

Eµ = Fµ⌫u⌫

Eµ

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Jµ = ⇢uµ � Pµ⌫@⌫
µ

T
+ �Eµ

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

�µJ
µ
s � 0

Eµ = Fµ⌫u⌫

Eµ

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

�µJ
µ
s � 0

Eµ = Fµ⌫u⌫

Eµ

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Avron, Seller, Zograf (1995)

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

2+1

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Avron, Seller, Zograf (1995)

��⇥(µ⇥⌅)⇤u�⇤�⇥u⇤⇥

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

2+1

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

��⇥(µ⇥⌅)⇤u�⇤�⇥u⇤⇥

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

✏µ��u�@�TEµ

�µJ
µ
s � 0

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

��⇥(µ⇥⌅)⇤u�⇤�⇥u⇤⇥

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

✏µ��u�@�T ✏µ��u�@�
µ

TEµ

�µJ
µ
s � 0

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

��⇥(µ⇥⌅)⇤u�⇤�⇥u⇤⇥

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

✏µ��u�@�T ✏µ��u�@�
µ

TEµ
. . .

�µJ
µ
s � 0

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

��⇥(µ⇥⌅)⇤u�⇤�⇥u⇤⇥

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

✏µ��u�@�T ✏µ��u�@�
µ

TEµ
. . .

✏↵��u↵F��

�µJ
µ
s � 0

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

∂µJ
µ

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

��⇥(µ⇥⌅)⇤u�⇤�⇥u⇤⇥

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

✏µ��u�@�T ✏µ��u�@�
µ

TEµ
. . .

✏↵��u↵F�� ✏↵��u↵@�u�

�µJ
µ
s � 0

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



P Hydrodynamics

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



P Hydrodynamics
Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �

⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

��̃B✏
↵��u↵@�u�P

µ⌫ � �̃⌦✏
↵��u↵@�u�P

µ⌫

�⌘H✏↵�(µ⌘⌫)�u↵@h�u�i

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



P Hydrodynamics

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

��̃B✏
↵��u↵@�u�P

µ⌫ � �̃⌦✏
↵��u↵@�u�P

µ⌫

�⌘H✏↵�(µ⌘⌫)�u↵@h�u�i

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



P Hydrodynamics

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

��̃B✏
↵��u↵@�u�P

µ⌫ � �̃⌦✏
↵��u↵@�u�P

µ⌫

�⌘H✏↵�(µ⌘⌫)�u↵@h�u�i

�✏µ↵�u↵

✓
̃

✓
P �
� @�

µ

T
� E�

T

◆
+ �̃EE� + �̃T@�T

◆

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



P Hydrodynamics
Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �

⇥

3
Pµ⇥⌅�u

�

��̃B✏
↵��u↵@�u�P

µ⌫ � �̃⌦✏
↵��u↵@�u�P

µ⌫

�⌘H✏↵�(µ⌘⌫)�u↵@h�u�i

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

�✏µ↵�u↵

✓
̃

✓
P �
� @�

µ

T
� E�

T

◆
+ �̃EE� + �̃T@�T

◆

�̃B =
@P0

@✏0

✓
T
@MB

@T
+ µ

@MB

@µ
�MB

◆
+

@P0

@⇢0

@MB
@µ

�̃⌦ =
@P0

@✏0

✓
T
@M⌦

@T
+ µ

@M⌦

@µ
+ f⌦(T )� 2M⌦

◆
+

@P0

@⇢0

✓
@M⌦

@µ
�MB

◆

�̃E =
@MB

@µ
�R0

✓
@M⌦

@µ
�MB

◆
T �̃T =

✓
T
@MB

@T
+ µ

@MB

@µ
�MB

◆
�R0

✓
T
@M⌦

@T
+ µ

@M⌦

@µ
+ f⌦(T )� 2M⌦

◆
,

2+1
Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

3+1

∂µJ
µ

= 0

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u�∂µJ
µ

= 0

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u� ✏µ⌫⇢�F⌫⇢u�∂µJ
µ

= 0

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u� ✏µ⌫⇢�F⌫⇢u�@µJ
µ = CEµBµ

Wednesday, March 28, 12



Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u� ✏µ⌫⇢�F⌫⇢u�@µJ
µ = CEµBµ

Bµ

Wednesday, March 28, 12



Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆
+ ̃!!

