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The boundary-bulk correspondence
AdS/CFT correspondence

m The AdS/CFT correspondence provides us with a calculational
tool for large-N. gauge theories at strong coupling (Maldacena).

m It is tested to a large extent in the case of the 4d N = 4 sYM
theory, which is dual to 5d supergravity in an AdSs background.
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The boundary-bulk correspondence
AdS/CFT correspondence

Heavy quarks in G
magnetic field

AdS/CFT correspondence

m The AdS/CFT correspondence provides us with a calculational e e
tool for large-N. gauge theories at strong coupling (Maldacena).

m It is tested to a large extent in the case of the 4d N = 4 sYM
theory, which is dual to 5d supergravity in an AdSs background.

m It is used in order to obtain an indicative picture in the strong
coupling regime in non-supersymmetric, non-conformal theories
with some string-inspired potentials and interactions, but a rigorous
correspondence can’t be established. The fields and the
symmetries of the gauge theory give some elements for a quite
succesful correspondence.
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Drag-force calculations

m An interesting aspect of the correspondence is the duality
between a heavy quark in gauge theory and a moving
fundamental string end-point in the dual string theory.
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Drag-force calculations

m An interesting aspect of the correspondence is the duality
between a heavy quark in gauge theory and a moving
fundamental string end-point in the dual string theory. e

m In particular a heavy quark moving in the vacuum of N=4 sYM, [oremforce coveners
would correspond to a string end-point, attached to a flavor
brane at some radial position r = A — 0 (near the boundary)

and moving in AdS space.
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Drag-force calculations

m An interesting aspect of the correspondence is the duality
between a heavy quark in gauge theory and a moving
fundamental string end-point in the dual string theory.

m In particular a heavy quark moving in the vacuum of N=4 sYM,
would correspond to a string end-point, attached to a flavor
brane at some radial position r = A — 0 (near the boundary)
and moving in AdS space.

m Alfernatively, if the quark moves in a plasma of temperature T,
then the geometric background is replaced by the
AdS-Schwartzschild black hole, with Hawking temperature T.
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Drag-force calculations

m An interesting aspect of the correspondence is the duality
between a heavy quark in gauge theory and a moving
fundamental string end-point in the dual string theory.

m In particular a heavy quark moving in the vacuum of N=4 sYM, oresroce coeuoers
would correspond to a string end-point, attached to a flavor
brane at some radial position r = A — 0 (near the boundary)
and moving in AdS space.

m Alfernatively, if the quark moves in a plasma of temperature T,
then the geometric background is replaced by the
AdS-Schwartzschild black hole, with Hawking temperature T.

m A drawback is that these strings describing external quarks and
their gluonic fields cannot break. This is because N = 4 sYM has
no fundamental charges, so there isn’t the limit of 2my, in the
energy of the gluonic flux fube where it can break intfo a pair gg.
Perhaps the effective mass of the quarks in the QGP at
temperature T is big enough so that there might be some region

of validity for such calculations. mmmm

[Heavy quar T & magnefic field]: (Physics Depariment, UOC) 4739




Drag-force calculations

m The string profile codifies the gluonic degrees of freedom
frJF2, t*¥ through the AdS/CFT correspondence.
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Drag-force calculations

m The string profile codifies the gluonic degrees of freedom
rF2, t*¥ through the AdS/CFT correspondence.

m At finite femperature T, there are two main contributions in the
energy absorbed by the quark. One part is the drag force which is
the force provided externally to the quark and gluonic degrees of
freedom in order for the system to keep its energy and the other
part is the radiation emitted by the quark. These two can be
distincted in the limit of v — 0.
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Equations of motion

Drag-Force calculations

m In the case of drag force calculations, in principle we must solve
the highly nonlinear Euler-Lagrange equations coming from the
variation of the Nambu-Goto action and impose the boundary
conditions that are relevant to the physical problem we want to
solve. For example, in the simplest case of an AdS-Schwarzschild
background metric, the equations for a motion for a linear motion
read:

— 2(AT = )X (AT - 1) R —|—2(r8TB + @'+ )+

+ (1= xx = 1)x'+r((r4T4— DX (AT +% —1) —%) =0

and are third order equations in x(t, r). In the case we have
motion on a plane x — y, then square-roots of powers of x, x'
appear making the problem too complicated.
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Equations of motion

Drag-Force calculations

m In the case of drag force calculations, in principle we must solve
the highly nonlinear Euler-Lagrange equations coming from the
variation of the Nambu-Goto action and impose the boundary
conditions that are relevant to the physical problem we want to
solve. For example, in the simplest case of an AdS-Schwarzschild
background metric, the equations for a motion for a linear motion
read:

— 2(AT = )X (AT - 1) R —|—2(r8TB + @'+ )+
(= AT )X (AT ) K (TR =) = K) =0

and are third order equations in x(t, r). In the case we have
motion on a plane x — y, then square-roots of powers of x, x'
appear making the problem too complicated.
m Therefore, we make an ansatz, e.g. x(t,r) = x[f(r), g(r), A[H], ...],
we substitute it info the Nambu-Goto action and minimize it w.r.t.
the functions f(r), g(r), ... . If this is possible, we are left with a

problem involving o.dles. [ T E T
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Equations of motion

Drag-Force calculations

m However, this doesn’t usually leave us any room in applying
boundary conditions suitable for our problem, as the general form
for the motion on the boundary is fixed by our ansatz.
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Equations of motion

