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ABSTRACT

In this work two major topics in Conformal Field Theory are discussed. First a detailed
investigation of N=2 Superconformal theories is presented. The structure of the representations
of the N=2 superconformal algebras is investigated and the character formulae are calculated.
The general structure of N=2 superconformal theories is elucidated and the operator algebra of
the minimal models is derived. The first minimal system is discussed in more detail. Second,
applications of the conformal techniques are studied in the Ashkin-Teller model. The ¢ =1 as

well as the ¢ = % critical lines are discussed in detail.
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INTRODUCTION

In the past five years there was a renewed interest in string theories as candidates for a
unified theory of nature, [1]. This came as no surprise in an era where the theoretical ideas of
the subject seemed to be inadequate for further advancement. On the other hand string theory
seemed to provide new solutions to problems we did not know how to attack before. It remains
to be seen if string theory is the theory that describes Nature. But even if the answer is negative
it is certainly true that now we understand Quantum Field Theory much better than we did
five years ago.

The connection between string theories and two-dimensional critical models is well known.
Any two-dimensional critical model with the appropriate local symmetry and central charge is
a classical ground state for string theory. The fact above was responsible for the great interest
in 2-d critical models in recent years and the emergence of new ideas and techniques in order to
classify and solve them. In the light of string theory the classification problem is quite important.
Knowing all conformal field theories (CFT) in 2-d is equivalent, as mentioned above, to knowing
the classical vacua of string theories. Of course this knowledge is not the whole story since it
is expected that only a subclass of them will be stable under quantum fluctuations. At the
present status of string theory our knowledge of taking account of quantum fluctuations in a
field theoretic way is very limited, and as far as our calculational tools are concerned we are
in an even worse situation. It is conceivable though that a knowledge of all string vacua will
enable us to see if string theory has anything to do with the real world. Because imagine that
in our complete list of classical string vacua we find none with a spectrum that resembles the
real world. Then it is very hard to see how one can reconcile the theory with basic experimental
facts (spectrum). In the opposite case one will be pushed to investigate more closely vacua with
properties in accord with Nature.

From the view-point of condensed matter physics the problems of 2-d critical phenomena
discussed above are fundamental. There are two reasons for one being interested in the critical
behaviour of 2-d models. First, there are a lot of situations in real life where the system under
study is a 2-d one, (e.g. surface behaviour). Second it is well known by now that 2-d critical
phenomena possess the richest structure compared with higher dimensional ones.

In the last five years there emerged a new approach to 2-d critical phenomena which proved
to be very powerful and illuminating at the same time. We will refer to this approach with the
name Conformal Field Theory. It was introduced by Belavin, Polyakov and Zamolodchikov, [2],
in an attempt to introduce both as a principle and as a tool the group theoretic structure of
conformal symmetry. The main hope which becomes more plausible as time goes by is the use
of the representation theory of the conformal group and its extensions as well as elements of 2-d
geometry as tools to classify and solve all universality classes of critical behaviour in 2-d.

Since its introduction, CFT has advanced considerably and has been recognized as a valuable
tool both in string theory and in critical phenomena. Now more than ever it seems that a
classification of 2-d CFTs is not a hopelessly difficult task. It also gave the biggest collection of
exactly solvable 2-d models that we know so far.



In this thesis I will try to present my own contribution to the subject. In chapter 1 the basic
principles and tools of CFT are presented in a way which (hopefully) will make the rest more
intelligible to the non-expert. In chapter 2 various aspects of N=2 superconformal symmetry
are discussed as well as its relevance for realistic string compactification. Chapter 3 contains
some applications to condensed matter systems, in particular the Askin-Teller model. Some
ideas pertaining on non-standard bosonization techniques are also presented.

This thesis is based on both published and unpublished work of the author. The published

work on the subject has been presented in references [3,4,5.6,7.8].