µ + ̃BB
µ

Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u� ✏µ⌫⇢�F⌫⇢u�@µJ
µ = CEµBµ

Bµ

Wednesday, March 28, 12



Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆
+ ̃!!

µ + ̃BB
µ

Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u� ✏µ⌫⇢�F⌫⇢u�@µJ
µ = CEµBµ

Bµ

!µ

Wednesday, March 28, 12



Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆
+ ̃!!

µ + ̃BB
µ

Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u� ✏µ⌫⇢�F⌫⇢u�@µJ
µ = CEµBµ

Bµ

!µ

̃B = Cµ2

✓
1� 1

2

µ⇢

✏+ P

◆
̃! = Cµ2

✓
1� 2

3

µ⇢

✏+ P

◆
Son, Surowka (2009)

Wednesday, March 28, 12



Jµ = ⇢uµ � 

✓
Pµ⌫@⌫

µ

T
� Eµ

T

◆
+ ̃!!

µ + ̃BB
µ

Pµ���
µ

T
Pµ���T

�µu
µ

��µu�⇥

Scalars

Vectors

Tensors

P Hydrodynamics

u
ν(xµ) Velocity field (uµu

µ = −1)

T (xµ)

µ(xµ)

Temperature

Chemical potential

∂µT
µν

= 0

Tµ⇥ = �uµu⇥ + PPµ⇥ � 2⇤�⌅µu⇥⇥ �
⇥

3
Pµ⇥⌅�u

�

Eµ

�µJ
µ
s � 0

3+1

✏µ⌫⇢�u⌫@⇢u� ✏µ⌫⇢�F⌫⇢u�@µJ
µ = CEµBµ

Bµ

!µ

̃B = Cµ2

✓
1� 1

2

µ⇢

✏+ P

◆
̃! = Cµ2

✓
1� 2

3

µ⇢

✏+ P

◆
Erdmenger, Haack, Kaminski,  AY (2008)
Banerjee, Bhattacharya, Bhattacharyya, Dutta, Loganyagam, Surowka, (2008)
Son, Surowka (2009)

Wednesday, March 28, 12



Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

Wednesday, March 28, 12



Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂νφ(xµ)

Wednesday, March 28, 12



Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂νφ(xµ)

Wednesday, March 28, 12



Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂νφ(xµ)

Wednesday, March 28, 12



Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂νφ(xµ)

ρn

Wednesday, March 28, 12



Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂νφ(xµ)

ρn

ρs

Wednesday, March 28, 12



Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ)

ρn

ρs

Wednesday, March 28, 12



Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate

ρn

ρs

Wednesday, March 28, 12



Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

Wednesday, March 28, 12



Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρt(x
µ)

ρn

ρs

Wednesday, March 28, 12



Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρt(x
µ)

ρn

ρs

ρt = ρn + ρs

Wednesday, March 28, 12



ρt(x
µ)

Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

ρt = ρn + ρs

nµ

nµ = Pµ�⇥��

Wednesday, March 28, 12



ρt(x
µ)

Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

ρt = ρn + ρs

nµ

nµ = Pµ�⇥��

µT = u�⇥��

Wednesday, March 28, 12



ρt(x
µ)

Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

ρt = ρn + ρs

nµ

nµ = Pµ�⇥��

µT = u�⇥��

Tµ� = T1u
µu� + T2�

µ� + 2T3u
(µn�) + T4n

µn� +O(⇥)

Jµ = T5u
µ + T6n

µ +O(�)

Wednesday, March 28, 12



ρt(x
µ)

Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

ρt = ρn + ρs

nµ

nµ = Pµ�⇥��

µT = u�⇥��

Tµ� = T1u
µu� + T2�

µ� + 2T3u
(µn�) + T4n

µn� +O(⇥)

Jµ = T5u
µ + T6n

µ +O(�)

�µJ
µ
s � 0

Wednesday, March 28, 12



ρt(x
µ)

Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

ρt = ρn + ρs

nµ

nµ = Pµ�⇥��

Tµ� = T1u
µu� + T2�

µ� + 2T3u
(µn�) + T4n

µn� +O(⇥)