Drag-Force calculations

m However, this doesn’t usually leave us any room in applying
boundary conditions suitable for our problem, as the general form
for the motion on the boundary is fixed by our ansatz.

m The most usual ansatfz used describe linear uniform motion and
circular motion with constant speed and are

x(t,r) = ut + &(r),
x(t,r) = R(r)cos(wt — ¢(r)), y(t,r) = R(r)sin(wt — ¢(r))

correspondingly.
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Equations of motion

Drag-Force calculations

m However, this doesn’t usually leave us any room in applying
boundary conditions suitable for our problem, as the general form
for the motion on the boundary is fixed by our ansatz.

m The most usual ansatfz used describe linear uniform motion and
circular motion with constant speed and are

x(t,r) = ut + £(r),
x(t,r) = R(r)cos(wt — ¢(r)), y(t,r) = R(r)sin(wt — ¢(r))

correspondingly.

m Then the Nambu-Goto action is minimized w.r.t. the one variable
functions £(r) or R(r), ¢(r) and almost always there is some point
r. < ry in the radial coordinate where a worldsheet horizon
appears before the Einstein metric horizon r;,.
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Equations of motion

Drag-Force calculations

Hea uarks in a
m However, this doesn’t usually leave us any room in applying
boundary conditions suitable for our problem, as the general form
for the motion on the boundary is fixed by our ansatz. e —

m The most usual ansatz used describe linear uniformm motion and
circular motion with constant speed and are

x(t,r) = ut + £(r),
x(t,r) = R(r)cos(wt — ¢(r)), y(t,r) = R(r)sin(wt — ¢(r))

correspondingly.

m Then the Nambu-Goto action is minimized w.r.t. the one variable
functions £(r) or R(r), ¢(r) and almost always there is some point
r. < ry in the radial coordinate where a worldsheet horizon
appears before the Einstein metric horizon r;,.

m The two pieces of the string before and after the worldsheet
horizon are causally disconnected, i.e. the part of the s’rnng
behind the worldsheet horizon doesn’t.aff
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

Heavy quarks in a
m The first of this kind of calculations was performed by Gubser
(hep-th/0605182) for a string moving in AdS-Schwarzschild with
constant velocity v.
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

Heavy quarks in a
m The first of this kind of calculations was performed by Gubser
(hep-th/0605182) for a string moving in AdS-Schwarzschild with
constant velocity v.

m The ansatz made was x(t, r) = vt + £(r) considering that the
string vibrations have practically disappeared for large fimes
t — oo.
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

Heavy quarks in a

m The first of this kind of calculations was performed by Gubser
(hep-th/0605182) for a string moving in AdS-Schwarzschild with
constant velocity v.

m The ansatz made was x(t, r) = vt + £(r) considering that the
string vibrations have practically disappeared for large fimes
t — oo.

m The background metric is

2 4 2 2 2
r 7 r L ar
o’ =~ 1—(—") dff + —d¥f + 5 ———
r 12 r2 .

L2

and the Nambu-Goto langrangian becomes

! e (-9
SNG:_m/dfdf 1— (1_(r_h)4) 4
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

m The quantity m¢ = aa—gL, is a constant and when this equation is
solved for £’ we have
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

Heavy quarks in a
m The quantity m¢ = 65’ is a constant and when this equation is | noeicres_|

solved for £’ we have

m In order for both the nominator and the denominator to change
sign at the same point we have

2)2 22
v rpl rpl

e = ngvg() ,A('l_(f_n)4>_ r“—rf,‘

r

L2
&r) = ——v <f0n1 Ty log (ﬂ)> .
2ry h r—rn
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

m Then the rate at which momentum is subtracted is

dp r2 v

E__QWO/LQ '|—v2'

oo e magaTeTa: (Physics Deparment, UOG)

leavy quar

Introduction

AdS/CFT correspondence

Drag-Force calculations

Motion in a magnetic field
at zero temperature

Motivation of the calculation

General sefup

The motion of the quark

Profile of the string

Properies of the solution
of Mikhailov for pure AdS
spacetime

Hall conductivity at zero
temperature
|

Conclusions

10/39



Motion with constant velocity at nonzero
temperature

Drag-Force calculations

m Then the rate at which momentum is subtracted is

dp r2 v

dt  2md/B\T— 2
m Then from the relations L* = gf,,N.a’?, T = 22 we have

dp Ty IoNe 72 v R 9%Ne T2B

at 2 NS 2 m’
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temperature

Drag-Force calculations

m Then the rate at which momentum is subtracted is

dp r2 v

dt  2md/B\T— 2
m Then from the relations L* = gf,,N.a’?, T = 22 we have

dp Ty IoNe 72 v R 9%Ne T2B

at 2 NS 2 m’

m This rate of momentum loss is constant during the motion which

keeps its constant velocity for  — oo.
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

m Then the rate at which momentum is subtracted is mognetic feld
2
do I v .
dat 27TQIL2 Vv1— v2 Drag-Force calculations

m Then from the relations L* = gf,,N.a’?, T = 22 we have

dp . 7T\/m 2 v _ ﬂ\/m , P roflo of the sfing
ot == =,
df 2 'I _ V2 2 m

m This rate of momentum loss is constant during the motion which
keeps its constant velocity for  — oo.