CHAPTER 1

Introduction to Conformal Field Theory

1.1 Conformal Symmetry and Ward Identities

Conformal symmetry was introduced in quantum field theory inspired by certain scaling
ideas in the theory of second order phase transitions, [9]. The basic hypothesis was based on
the idea that the physics of the systems at the critical point was invariant under scalings of
the system. In terms of coordinates, £* — A¢®. Such a transformation is a symmetry if the
stress-energy tensor is traceless,

TE) = 0 (1.1.1)

If the condition above is true then one can show that the system not only possesses the aforemen-
tioned scaling symmetry but it is also invariant under coordinate transformations, {* — n*(¢),
which have the property that the metric tensor transforms as,

e oY
Jab — %‘lainbgalbl = p(&)gab (1.1.2)

Such transformations constitute the conformal group. The condition for an infinitesimal co-
ordinate transformation of the form &* — ¢* + f*(£) to have the property (2) turns out to
be

Y

2
Oufo + O fa = 5000 fe (1.1.3)

where d is the dimension of space-time.

In the generic case, d # 2, only a finite number of solutions exist for (1.1.3). This can be
easily seen by rewriting (1.1.3) in the more suggestive form,

(60 + (d — 2)00) 0 f. = 0 (1.1.4)

which implies that for d # 2 f. must be at most quadratic in £*. Thus the conformal group
in d > 2 dimensions is finite dimensional consisting of translations, rotations, dilatations and
special conformal transformations. But in d = 2 equation (1.1.3) becomes the Cauchy-Riemann
equations. Thus any meromorphic function is a solution. The conformal group in this case is
infinite dimensional. It is generated by the components of the stress energy tensor.



From now on we restrict ourselves to the two-dimensional case. We will also work in Eu-
clidean space where both statistical mechanics and quantum field theory are well defined. Along
with conformal invariance one needs to assume a strong version of the Operator Product Ex-
pansion (OPE): Assume that there exists an infinite set of local fields ¢;(¢).Then the set of
operators ¢;(0) is assumed to be complete in the following sense. The set [¢;] contains the
identity operator I as well as all coordinate derivatives of local fields. The completeness of the
set [¢;] means that any state can be generated by the linear action of these operators. This is
equivalent to the OPE:

$i(€)8j(0) =Y CE(€)81(0) (1.1.5)
k

The structure constants Cﬁ(f ) are c-number functions which are single valued. The previous
relations are understood as an exact expansion of the correlation functions,

(i, (1) (2) - 60 () = D Ol (&1 — E2)(00(E2) -+~ i (&n)) (1.1.6)
k

which converges in some finite domain of ¢, dependent on the positions ¢;. The most restrictive
requirement is the associativity of the operator algebra (1.1.5). This gives an infinite number of
equations for the structure functions Cﬁ(f) Conformal symmetry fixes the form of the structure
functions up to numerical parameters. Then these equations should determine these parameters.
For d > 2 the system is too complicated due to the difficulty of classifying the fields participating
in the algebra. In d = 2 the situation is tractable. The conformal group is infinite dimensional
and the operators can be classified successfully by the irreducible representations of the group.

In order to describe the group we will choose complex coordinates z and Z (in Minkowski
space they correspond to light cone coordinates).

= 4082 ) =61 —ié? (1.1.7)

From now on we will restrict our attention to the flat Euclidean space. The results however can
be generalized to the most general case and we will have to say more in subsequent chapters.
The metric is written as, ds? = dzdz. In these coordinates a conformal transformation becomes
an analytic transformation,

z—((2), z—((%) (1.1.8)

where (, ( are arbitrary analytic functions. It will be useful to consider the transformations
(1.1.8) as independent and thus the conformal group  will be the direct product, G =T @ T,

where I' (I') is the group of analytic (anti-analytic) transformations.