Jµ = T5u
µ + T6n

µ +O(�)

�µJ
µ
s � 0

µ+O(⇥) = u�⇥��

Wednesday, March 28, 12



ρt(x
µ)

Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

ρt = ρn + ρs

nµ

nµ = Pµ�⇥��

Jµ = T5u
µ + T6n

µ +O(�)

�µJ
µ
s � 0

µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Wednesday, March 28, 12



ρt(x
µ)

Velocity of uncondensed phase

Superfluid hydrodynamics

ε(xµ)

u
ν(xµ)

Energy density

Charge density

(uµu
µ = −1)

∂νφ(xµ) Velocity of condensate (unnormalized)

ρn

ρs

ρt = ρn + ρs

nµ

nµ = Pµ�⇥��

�µJ
µ
s � 0

µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

Wednesday, March 28, 12



Superfluid hydrodynamics

µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Scalar sector: 10 parameters which sit in a 4 X 4 positive semi-definite symmetric matrix

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Scalar sector: 10 parameters which sit in a 4 X 4 positive semi-definite symmetric matrix

Pseudo scalar sector: 2 parameters

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Scalar sector: 10 parameters which sit in a 4 X 4 positive semi-definite symmetric matrix

Pseudo scalar sector: 2 parameters

Vector + pseudo vector sector: 6 parameters (+2 from pseudoscalar sector)

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Scalar sector: 10 parameters which sit in a 4 X 4 positive semi-definite symmetric matrix

Pseudo scalar sector: 2 parameters

Vector + pseudo vector sector: 6 parameters (+2 from pseudoscalar sector)

Tensor sector: 1 parameter

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Scalar sector: 10 parameters which sit in a 4 X 4 positive semi-definite symmetric matrix

Pseudo scalar sector: 2 parameters

Vector + pseudo vector sector: 6 parameters (+2 from pseudoscalar sector)

Tensor sector: 1 parameter

Pseudo-tensor sector: 1 parameter

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Scalar sector: 10 parameters which sit in a 4 X 4 positive semi-definite symmetric matrix

Pseudo scalar sector: 2 parameters

Vector + pseudo vector sector: 6 parameters (+2 from pseudoscalar sector)

Tensor sector: 1 parameter

Pseudo-tensor sector: 1 parameter

20 parameters:

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

Scalars

Vectors

Tensors

Pseudo scalars

Pseudo vectors

Pseudo tensors

7
2
7
7
2
2

Scalar sector: 10 parameters which sit in a 4 X 4 positive semi-definite symmetric matrix

Pseudo scalar sector: 2 parameters

Vector + pseudo vector sector: 6 parameters (+2 from pseudoscalar sector)