m The realistic situation is a motion without an external force keeping

the velocity constant. This is actually a problem in such a kind of
calculations because we can’t observe the slowdown of the

quark.
EEEREINREIOREION G2 S
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

m Nevertheless, if we consider that the rate of momentum loss is
quite small, we can consider the above result as a quasi-static
_t
situation and therefore we obtain p(t) = p(0)e™ ©, with

t _2_m
0 — AN
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

m Nevertheless, if we consider that the rate of momentum loss is
quite small, we can consider the above result as a quasi-static
situation and therefore we obtain p(t) = p(O)efé , with
= ﬁx%

m These predictions can be checked for the heavy quarks bottom
and charm and the estimations compared with the experiments
at RHIc show that they are in the range achieved in redlity.
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Motion with constant velocity at nonzero
temperature

Drag-Force calculations

m Nevertheless, if we consider that the rate of momentum loss is
quite small, we can consider the above result as a quasi-static
situation and therefore we obtain p(t) = p(O)efé , with
= ﬁx%

m These predictions can be checked for the heavy quarks bottom
and charm and the estimations compared with the experiments
at RHIc show that they are in the range achieved in redlity.

m However, the more established models use destructive
interference effects between the quarks and a radiated gluon
and the energy loss depends on the square of the distance
traveled.
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

Heavy quarks in a
m At zero tfemperature the suitable background metric is pure AdS.
In that case the solutions obtained by Mikhailov provide us with —
analytic solutions for the profile of the string.
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

m At zero temperature the suitable background metric is pure AdS.

In that case the solutions obtained by Mikhailov provide us with
analytic solutions for the profile of the string.

m Nevertheless, a solution can also be obtained along the same
road we followed in the linear case with the ansatz

x(t,z) = R(z)cos(wt — ¢(2)), y(t,2) = R(z)sin(wt — ¢(2)).
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

Heavy quarks in a
m At zero tfemperature the suitable background metric is pure AdS.
In that case the solutions obtained by Mikhailov provide us with
analytic solutions for the profile of the string.

m Nevertheless, a solution can also be obtained along the same
road we followed in the linear case with the ansatz

x(t,z) = R(z)cos(wt — ¢(2)), y(t,2) = R(z)sin(wt — ¢(2)).

m The solution obtained is

R(z) = 4/227%v* + R2, ¢(z) = —zywqg + arctan(zywp).
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

Heavy quarks in a
m At zero tfemperature the suitable background metric is pure AdS.
In that case the solutions obtained by Mikhailov provide us with —
analytic solutions for the profile of the string. e

m Nevertheless, a solution can also be obtained along the same
road we followed in the linear case with the ansatz

x(t,z) = R(z)cos(wt — ¢(2)), y(t,2) = R(z)sin(wt — ¢(2)).

m The solution obtained is
R(z) = 4/227%v* + R2, ¢(z) = —zywqg + arctan(zywp).

m There is also a worldsheet horizon at z, = w+w with Hawking

1
2myze

at the point where the velocity of the

LT TIT TR § FHA
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

m As the black hole radiates, small kicks are expected on the quark
leading to Brownian motion as if it were in a medium with
temperature T we found above.
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

m As the black hole radiates, small kicks are expected on the quark
leading to Brownian motion as if it were in a medium with
temperature T we found above.

A

m The total power radiated is P = ¥2v2y*wg.
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

m As the black hole radiates, small kicks are expected on the quark
leading to Brownian motion as if it were in a medium with
temperature T we found above.

m The total power radiated is P = \/_v2’y4w2

m We observe that the power radiated isn’t a function of v for small
velocities but also depends on the angular velocity wyg. This is
important to remember because it seperates the drag-force
power absorbed with the power radiated from the quark fo the
gluonic degrees of freedom. When w >> 1T and v << 1 we can
have radiation emitted at very low velocity v. This has the
interpretation that at low temperatures the radiation emition is
through the emission of glueballs with gapped mass.
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Circular motion with constant speed at zero
temperature

Drag-Force calculations

m The profile of the string is

Circular motion °f5@ string in pure AdS, wp=0.5,Ry=1
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Circular motion with constant speed at nonzero
temperature

Drag-Force calculations

m For small temperatures T satisfying way® >> 7272 the vacuum
result for the total energy radiated still holds.We also expect the
radiation pattern to be similar fo that of the zero temperature for
distances r < 1/T around the quark, then it will begin to thermalize
converting into hydrodynamic excitations moving at the speed of
sound, broaden and dissipate due to the presence of the plasma.
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Circular motion with constant speed at nonzero
temperature

Drag-Force calculations

m For small temperatures T satisfying way® >> 7272 the vacuum
result for the fotal energy radiated still holds.We also expect the e
radiation pattern to be similar fo that of the zero temperature for oresroce coeuoers
distances r < 1/T around the quark, then it will begin to thermalize
converting into hydrodynamic excitations moving at the speed of
sound, broaden and dissipate due to the presence of the plasma.

m At low temperatures generically the radiation absorbed by the
quark is much more than the energy absorbed by the plasma due
to the drag force.

[Heavy quar T & magnefic field]: (Physics Depariment, UOC) 15739



Circular motion with constant speed at nonzero
temperature

Drag-Force calculations

m For small temperatures T satisfying way® >> 7272 the vacuum
result for the total energy radiated still holds.We also expect the BT —
radiation pattern to be similar fo that of the zero temperature for oresroce coeuoers
distances r < 1/T around the quark, then it will begin to thermalize
converting into hydrodynamic excitations moving at the speed of
sound, broaden and dissipate due to the presence of the plasma.

m At low temperatures generically the radiation absorbed by the
quark is much more than the energy absorbed by the plasma due
to the drag force.

m Confrary, at high temperatures, generically the drag force
absorption of energy is much larger than the radiation emitted by
the quark.