An infinitesimal transformation of the group I' is, 2 — z + €(2), where ¢(z) is an arbitrary
infinitesimal meromorphic function. If we represent it in terms of its Laurent series e(z) =



Eiooo €n 2"t then the Lie algebra of I' coincides with the algebra of differential operators [,, =

2"*t19,. The commutation relations are,
[y Im] = (n — m)lmtn (1.1.9)

The generators [_1,, lo, [1 generate a subalgebra s/(2,C). The corresponding subgroup consists
of the projective transformations,

b
ZHC:Zid’ ad —be =1 (1.1.10)

An important operator in a theory is the stress-energy tensor. It is defined as the variation
Tab — 85

of the action with respect to the metric, (whenever there exists an action), = o

Let’s consider an arbitrary correlation function of the form,

(X) = (i (1) -+ 60 (&n)) (1.1.11)

The fields in the correlation function are local fields. Let’s now perform a coordinate transfor-
mation, £* — &% + €*(£). We can derive the appropriate Ward identity this way which reads,

D (80 (€2) - 0ciy (k) -+ i (En)) +/d2ga“eb(g)<wb(5)x> =0 (1.1.12)

k=1

where 6.¢; denotes the variation of the local field under the coordinate transformation. A
corollary of (1.1.12) is the conservation of the stress-energy tensor,

D (TP(E)X) =0 (1.1.13)

everywhere except at &;. In a conformally invariant theory the trace of the stress-energy tensor
vanishes. Combining relations (1.1.1) and (1.1.13) we obtain,

DAT(E)X) =0, 0,(T(E)X) =0 (1.1.14)

where,

T =Ty — 1oy + 2¢119 T = T11 — 199 — 22119 (1.1.15)

In view of (1.1.14) we can write T = T(z), T = T(Z). The correlation function (T'(z)X) is a
meromorphic function of z which is single valued and regular everywhere except at the points



z; where it has poles. The Ward identity (1.1.12) for a holomorphic coordinate transformation
becomes,

(6.X) = 7{ dC{T()X) (1.1.16)

C

where the contour ' encloses all singularities z; of the correlation function. Thus we can write
the following relation for the variation of a local field under a holomorphic transformation
z =z 4+ €(2),

8c61(:7) = f delOIT(O61(5.7) (1.1.17)
C;

The same arguments are valid for anti-holomorphic transformations.

The transformation properties of T'(z) are important since they are related to the realization
of the algebra of conformal transformations in the quantum theory. The following theorem is
due to Mack and Liischer ™, [10]:

Theorem: In a local relativistic quantum field theory (satisfying the Wightman axioms)
let the stress-energy tensor be symmetric, conserved (absence of gravitational anomalies) and
traceless (scale invariance). Let also the stress-energy tensor be dilation covariant and the
vacuum state be dilatation invariant,

U(p) T (E)UH(p) = p*Tup(p€) , U(p)|0) = [0) (1.1.18)

then,
01(z) = €(2)0.1(2) 4+ 20,¢(2)T(2) + %age(z) (1.1.19)
One defines a quantum field theory in 2-d space (0,7) and imposes periodicity requirements
in the space direction o. Then we can go from the cylinder to the complex plane by means of
the transformation z = exp(7 + ¢0). The correlation functions in the (o, 7) space can be defined

through time ordering in the “time” 7. In the operator formalism the variations 6.¢; can be
expressed in terms of equal time commutators,

bctpi(o,7) = [Te, ¢i(o, 7], Te = 7{ e(z)T(2)d= (1.1.20)

log|z|="7

Then relation (1.1.19) becomes,

[Te,T(z)] = e(Z)T'(Z) + 26'(Z)T(Z) + %GI”(Z) (1.1.21a)

* A more general theorem is in fact true. In any 2-d theory that satisfies the Mack-Luscher assumptions and
also has a continuous global symmetry or global supersymmetry then this symmetry is automatically local,
[10]



or in OPE form,
aw
c I'(w) I'(w)

1
T(2)T = - 2 e 1.1.21b
()T (w) 2(z —w)* + (z—w)?  (z—w) + ( )
It is convenient to expand 7'(z) in a Laurent series,
0 L,

Then using (1.1.21) one can derive the commutation relations of the operators L, which are the
generators of the holomorphic part of the conformal group.