Tensor sector: 1 parameter

Pseudo-tensor sector: 1 parameter

20 parameters: 14 parity even + 6 parity odd

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

Wednesday, March 28, 12



gµ�
Aµ

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

Wednesday, March 28, 12



gµ�
Aµ

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

�Tµ�⇥

Wednesday, March 28, 12



gµ�
Aµ

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

Wednesday, March 28, 12



gµ�
Aµ

ds2 = �r2f(r)dt2 + r2dx2 + �(r)dtdr

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

Wednesday, March 28, 12



gµ�
Aµ

ds2 = �r2f(r)dt2 + r2dx2 + �(r)dtdr

A = A0dt+A5dr

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

Wednesday, March 28, 12



gµ�
Aµ

ds2 = �r2f(r)dt2 + r2dx2 + �(r)dtdr

A = A0dt+A5dr

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++
Wednesday, March 28, 12



gµ�
Aµ

ds2 = �r2f(r)dt2 + r2dx2 + �(r)dtdr

A = A0dt+A5dr

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++
Wednesday, March 28, 12



gµ�
Aµ

ds2 = �r2f(r)dt2 + r2dx2 + �(r)dtdr

A = A0dt+A5dr

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i =

0

BB@

3P 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA

Jµ =
�
⇢ 0 0 0

�

Wednesday, March 28, 12



gµ�
Aµ

ds2 = �r2f(r)dt2 + r2dx2 + �(r)dtdr

A = A0dt+A5dr

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q µ T

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i =

0

BB@

3P 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA

Jµ =
�
⇢ 0 0 0

�

Wednesday, March 28, 12



gµ�
Aµ

ds2 = �r2f(r)dt2 + r2dx2 + �(r)dtdr

A = A0dt+A5dr

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q µ T

x

0µ = ⇤µ
⌫x

⌫

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i =

0

BB@

3P 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA

Jµ =
�
⇢ 0 0 0

�

Wednesday, March 28, 12



ds

2 = �r

2
fu

µ
u

⌫
dx

µ
dx

⌫ + r

2
Pµ⌫dx

µ
dx

⌫ + �uµdx
µ
dtdr

A = A0uµdx
µ +A5dr

gµ�
Aµ

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q µ T

x

0µ = ⇤µ
⌫x

⌫

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i =

0

BB@

3P 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA

Jµ =
�
⇢ 0 0 0

�

Wednesday, March 28, 12



ds

2 = �r

2
fu

µ
u

⌫
dx

µ
dx

⌫ + r

2
Pµ⌫dx

µ
dx

⌫ + �uµdx
µ
dtdr

A = A0uµdx
µ +A5dr

gµ�
Aµ

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q µ T

x

0µ = ⇤µ
⌫x

⌫

�i

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i =

0

BB@

3P 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA

Jµ =
�
⇢ 0 0 0

�

Wednesday, March 28, 12



ds

2 = �r

2
fu

µ
u

⌫
dx

µ
dx

⌫ + r

2
Pµ⌫dx

µ
dx

⌫ + �uµdx
µ
dtdr

A = A0uµdx
µ +A5dr

gµ�
Aµ

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q µ T

x

0µ = ⇤µ
⌫x

⌫

�i

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++
Wednesday, March 28, 12



ds

2 = �r

2
fu

µ
u

⌫
dx

µ
dx

⌫ + r

2
Pµ⌫dx

µ
dx

⌫ + �uµdx
µ
dtdr

A = A0uµdx
µ +A5dr

gµ�
Aµ

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M Q µ T

x

0µ = ⇤µ
⌫x

⌫

uµ
�i

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

Holographic hydrodynamics

�Tµ�⇥
�Jµ⇥

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++
Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

µ T uµM Q �i

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

Holographic hydrodynamics

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++
Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

µ T uµM Q �i

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

Holographic hydrodynamics

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

M Q �i µ T uµ

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M(x) Q(x)
�

i(x)

Holographic hydrodynamics

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

µ T uµ

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M(x) Q(x)
�

i(x)

Holographic hydrodynamics

r → ∞

r = r0 +++++++++++++++++++++++++++++++++++++++++++++

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

µ T uµ

1.Promote the thermodynamic fields to be spacetime dependent.

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M(x) Q(x)
�

i(x)

Holographic hydrodynamics

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

µ T uµ

r → ∞

r = r0

1.Promote the thermodynamic fields to be spacetime dependent.

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M(x) Q(x)
�

i(x)

Holographic hydrodynamics

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

hJµi = ⇢uµ

µ T uµ

r → ∞

r = r0

1.Promote the thermodynamic fields to be spacetime dependent.

2. Allow for corrections to the metric and gauge field.

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M(x) Q(x)
�

i(x)

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

� ⌘�µ⌫

hJµi = ⇢uµ � Pµ⌫@⌫
µ

T

Holographic hydrodynamics

µ T uµ

r → ∞

r = r0

1.Promote the thermodynamic fields to be spacetime dependent.

2. Allow for corrections to the metric and gauge field.

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

M(x) Q(x)
�

i(x)

hTµ⌫i = (✏+ P )uµu⌫ + P⌘µ⌫

� ⌘�µ⌫

hJµi = ⇢uµ � Pµ⌫@⌫
µ

T

µ(x) T (x) u

µ(x)

Holographic hydrodynamics

r → ∞

r = r0

1.Promote the thermodynamic fields to be spacetime dependent.