[Heavy quar T & magnefic field]: (Physics Depariment, UOC) 15739



Circular motion with constant speed at nonzero
temperature

Drag-Force calculations

m For small temperatures T satisfying way® >> 7272 the vacuum
result for the total energy radiated still holds.We also expect the
radiation pattern to be similar fo that of the zero temperature for
distances r < 1/T around the quark, then it will begin to thermalize
converting into hydrodynamic excitations moving at the speed of
sound, broaden and dissipate due to the presence of the plasma.

m At low temperatures generically the radiation absorbed by the
quark is much more than the energy absorbed by the plasma due
to the drag force.

m Confrary, at high temperatures, generically the drag force
absorption of energy is much larger than the radiation emitted by
the quark.

m “'Generically’”” means keeping the same w, v while changing the
temperature.
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Motivation of the calculation

Motion in a magnetic field at zero femperature

Heavy quarks in G
magnetic field

m We will calculate the motion of a heavy charged quark moving in
a constant magnetic field. The charge can be a flavor charge
(electric charge is a special case of this), and the magnetic field
should be thought as being imposed on the flavor brane. Here we
will treat this by imposing this at the end point of the string, at
r=A.
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a constant magnetic field. The charge can be a flavor charge
(electric charge is a special case of this), and the magnetic field
should be thought as being imposed on the flavor brane. Here we
will treat this by imposing this at the end point of the string, at
r=A.

m The inferest in this configuration stems from various contexts.
Magnetic fields induce the chiral magnetic effect in strongly
coupled matter, and this may have implications both for heavy
ion experiments as well as neutron stars.
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Motivation of the calculation

Motion in a magnetic field at zero temperature

Heavy quarks in G
magnetic field

m We will calculate the motion of a heavy charged quark moving in
a constant magnetic field. The charge can be a flavor charge
(electric charge is a special case of this), and the magnetic field
should be thought as being imposed on the flavor brane. Here we
will treat this by imposing this at the end point of the string, at

_—
/\ Mofivation of the calculation
r—= T

m The inferest in this configuration stems from various contexts.
Magnetic fields induce the chiral magnetic effect in strongly
coupled matter, and this may have implications both for heavy
ion experiments as well as neutron stars.

m Magnetic fields are also one of the most important environments
in condensed matter experiments. In view of the potential
applications of holography to strongly coupled condensed matter
systems, it is interesting o understand the physics of heavy colored
objects in magnetic fields. The Hall conductivity one of the main
observables in this contex can be calculated in this way.
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Pure AdS

General setup

m We consider the case of AdSs as the background of the bulk,
because in that case we have analytic solutions that connect the
motion of the string with the motion of the endpoint living on the
boundary of AdS (solutions obtained by Mikhailov).
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Pure AdS

General setup
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m We consider the case of AdSs as the background of the bulk,
because in that case we have analytic solutions that connect the
motion of the string with the motion of the endpoint living on the
boundary of AdS (solutions obtained by Mikhailov).

m Inthat case X¥(7,r) = x*(7) £ r%, with 7 the proper time on
the boundary, r the radial coordinate in the Poincare patch and
x* the coordinates of the endpoint at the boundary at r = 0.
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x* the coordinates of the endpoint at the boundary at r = 0.

m The solutions with the + sign are the retarded ones, which we will
consider.
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m Inthat case X¥(7,r) = x*(7) £ r%, with 7 the proper time on
the boundary, r the radial coordinate in the Poincare patch and
x* the coordinates of the endpoint at the boundary at r = 0.

m The solutions with the + sign are the retarded ones, which we will
consider.

m The solutions of Mikhailov have the intepretation in global AdSs
space that the fluctuation of the string in one brane are absorbed
completely by the anti-brane.
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Pure AdS

General setup
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magnetic field

m We consider the case of AdSs as the background of the bulk,
because in that case we have analytic solutions that connect the
motion of the string with the motion of the endpoint living on the
boundary of AdS (solutions obtained by Mikhailov).

m Inthat case X¥(7,r) = x*(7) £ r%, with 7 the proper time on
the boundary, r the radial coordinate in the Poincare patch and
x* the coordinates of the endpoint at the boundary at r = 0.

m The solutions with the + sign are the retarded ones, which we will
consider.

m The solutions of Mikhailov have the intepretation in global AdSs
space that the fluctuation of the string in one brane are absorbed
completely by the anti-brane.

m We will consider a flavour brane at r = A and the motion of the
endpoint corresponds to the motion of a quark with mass
Mg = 22 with A = g2,N, the 1" Hooft coupling.
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Pure AdS

General setup

m Then the solutions of Mikhailov read:

XH(7,r)

r—A

\/1— N F?

ax*
ar

2T
— T NZFH
VA

+xH(7),

with 7, x* the coordinates of the endpoint at r = A, the position
of the flavour brane and F* the 4-force on the quark.

oo e magaTeTa: (Physics Deparment, UOG)