(L, Ln] = (m — 1) Lyngn + %(m?’ — )80 (1.1.23)

The same commutation relations are valid for the antiholomorphic generators L. The algebra
of equation (1.1.23) is known as the Virasoro algebra. It contains s/(2,C') as a subalgebra.
The operators L_1, L_; generate translations on the complex plane whereas Lo, Lo generate
dilatations of z, Z. In the (o, 7) coordinates Lo+ Lo generates time translations and consequently
it is the Hamiltonian. The infinite past (7 = —oc) and the infinite future (7 = oo) correspond
to the points z = 0 and z = oo on the complex plane.

The Cartan subalgebra of the Virasoro algebra is generated by Lg. Its eigenvalues A (holo-
morphic critical dimensions) classify the irreducible representations. The raising operators are
Ly, n=1,2,3,.... The unique vacuum state of the theory corresponds to the identity operator
and has zero Ly eigenvalue. It is also a highest weight vector (hwv) of the algebra, that is it is
annihilated by the raising operators,

Lp]0>=0, n=0,1,2,3, ... (1.1.24)

Using (1.1.23) and (1.1.24) we can show that the vacuum state is also annihilated by L_;. This
the maximal subset of the conformal group generators that can annihilate the vacuum. The
fact that we cannot impose a bigger set of generators to annihilate the vacuum is due to the
non-zero central element ¢ in the algebra (1.1.23). This fact can be cast in conventional field
theoretic terms as “the full conformal invariance of the theory is spontanecously broken”. The
statement above reflects the fact that the vacuum state is not invariant under the full conformal
group but the conformal Ward identities are still valid. However this interpretation should be
used with care. As already explained above the s/(2, (') symmetry is still manifest.

In order to define Hermitian conjugation we have to remind ourselves that the matrix ele-
ments are evaluated between the “in” (z = 0) and the “out” (z = o) states. These are related



by z — % From this and the reality of T'(z) it can be inferred that,

o, (1.1.25)

Using the commutation relations (1.1.23) along with (1.1.25) one can evaluate any correlation
function involving stress-energy tensors only. For example,

1

(T(21)T(29)) = §ﬁ (1.1.26)

Reflection positivity (unitarity in Minkowski space) and (1.1.26) imply that ¢ > 0.

The states in the Hilbert space of the theory are generated by local operators acting on the
vacuum state,

|¢i) = 6:i(0)[0) (1.1.27)

The representations of the conformal group are generated by hwvs (primary fields). The whole
representation is generated by the action of the lowering operators of the algebra on the hwvs.
Counsider a hwv |A). It satisfies the usual hwv conditions,

Lp|AY =0, n>0, Lo|A) = AJA) (1.1.28)
These are equivalent to the commutation relations (|A) = ¢a(0)]0)),
[Lin, oa(2)] = 200 (2) + A(m +1)2"¢a(2) (1.1.29)

or to the OPE,

pa(w) _|_9w</5A(w)_|_

T(z)oalw) = A(Z —w)? (2 —w)

(1.1.30)

where the dots in (1.1.30) denote terms regular as z — w. The operators appearing in the
regular terms are the descendants of the hwv under the action of the lowering operators. In the
Hilbert space language an arbitrary state in the representation generated by |A) is of the form,

A, (ki) = (L) (Do) (Log) - [A) (1.1.31)

These states constitute a basis in the representation. They are not orthogonal in general but
they are linearly independent (modulo a subtlety which will be discussed later).