2. Allow for corrections to the metric and gauge field.

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

Holographic hydrodynamics
Bhattacharyya, Hubeny, Minwalla, Rangamani (2007)

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
� C✏

µ⌫⇢�⌧
Fµ⌫F⇢�A⌧d

5
x

Holographic hydrodynamics

Erdmenger, Haack, Kaminski,  AY (2008)
Banerjee, Bhattacharya, Bhattacharyya, Dutta, Loganyagam, Surowka, (2008)

Bhattacharyya, Hubeny, Minwalla, Rangamani (2007)

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

S =

Z p
�g

✓
R+

12

L

2
� @µ�@

µ
�� 1

4
Fµ⌫F

µ⌫

◆
� ✓(�)✏µ⌫⇢�Fµ⌫F⇢�d

4
x

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
� C✏

µ⌫⇢�⌧
Fµ⌫F⇢�A⌧d

5
x

Holographic hydrodynamics

Erdmenger, Haack, Kaminski,  AY (2008)
Banerjee, Bhattacharya, Bhattacharyya, Dutta, Loganyagam, Surowka, (2008)

Bhattacharyya, Hubeny, Minwalla, Rangamani (2007)

Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Wednesday, March 28, 12



S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
d

5
x

S =

Z p
�g

✓
R+

12

L

2
� @µ�@

µ
�� 1

4
Fµ⌫F

µ⌫

◆
� ✓(�)✏µ⌫⇢�Fµ⌫F⇢�d

4
x

S =

Z p
�g

✓
R+

12

L

2
� V�(�)|Dµ�� iqAµ�|2 � V (�)� VF (�)Fµ⌫F

µ⌫

◆
� C✏

µ⌫⇢�⌧
AµF⌫⇢F�⌧d

5
x

S =

Z p
�g

✓
R+

12

L

2
� 1

4
Fµ⌫F

µ⌫

◆
� C✏

µ⌫⇢�⌧
Fµ⌫F⇢�A⌧d

5
x

Holographic hydrodynamics

Erdmenger, Haack, Kaminski,  AY (2008)
Banerjee, Bhattacharya, Bhattacharyya, Dutta, Loganyagam, Surowka, (2008)

Bhattacharyya, Hubeny, Minwalla, Rangamani (2007)

Jensen, Kaminski, Kovtun, Meyer, Ritz, AY (2011)

Bhattacharyya, Bhattacharya, Minwalla, AY (2011)
Bhattacharyya, Bhattacharya, Minwalla, (2011)
Herzog, Lisker, Surowka, AY, (2011)

Wednesday, March 28, 12



An entropy current
dS

dt
+

�
�S · d�a � 0

�µJµ
s � 0

Local version of the 2nd law:

1)

In equilibrium: uµ = (1, 0, 0, 0)

Jµ
s = (s, 0, 0, 0)

2)

product of two
one-derivative
terms

�µJ
µ
s = + genuine two-

derivative terms � 0

Wednesday, March 28, 12



An entropy current
dS

dt
+

�
�S · d�a � 0

�µJµ
s � 0

Local version of the 2nd law:

1)

In equilibrium: uµ = (1, 0, 0, 0)

Jµ
s = (s, 0, 0, 0)

2)

product of two
one-derivative
terms

�µJ
µ
s = + genuine two-

derivative terms � 0

1) Locality?
2) Properties?

Wednesday, March 28, 12



An alternative to the entropy 
current

Wednesday, March 28, 12



An alternative to the entropy 
current

x1

x2

t

Wednesday, March 28, 12



An alternative to the entropy 
current

V µ

x1

x2

t

Wednesday, March 28, 12



An alternative to the entropy 
current

V µ

x1

x2

t

= (1, 0)

Wednesday, March 28, 12



An alternative to the entropy 
current

V µ

x1

x2

t

= (1, 0)

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]
V µ

x1

x2

t

= (1, 0)