He: uarks in o
magnetic field

Infroduction

AdS/CFT correspondence

Drag-Force calculations

Motion in @ magnetic field
at zero temperature

Motivation of the calculation

General sefup

The motion of the quark

Profile of the sfring

Properties of the solution
of Mikhailov for pure AdS
spacetime

Hall conductivity at zero
temperature
|

Conclusions

18 /39



Pure AdS

General setup

m Then the solutions of Mikhailov read:

_ "
X0 (1) = r—A (dx

\/1— N F?

with 7, x* the coordinates of the endpoint at r = A, the position
of the flavour brane and F* the 4-force on the quark.

ar VA

m We consider a constant magnetic field on the boundary B=nB2
and we request the boundary variation of the action

1 ax*
S=— /drdrs/—defg—i—e/dTA“d—
-

o2rl?

to be zero. The bulk variation is automatically zero for the solutions

of Mikhailov in the case of pure AdSs.

2
lAU-"‘) + x*(7),

Heavy quarks in G
magnetic field
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Equations of motion for the endpoint

® When an external force F* is exerted on the quark, its equation
of motion reads:

d [ meL — A Fu fﬂ—mzfm“

ar 2mm

ar / 47r2m4]:2 - 7'r2m“'F2
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Equations of motion for the endpoint

. . , Heavy quarks in a
® When an external force F* is exerted on the quark, its equation
of motion reads:

VN W VA ax”
d m dr 271'm]: _ F 27'rmz‘/—:2 dr
ar A 1— 2 F2
1— g F?2 47r2m“'F

m When the external force is due fo the magnetic field then the
force components become

Fo=0 , F(r)=-8By(r) , F(r)=8Bx()

and its equation of motion reads:

= 2 =
TN SUR oK 5 22 (a2 &K
d o S X2 _ Sa XZ 3’7(1) ar
dt 2\ 2 2.2 (a%)? ’
2.2 (dX 1—s5 =
1 s,y(df) ’y(’

where we have considered A = 1,B = s%.
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Equations of motion for the endpoint

. . , Heavy quarksin a
® When an external force F* is exerted on the quark, its equation
of motion reads:

gd [ mes — M ru ]-'#__2\5]-'“2%“

-~ dr 2mm T m? dr
= — S
ar 1— 47‘_?”_'4 ]:2 1 47r2m“'F

m When the external force is due fo the magnetic field then the
force components become

Fo=0 , F(r)=-8By(r) , F(r)=8Bx()

and its equation of motion reads:

> -2 =
axX _ odX 5 IX 5 2A2 (9X)° aX
g o S X2 _ Sa XZ 3’7(1) at
dt 2\ 2 2.2 (dX 2 ’

2.2 (dX 1—s5 =

1—s%y (df) v ( t

where we have considered A = 1,B:s%.
m The maximum initial velocity is given by v, =

WEAIIANiaR i MG R
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Equations of motion for the endpoint

He: juai ina
m This happens because as we increase vy the worldsheet horizon
comes closer to the flavour brane. When vg & Vipox then r, &= A
and vj° ~ c.
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Equations of motion for the endpoint

m This happens because as we increase vy the worldsheet horizon

comes closer to the flavour brane. When vg & Vipox then r, &= A
and vj° ~ c.

m Then the acceleration for the endpoint is given by

sv/1— (72 =1)s?
v(1 +¢2)

R=—

(S)L('+2X).?).
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Equations of motion for the endpoint

Heavy quarks in a
m This happens because as we increase vy the worldsheet horizon
comes closer to the flavour brane. When vg & Vipox then r, &= A
and vj° ~ c.

m Then the acceleration for the endpoint is given by

sv/1— (72 =1)s?

~(1 4+ s?)

R=—

(S)L('+2X).?).

m The above equation multiplied with )_(' indicates the motion is
damped.
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Equations of motion for the endpoint

Heavy quarks in a
m This happens because as we increase vy the worldsheet horizon
comes closer to the flavour brane. When vg & Vipox then r, &= A
and vj° ~ c.

m Then the acceleration for the endpoint is given by

VI—(Z =12 /. .
WO D (2 5).

fo_
~(1 4+ s?)

m The above equation multiplied with )_(' indicates the motion is
damped.

m The motion can’t be found analytically, apart from the case of
small initial velocity compared 10 Vo, i.6. Vo << Vpax. In this
case the motion is

xXOW N\ 24 cos(Zzt+ do) A
(www)‘%e“2<mu%Hw5)+<B)'
CEETTATITIITTHIT E T
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Trajectory of the quark

The motion of the quark

The velocity of the quark is

sech? (sji:] + tanh™! ( 1T—(s2+ 1)v§))

2
1) =
vi(f) o

and for small s = 0.1 and vy = 0.9c its frajectory and velocity are:

yinnitsof A )
10
15
08
10
06
5
04
o B PR — TP 2, Xinunitsof A
02
-5
. . . ———L tinunitsof A
-10 0 100 200 300 400

and for large times there is a characteristic time +* = SZT“ which gives

+* = 100 for s = 0.1.
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Trajectory of the quark

The motion of the quark

Heavy quarksin a

For large s = 10 the velocity of the quark is magnefic flald
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and for large times there is a characteristic time +* = 52:{‘

t* ~ 1fors = 10.
CEMTE T THE
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Energy loss by the quark