So far we neglected the existence of the anti-holomorphic Virasoro operators L,. But it is
quite easy to take them into account due to the fact that the conformal group is simply a direct
product of the holomorphic and anti-holomorphic factors. Thus a hwv is characterized by the
two eigenvalues A and A of Ly and Ly. Then the whole representation is generated by the
action on the hwv of the lowering operators L_, and L_,. In a few words the representations of
the full conformal group are tensor products of representations of its left and right components.
The physical dimension of an operator is given by A 4+ A and its “spin” by A — A,

Using the information above we can derive the conformal Ward identities. An important
ingredient is the fact that a meromorphic function on the Riemann sphere is determined by its
singularities and the corresponding residues. Thus let’s consider correlation functions of primary
fields with an insertion of the stress-energy tensor, 7'(z). We will view it as meromorphic function
of z. Then we know its singularities and residues from (1.1.30) so that,

) oulen) = 3 (st ) ()l (1132

pa (z — 2, 0z

The Ward identity (1.1.32) is important to determine the correlation functions of the descendants
of the primary fields. From (1.1.31) they are defined by modes of T'(z) acting on the primary
fields. Thus we can use (1.1.32) in order to determine their correlation functions. We can
also derive the projective Ward identities which illustrate the fact that s/(2,(C') is an exact
symmetry of the theory. From our previous discussion it become obvious that the generators
L_1, Lo, L1 annihilate both the “in” and the “out” vacuum. We can isolate their action on
the correlation functions by taking appropriate contour integrals in (1.1.32). This results in the
following projective Ward identities.

> o 61(e1)ale)) = 0 (1.1.330)

Z (Zia% + Az’) (01(21) -+ dnlzm)) = 0 (1.1.33b)

n

> (lea% + 2ZlAi> ($1(21) - bu(zn)) = 0 (1.1.33¢)

1=1

where all the fields in the correlation function are primary.

The constraints that (1.1.33) put on the correlation function are the following. The 2-point
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functions are fixed:

(or(e1)on(e)) = 2t (1134)

The 3-point functions are also fixed up to an overall constant:

3
(01(21)2(22)83(23)) = Ciay oy | (20 = 2j) 72 (1.1.35)

1<y
where Ajp = A; — As — A3z and so on. The general n-point function is constrained to be of the

form,
(61(21) -+~ dulza)) = [[ (i = ) G(l)) (1.1.36)
1<y

where the 7;; are any solutions of E]»# vi; = 2A; and G is an arbitrary function of the n — 3

anharmonic quotients, xfj,
wo_ (zi = 2)(zk — 21)

R P

(1.1.37)

Thus all the non-trivial information of the theory is in the spectrum of critical dimensions A;
of the primary fields and the OPE coefficients ny

1.2 Minimal Theories and Unitarity

In this section we will be discussing a special set of CFTs that contain representations of
the conformal group which are “unusual”. Such theories have a finite number of primary fields
and are exactly solvable.

There are certain cases where the representations of the conformal group (Verma modules)
as constructed above in (1.1.31), are not irreducible. This happens when one of the descendant
states |A, (k;)) happens to have the properties of a hwv. Then one can show that such a state
|x) is null, ({x|x) = 0), and orthogonal to all the other states of the representation. Such a
state generates another representation which is embedded in the previous one. Thus the true
irreducible representation is obtained after discarding all such states and their descendants.
Since in a unitary theory the Hilbert space is positive definite such a state is identically zero.
This means in particular that any correlation function, where such a state is participating in, is
zero. To give a concrete example consider a descendant state at level two,

IX) = (L2 + £L2;) |A) (1.1.38)

In order for this to satisfy the hwv conditions (1.1.28) we must have,

B 3 4A-|-c—|- 9A _ 0o
"TTeA ) 2 TIAY1

Assume that ¢ = %, then A can take only two values satisfying (1.1.39), A =
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take A = % for concreteness. We would like to show that the existence of a null state implies
extra constraints on the correlation functions of the theory. In particular, if in a theory all the
primary fields are of this kind (that is their representations contain null vectors) then these
constraints are enough to determine all the correlation functions. Such theories will be referred
to as “minimal” and the corresponding representations as “degenerate”. Let’s now show how
the null state |x) = (L_» — 312 ;) |3) implies constraints in the correlation functions. As it was
argued before,

016120+ o)) = Ohon(en) -+ 6(en) (L2 = 222 ) 00 =0 (1140

On the other hand we can use the Ward identities (1.1.32) to move the Virasoro operators to
the left, picking up on the way various terms and eventually annihilating the “out” vacuum.
Thus we end up with a differential equation for the correlation function,

n

(5— Y ﬁai) (O(2)on(en) o)) =0 (114D

1= 1=

One can use the projective Ward identities to substitute the derivatives with respect to z; with
derivatives with respect to z so that (1.1.41) becomes an ordinary differential equation.