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]
V µ

x1

x2

t

= (1, 0)
LV g = 0

LV A = 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]
V µ

x1

x2

t

= (1, 0)
LV g = 0

LV A = 0

T =

Z �

0

p
g00

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]
V µ

x1

x2

t

= (1, 0)
LV g = 0

LV A = 0

T =

Z �

0

p
g00

µ = lnPA/T

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]
V µ

x1

x2

t

= (1, 0)
LV g = 0

LV A = 0

T =

Z �

0

p
g00

µ = lnPA/T

V µ

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]
V µ

x1

x2

t

= (1, 0)
LV g = 0

LV A = 0

T =

Z �

0

p
g00

µ = lnPA/T

=

Z p
�gP (T, µ)ddx

V µ

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Jµ =
1p
�g

�W

�Aµ

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Jµ =
1p
�g

�W

�Aµ
=

@P

@µ

V µ

p
�V 2

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Jµ =
1p
�g

�W

�Aµ
=

@P

@µ

V µ

p
�V 2

uµ = V µ/
p
�V 2

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Jµ =
1p
�g

�W

�Aµ
=

@P

@µ

V µ

p
�V 2

uµ = V µ/
p
�V 2

⇢ =
@P

@µ

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Jµ =
1p
�g

�W

�Aµ
=

@P

@µ

V µ

p
�V 2

uµ = V µ/
p
�V 2

⇢ =
@P

@µ

= ⇢uµ

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Jµ =
1p
�g

�W

�Aµ

uµ = V µ/
p
�V 2

⇢ =
@P

@µ

= ⇢uµ

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

uµ = V µ/
p
�V 2

⇢ =
@P

@µ

= ⇢uµ

Wednesday, March 28, 12



=

✓
@P

@T
T +

@P

@µ
µ

◆
V µ

p
�V 2

V ⌫

p
�V 2

+ Pgµ⌫

An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

uµ = V µ/
p
�V 2

⇢ =
@P

@µ

= ⇢uµ

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

uµ = V µ/
p
�V 2

⇢ =
@P

@µ

= ⇢uµ

= (✏+ P )uµu⌫ + Pgµ⌫

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Dµu
µ

uµ@µT

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Dµu
µ =

1p
�g

@µ
p
�guµ

uµ@µT

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

uµ@µT

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

uµ@µT

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

uµ@µT = ut@tT

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

uµ@µT = ut@tT = 0

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

uµ@µT = ut@tT = 0

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ = 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

uµ@µT = ut@tT = 0

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

uµ@µµ = 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

What we get:

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

What we get:

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ�Pµ⌫@⌫
µ

T
� TP

µ⌫@⌫T

�2⌘h@µu⌫i �
⇣

3
Pµ⌫@↵u

↵

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ�Pµ⌫@⌫
µ

T
� TP

µ⌫@⌫T

�2⌘h@µu⌫i �
⇣

3
Pµ⌫@↵u

↵

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ�Pµ⌫@⌫
µ

T
� TP

µ⌫@⌫T

�2⌘h@µu⌫i �
⇣

3
Pµ⌫0

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ�Pµ⌫@⌫
µ

T
� TP

µ⌫@⌫T

�2⌘h@µu⌫i �
⇣

3
Pµ⌫0

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

h@µu⌫i = 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ�Pµ⌫@⌫
µ

T
� TP

µ⌫@⌫T

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

�2⌘ 0� ⇣

3
Pµ⌫0

h@µu⌫i = 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ�Pµ⌫@⌫
µ

T
� TP

µ⌫@⌫T

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

�2⌘ 0� ⇣

3
Pµ⌫0

h@µu⌫i = 0 Pµ⌫@⌫
µ

T
= 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

Dµu
µ =

1p
�g

@µ
p
�guµ =

1p
�g

@t
p
�gut

= 0

�2⌘ 0� ⇣

3
Pµ⌫0

h@µu⌫i = 0

�0� TP
µ⌫@⌫T

Pµ⌫@⌫
µ

T
= 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

�2⌘ 0� ⇣

3
Pµ⌫0

�0� TP
µ⌫@⌫T

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddx

What we get:

Jµ =
1p
�g

�W

�Aµ
= ⇢uµ

Tµ⌫ =
2p
�g

�W

�gµ⌫
= (✏+ P )uµu⌫ + Pgµ⌫

Most general:

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

= (✏+ P )uµu⌫ + Pgµ⌫

= ⇢uµ

�2⌘ 0� ⇣

3
Pµ⌫0

�0� TP
µ⌫@⌫T

T = 0

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A] =

Z p
�gP (T, µ)ddxW [g,A]