The motion of the quark

m The four-momentum of the quark and the rate at which
four-momentum is carried away are

ma axt RN J—_'lt

_ dr___ 2mm
pH

’ \/ 47r2m“ ]:2

dPrl:Jd \/X]:Q % - 271’!7‘:2 ].'M
ar 2rm? 1 — ﬂz — F?
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Energy loss by the quark

The motion of the quark

Heavy quarks in a
m The four-momentum of the quark and the rate at which
four-momentum is carried away are

o = u
d rad \/X]:Z (% — W'PL) 3 The mofion of the quark
ar 2wm? 1— 5 F? T

m In our case this can be written as

Erad ms?X(t)?
ot 1 X(1)? (1 — (2 1)?(1)2)

dﬁra 5 5 N
= (x(f)+sx(f)xz) =
(ETTE T E TR
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Energy loss by the quark

The motion of the quark

m The bulk and boundary actions are fime independent and
therefore the total energy is conserved. This means that the
energy lost by the quark is stored in the gluonic degrees of fredom
and propagates to infinity.
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Energy loss by the quark

The motion of the quark

m The bulk and boundary actions are fime independent and
therefore the total energy is conserved. This means that the
energy lost by the quark is stored in the gluonic degrees of fredom
and propagates to infinity.

m We note that the rate of energy transfer 21358

at
function of ||X|| which means that the faster the particle moves,
the faster is the rate at which it loses its energy.

is an increasing
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Energy loss by the quark

The motion of the quark

m The bulk and boundary actions are time independent and
therefore the total energy is conserved. This means that the
energy lost by the quark is stored in the gluonic degrees of fredom
and propagates to infinity.

m We note that the rate of energy transfer

Erag
at

function of ||X|| which means that the faster the particle moves,
the faster is the rate at which it loses its energy. o moflon of e auark
m Then we obtain [Tt otrosig

AEraq ms®csch? (32511 +tanh~ (m))
at \/(52 +1) (sech2 (32’2—;] + tanh™! (m)) 2

is an increasing

and we observe that for late times + >> \~! = 51:{1
2
AErag — 'I2+_s£ :
dt

has an exponential damping as the sepid
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Energy loss by the quark

The motion of the quark

m In the following figures we show the exponential damping of the
energy of the quark in units of its mass for larga s = 10 and smalll

Ea g
dt dt
010
® 008
) 006 \
“ 004 \\
2] 002
tinunitsof A tinunitsof A
o T 2 3 4 5 6 3 100 20 30

Figure: Left:Rate of energy transfer per unit mass from the particle for
initial velocity vop = 0.099¢ X Vmox and large s = 10.  Right:Rate of
energy transfer per unit mass from the particle for initial velocity

vo = 0.099¢ X Vmax and small s = 0.1.
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Horizon of the induced metric

The motion of the quark

m The induced metric elements are

~ ~\~ ~ L2
grr = —3 (1 — rzx“(T)xﬂ(T)) G =% 5 O = 0

where X# = {?, X, ¥,2} and 7 Is the proper time on the boundary
atr=0.
There is a horizon when

1

grr =0 = 1h = ——e.
X (7)%u(T)
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Horizon of the induced metric

The motion of the quark

m The induced metric elements are

2 SR (e L2
017 = — (1= AR on =

2 y GOr = 0

where X# = {?, X, ¥,2} and 7 Is the proper time on the boundary
atr=0.

There is a horizon when

gz =0=1m=—F%=

XM

(7)%u(7)
m For our case for a constant magnetic field we have:

1

= —=.
sV
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Horizon of the induced metric

The motion of the quark

m In the left and right following figures, we show the horizon as a
function of fime on the boundary t for small s = 0.1 and for large
s = 10. The horizons therefore start from r,(+ = 0) ~ 1 as the initial
velocity of the quark vp in near v,ox and have an exponential
increase with time as expected because for large times in the
regime ||V(1)|| << Vmax the velocity has the form

52
V(1] = v,DefwTSZ(f*f”), and therefore v &~ 1 and then
2

1 =t
I & =7 X es? |
URITONN

=01, Vo=0.9%ira =01, Vo=0.9%Vinax
o in units of A o in units of A
» / » /
/ /
0 0
0 0
e e
tinuitsaf A tinuntsof A
100 20 0 0 10 20 0 0 50
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Horizon of the induced metric

The motion of the quark

m By calculating the curvature invariant we have a constant
curvature R = —L% everywhere and for all times, the curvature of
a hyperboloid with radius L in two dimensions (AdS,). This constant
negative curvature is true for every solution of Mikhailov.

Xt (F,r) = X" (F) +
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Profile of the string

m The motion of the string is given by:
r—A ax* 2w
X'u(T, I') = —_— (d_ — ﬁ/\2}_“) +X#(T),
42 T
V1 — A4

w.r.t. the coordinates at r = A. However, in oder to draw the
string profile we need the function X (XO, r). This can be done —
numerically, and we assume linear motion with constant speed for rrr—
the quark before it enters the area with the magnetic field. This
induces a discontinuity in the first derivative of X(X°, r) at the
point where the propagating waves of the two motions meet.