Another important issue is unitarity (positivity). This is the statement that the Hilbert
space of the theory is positive definite . An important concept in the discussion of unitarity
is the Ka¢ determinant. This is an object that can be defined for every representation of the
conformal group. As we mentioned before the representation is built by the action of the lowering
operators on a hwv. We will define the level of a descendant state |i > as the eigenvalue of Lo—A
on that state, (A is the dimension of the hwv). Then it is easy to show that states at different
levels are orthogonal. Now consider the space of states at a given level n. Choose a basis in this
space, for example the basis in (1.1.31) will do. Now counsider the matrix, M,,, of all the inner
products between states in this space, (such a matrix is known as the Shapovalov matrix in the
mathematics literature). The determinant of M, is the Ka¢ determinant. It is a polynomial in
two variables, the dimension of the hwv, A, and the central charge, ¢. Then the statement of
unitarity becomes the statement that the Ka¢ determinant has positive eigenvalues.

Null states can also be seen from the Kaé¢ determinant. If at least one of the eigenvalues of
M, 1s zero we can show that there is a null state at level n. The eigenvector of M,,, corresponding
to the zero eigenvalue, is the null state. The corresponding Kaé¢ determinant vanishes at level
n. Thus zeros of the Ka¢ determinant signal the presence of null states. The Ka¢ determinant
can be evaluated. For example the Ka¢ determinant of the conformal group was conjectured by
V. Kag¢, [11], and proven by Feigin and Fuks, [12]. It is the following,

P(n—1)

det(M,) = H I 752 c) (1.1.42)
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where,
frs(Ae) = (A—A:S)(A—AT_’S), r.se€N, r#s (1.1.43)
1
ﬁ&AmﬁzA+§jﬂ—&Xu—D (1.1.44)
1
Aﬁ:ﬁﬁ (13 — ¢)(r? + s%) £ Ve — 26¢ + 25(r? — s%) — 24rs — 2+ 2¢ (1.1.45)

and P(n) is defined through,

[La;;6:§:Pmp" (1.1.46)

n=0

An analysis of unitarity in conformally invariant theories using the Kaé¢ determinant was per-
formed by Friedan, Qiu and Shenker, [13]. They found that for ¢ > 1 no constraint comes from
the unitarity analysis. But for ¢ < 1 unitary models exist only for special values of the central

charge c,
6

—1—————, m=2,34,.. 1.1.47
c m(m—|—]_)7 m P b ( )

The spectrum of critical dimensions can be found.

((m+1)p—mq)? -1
4m(m +1)

Apy = ,1<p<m-—1,1<q<p (1.1.48)

In these models there is a finite number of primary fields all of which are degenerate. According
to our previous discussion these models are exactly solvable since their correlation functions
satisfy linear ordinary differential equations. The above constitutes a first step towards the
classification of 2-d CFTs since it classifies all unitary CFTs with ¢ < 1.

But for ¢ > 1 there are no null states in the conformal algebra. Moreover other constraints
on the theories (e.g. modular invariance) imply that the set of primary fields must be infinite,
[14]. To circumvent such difficulties one has to introduce new ideas, in particular enlarging
the conformal algebra. Imagine that the symmetry algebra of the theory is a bigger local
algebra that contains the conformal algebra as a subalgebra. Then one expects that irreducible
representations of that algebra will be (infinitely in general) decomposable in representations of
the conformal algebra. Several examples of such larger algebras are known, local gauge algebras
(Kac-Moody algebras), supersymmetric algebras, parafermionic algebras etc. Thus theories with
an infinite number of conformal representations can have a finite number of the extended algebra
representations.