Jµ =
1p
�g

�W

�Aµ

Tµ⌫ =
2p
�g

�W

�gµ⌫

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]W [g,A]

Jµ =
1p
�g

�W

�Aµ

Tµ⌫ =
2p
�g

�W

�gµ⌫

Wednesday, March 28, 12



=

Z p�gP (T, µ) +O(@)ddx

An alternative to the entropy 
current

W [g,A]W [g,A]

B = ✏µ⌫⇢uµF⌫⇢

⌦ = ✏µ⌫⇢uµ@⌫u⇢Jµ =
1p
�g

�W

�Aµ

Tµ⌫ =
2p
�g

�W

�gµ⌫

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]W [g,A]

B = ✏µ⌫⇢uµF⌫⇢

⌦ = ✏µ⌫⇢uµ@⌫u⇢

=

Z p
�gP (T, µ) +MB(T, µ)B +M⌦(T, µ)⌦d

3
x

Jµ =
1p
�g

�W

�Aµ

Tµ⌫ =
2p
�g

�W

�gµ⌫

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]

T = 0

W [g,A]

B = ✏µ⌫⇢uµF⌫⇢

⌦ = ✏µ⌫⇢uµ@⌫u⇢

�̃B =
@P0

@✏0

✓
T
@MB

@T
+ µ

@MB

@µ
�MB

◆
+

@P0

@⇢0

@MB
@µ

�̃E =
@MB

@µ
�R0

✓
@M⌦

@µ
�MB

◆

T �̃T =

✓
T
@MB

@T
+ µ

@MB

@µ
�MB

◆
�R0

✓
T
@M⌦

@T
+ µ

@M⌦

@µ
� 2M⌦

◆
,

�̃⌦ =
@P0

@✏0

✓
T
@M⌦

@T
+ µ

@M⌦

@µ
� 2M⌦

◆
+

@P0

@⇢0

✓
@M⌦

@µ
�MB

◆

=

Z p
�gP (T, µ) +MB(T, µ)B +M⌦(T, µ)⌦d

3
x

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]W [g,A] =

Z p
�gP (T, µ) +MB(T, µ)B +M⌦(T, µ)⌦d

3
x

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]W [g,A] =

Z p
�gP (T, µ) + ↵1(T, µ)R+ ↵2(T, µ)u

↵
u

�
R↵� + . . . d

3
x

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]W [g,A] =

Z p
�gP (T, µ) + ↵1(T, µ)R+ ↵2(T, µ)u

↵
u

�
R↵� + . . . d

3
x

Wednesday, March 28, 12



An alternative to the entropy 
current

W [g,A]W [g,A] =

Z p
�gP (T, µ) + ↵1(T, µ)R+ ↵2(T, µ)u

↵
u

�
R↵� + . . . d

3
x

Wednesday, March 28, 12



Summary

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

Wednesday, March 28, 12



Summary

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s � 0

Wednesday, March 28, 12



Summary

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s � 0

P hydrodynamics 2+1

Wednesday, March 28, 12



Summary

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s � 0

P hydrodynamics 2+1

P hydrodynamics 3+1

Wednesday, March 28, 12



Summary

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s � 0

P hydrodynamics 2+1

P hydrodynamics 3+1

P superfluids 3+1

Wednesday, March 28, 12



Summary

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s � 0

W [g,A]

Wednesday, March 28, 12



Summary

ε(xµ)

ρ(xµ)

u
ν(xµ)

Energy density

Charge density

Velocity field (uµu
µ = −1)

∂µT
µν

= 0

∂µJ
µ

= 0

�µJ
µ
s � 0

W [g,A]

Tµ⌫ =
2p
�g

�W

�gµ⌫

Jµ =
1p
�g

�W

�Aµ

Wednesday, March 28, 12



Thank you

Wednesday, March 28, 12



Superfluid hydrodynamics
µ+O(⇥) = u�⇥��

Tµ� = �uµu� + PPµ� + 2⇥su
(µn�) +

⇥s
µ
nµn� +O(⇤)

Jµ = �tu
µ +

�s
µ
nµ +O(⇥)

O(�) corrections:

20 parameters: 14 parity even + 6 parity odd
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