[Heavy quar T & magnefic field]: (Physics Depariment, UOC) 29739



Profile of the string

m The motion of the string is given by:
r—ANA ax* 27
Xt = [ —/—/——— (d— - ﬁ/\%f“) + x*(7),
472 T
V1 — A4

w.r.t. the coordinates at r = A. However, in oder to draw the
string profile we need the function X (XO, r). This can be done —
numerically, and we assume linear motion with constant speed for m«so«mem;gw
the quark before it enters the area with the magnetic field. This
induces a discontinuity in the first derivative of X(X°, r) at the
point where the propagating waves of the two motions meet.

m The solution X (X°, r) stops at a point r* > r,,, hidden by the
horizon because the function XO(T, r) isn't invertible for constant
XC for all r. This is due to the damping of the motion that makes
later waves propagate faster than the previous ones and there is
actually a point where they meet.
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Profile of the string

m The motion of the string is given by:
r—ANA ax* 27
Xrn) = | ———= (d— v ) +x(7),
472 T
V1 — A4

w.rt. the coordinates af r = A. However, in oder to draw the
string profile we need the function X (XO, r). This can be done

numerically, and we assume linear motion with constant speed for Pofie of the sing

the quark before it enters the area with the magnetic field. This
induces a discontinuity in the first derivative of X(X°, r) at the
point where the propagating waves of the two motions meet.

m The solution X (X°, r) stops at a point r* > r,,, hidden by the
horizon because the function XO(T, r) isn't invertible for constant
XC for all r. This is due to the damping of the motion that makes
later waves propagate faster than the previous ones and there is
actually a point where they meet.

m By the above solution X*(, r) for the string, we expect roughly a
linear increase of the propagating woyelw.f4 IrT TETTTEIT T T
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Figure: Profile of the string in the (more interesting) case of small s = 0.1 and

initial velocity vo = 0.2vmex = 0.2c for different times X% in the range
r € (1,400) for the radial coordinate.
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The induced world metric

Properties of The solution of Mikhailov for pure AdS spacetime

® We name x* = {T, X, Y, z} the coordinates and 7 the proper time
on the boundary at r = 0. The metric elements are

L2 ) L2
Orr = _r_2 (1 —r 56pl(T)kp,(T)) s Grr = _f_2 s Or = 0.
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The induced world metric

Properties of The solution of Mikhailov for pure AdS spacetime

® We name x* = {T, X, Y, z} the coordinates and 7 the proper time
on the boundary at r = 0. The metric elements are
L2 L2

Orr = _f_2 (] - r25€p’(7')5€#(7')) y Grr = ——

12 Or = 0.

m There is a horizon when

~
Nl

1 (1—
Grr =0=1,= =

RO e (1

Y
] <
|
N
Q!
N~
~—

Then the metric elements become

12 r 12
gTT:_r_2 ]_Fh ) g‘rr:_r_2 y
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The induced world metric

Properties of the solution of Mikhailov for pure AdS spacetime

m There is also a point r* till where we can draw the profile of the
string X(X°, r) in the static gauge given by

X LA A NN IV
_ = _— [—— = _— =
or |, ar ar? K ar !
3
1 1—V?)2
o= T :—%
va va

which means that r* is positive only when va < 0. We also
observe that r* > r,, this point r* is hidden by the horizon:

3 3
]_—‘25 ]_“22
b (1-v%) ! ﬂf)fr*.
V& (1 - 2) + (vay va
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The induced world metric

Properties of the solution of Mikhailov for pure AdS spacetime

m There is also a point r* till where we can draw the profile of the
string X(X°, r) in the static gauge given by

X 0:>df—|— It 0= v+ ki 0=
_— = _— [—— = r— =
or |, ar dar? v dffy
3
1 1—v?)2
f* — _7—3: — _( — )
va va

which means that r* is positive only when va < 0. We also
observe that r* > r,, this point r* is hidden by the horizon:

(-

V& (1 - 2) + (vay

ol
—

|
Ql <

h =

m The curvature is constant
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Cases of a static horizon
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Cases of a static horizon

Properties of the solution of Mikhailov for pure AdS spacetime

m The first such case is the circular motion ||V|| = const, va =0
which we considered above.

m We can also have a particle with acceleration d codirectional
with the velocity. If they are both in the x-direction
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magnetic field

AdS/CFT comrespondence

Drag-Force calculations
_
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Motivation of the calculation

U‘

General
_—
The motion of fhe quark
_—
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a /) V=
71— 213 d 1 23/2
o= a=vy 2\/) :consf.:>—vzi( V)
a at I
2(vp — 1
- ) B p—

—voten(vo+1)+1

The horizon lies at any r, we like.
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Fluctuations around the solution

Properties of the solution of Mikhailov for pure AdS spacetime

m The quadratic term of the Nambu-Goto action is

= —+/—defg, =
2
- = {Y'”Y”’ [ — rzaua,, — r404UuUl, — 2r3020uU,, +

NG
L

2r2

+Utra), Wtra), + (1 - ) +

2.
+ r—2Y' Y“[— (1+7a") UpUy — o — 2r(au Uy + GUU}L):Ia

where U, a the 4-velocity and 4-acceleration correspondingly.
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Fluctuations around the solution

Properties of the solution of Mikhailov for pure AdS spacetime

m The quadratic term of the Nambu-Goto action is

1° = —\/—detg, =

2
- = {Y'”Y”’ [ — rzaua,, — rAGAUuUV — 2r3c720uU,, +

2r2

+Utra), Wtra), + (1 - ) +

2.
+ r—2Y' Y“[— (1+7a") UpUy — o — 2r(au Uy + C7uUp)]7

where U, a the 4-velocity and 4-acceleration correspondingly.
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m In the case of linear motion with constant velocity the
diagonalized metric in Yy, Y2 becomes

s 2 (V2 =2y + Y} (V3 —2V2))
2r? '
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Fluctuations around the solution

Properties of the solution of Mikhailov for pure AdS spacetime

m Then the fully diagonal metric becomes
L2

S = - X
A2 <\/5—\/57’—v5+\/5r’>2
s V10
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x (=((Ve=n) v+ (1+vB) ) + (= (Ve-1) %+ (14

where we have used new worldsheet coordinates

Pt s¥/2e oidtion

of Mikhdilov for guré AdS

spacetime
|

Hall conductivity at zero

_ Vs—ﬁfﬁmﬁf’ =1L (54 vE) (VB

[Fisowy quare I amagnalic ieid]: (Physics Depariment, UOC)

35 /39



Hall conductivity

Heavy quarksin a
\agnetic field

m To study the hall conductivity we must assume a small electric
field E, in the x-direction and a large magnetic field B, in the
z-direction.
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Hall conductivity

m To study the hall conductivity we must assume a small electric
field E, in the x-direction and a large magnetic field B, in the
z-direction.

m We describe the motion of the charge carriers in a strongly
coupled vacuum with the motion of the endpoint of the strings at
r = A, where A~ is proportional to the mass of the carriers.

[Fisowy quare I amagnalic ieid]: (Physics Depariment, UOC)

Heavy quarks in a
magnetic field

Infroductio

AdS/CFT comrespondence

Drag-Force calculations

otion in @ magnetic fiel
at zero temperatt
Mofivation of the calculation
General setup
The motion of fhe quark
Profile of the string

Hall conductivity at zero
temperature
|

Conclusion

36 /39



Hall conductivity

m To study the hall conductivity we must assume a small electric
field E, in the x-direction and a large magnetic field B, in the
z-direction.

m We describe the motion of the charge carriers in a strongly
coupled vacuum with the motion of the endpoint of the strings at
r = A, where A~ is proportional to the mass of the carriers.

m Pure AdS spacetime has Lorentz invariance under boosts and
rotations in the x, y, z, t directions. The electric and magnetic field
transform under boosts:

Bl = B , EL=7(EL+VxB)
§|| = B , §J_:’y(§J_—\7><E).
By doing a boost with velocity v, = —E; / B, we have in the

boosted frame E/ =0 , B = 2\/B2 — E2.
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Hall conductivity

m Therefore in this frame we have only a constant magnetic field B,
in the z-direction and the motion of the string will be a spiral
towards a fixed point as we have seen already. Therefore for large
times, the velocity of the particle will be that of the boosted frame
v, = —E,/B,. From this, we deduce that we have the Hall
conductivity

_ k¥ _ aqa
Oy = = = ——.
Ex B,
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Conclusions

m The motion for the quark is a spiral, as the radiation emmited
absorbs continuousky its energy. The motion of the particle for late —
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Conclusions

m The motion for the quark is a spiral, as the radiation emmited
absorbs continuousky its energy. The motion of the particle for late
times is exponentially damped.

m There is a maximum initial velocity of the particle, beyond which
the classical string description breaks down.
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Conclusions

m The motion for the quark is a spiral, as the radiation emmited
absorbs continuousky its energy. The motion of the particle for late
times is exponentially damped.

m There is a maximum initial velocity of the particle, beyond which
the classical string description breaks down.

m The induced string metric has a horizon that is fime dependent
and its position moves exponentially fast at late times towards the
center of AdS. The induced string metric is locally that of AdS, like
in any other string motion in bulk AdS.
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Conclusions

m The motion for the quark is a spiral, as the radiation emmited
absorbs continuousky its energy. The motion of the particle for late
times is exponentially damped.

m There is a maximum initial velocity of the particle, beyond which
the classical string description breaks down.

m The induced string metric has a horizon that is fime dependent
and its position moves exponentially fast at late times towards the
center of AdS. The induced string metric is locally that of AdS, like
in any other string motion in bulk AdS.

m Since the motion is a special case of the retarded solutions of
Mikhailov, the absorption of energy by the gluonic degrees of
freedom simulated by the string obeys the Lienard formula.
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Conclusions

Heavy quarks in G
magnetic field

m The motion for the quark is a spiral, as the radiation emmited
absorbs continuousky its energy. The motion of the particle for late
times is exponentially damped.

m There is a maximum initial velocity of the particle, beyond which
the classical string description breaks down.

m The induced string metric has a horizon that is fime dependent
and its position moves exponentially fast at late times towards the
center of AdS. The induced string metric is locally that of AdS, like
in any other string motion in bulk AdS.

m Since the motion is a special case of the retarded solutions of
Mikhailov, the absorption of energy by the gluonic degrees of
freedom simulated by the string obeys the Lienard formula.

Conclusions

m The embedding of the string in the static gauge X (XO, r) stops at
a point which is hidden by the worldsheet horizon.
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Conclusions

m In order for the particle to move on a cycle with constant velocity,
there must also be a time dependent electric field codirectional
with the velocity of the particle, so that it provides energy to the

quark, equal to the energy absorbed by the drag force per unit
time.
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Conclusions

m In order for the particle to move on a cycle with constant velocity,
there must also be a time dependent electric field codirectional
with the velocity of the particle, so that it provides energy to the
quark, equal to the energy absorbed by the drag force per unit
time.

m The Hall conductivity is the same with the classical case.
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