It is probably not true that extended algebras are enough to put order in the vast space
of CFTs. There are more ambitious ideas on how to attack this problem, but since they are
currently under study we will refrain from saying anything more.
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So far we discussed CFT on the Riemann sphere. It is natural to ask how much of this
machinery carries over to CFT defined on more complicated 2-d surfaces. After all condensed
matter systems are usually defined on a parallelogram with periodic boundary conditions and
this 1s topologically a torus. In string theory perturbation theory a la Polyakov is defined as
dealing with CFTs on Riemann surfaces with an arbitrary number of handles.

In a theory with conformal invariance details associated with the metric of the surface are
redundant. Thus one is led to consider the surfaces modulo diffeomorphisms and conformal
transformations. Compact 2-d surfaces are classified topologically by their number of handles
(genus). For a given genus the surfaces are parametrized by a finite dimensional space called
moduli space.

There are elements of what we said so far that will not change when we go to more com-
plicated surfaces. In particular all the local properties of a theory will remain the same. Short
distance singularities, the spectrum of critical exponents and the OPE coefficients will not
change. But the Ward identities for example will change since we crucially used the fact that
we were working on the sphere. Correlation functions will also change since they also carry
global information. We do know though how to generalize the formalism of CFT to surface of
arbitrary genus. Viewing a CFT as an object that can be defined on various surfaces seems to be
a promising approach towards such goals as classification and solution of 2-d critical phenomena
and/or string theory.
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CHAPTER 2

The Structure of N=2 Superconformal Field Theories

2.1 Introduction

In this chapter we are going to discuss various aspects of N = 2 superconformal field theories.

As already mentioned in the first chapter if there are extra global (super)symmetries in
a conformally invariant theory then the theory is invariant under a bigger local algebra that
includes the conformal algebra as a subalgebra.

An interesting class of such global symmetries are supersymmetries. A supersymmetry is a
symmetry that relates bosons and fermions. Various kinds of supersymmetry in 2-d are classified
by the number of supercurrents. In 2-d we can define left and right supersymmetries separately.
A model invariant under m left and n right supersymmetries will be called of the type (m,n).
From now on our discussion will be focused on the left (holomorphic) part of a theory to avoid
repetition. When eventually we have to make a model we will have to tensor appropriately the
left and right parts in a way consistent with various constraints that we will discuss later.

The possible superconformal algebras in 2-d have been classified by Ramond and Schwarz*,
[15]. The possibilities are:

N =1 Superconformal Algebra. It is generated by the stress-energy tensor 7'(z) and a
dimension % fermionic operator, the supercurrent (7(z). The algebra is given by the following

OPEs:

¢ 2T (w) 0w T (w)

T2 (w) = 2(2 —w)? ! (z — w)? * o (2.1.1e)

5+ + - (2.1.1b)

(2.1.1¢)

where ¢ is related to ¢in (1.1.23) by ¢ = %c and from now on the - -- in OPEs will represent the
non-singular terms as z — w (which do not contribute to the (anti)-commutation relations).

* One may consider superconformal algebras for any N, [16]. The difference is that they do not, strictly
speaking form an algebra. The commutation relations give expressions that are not linear in the algebra
operators. However it is possible to use them in order to define CFTs.
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N = 2 Supercon formal Algebra. It is generated by the stress-energy tensor 7'(z), a U(1)
current J(z) and two supercurrents G(z), G(z).

¢ N 2T (w) 0w T (w)

T(2)T(w) = g(z_w)4 et oo T (2.1.24)

T(2)J(w) = (ZJ_(UQP (a;"‘](z; He T = _éw)2 T (2.1.20)
T(2)G(w) = g(ZG_(I:U))Z + ?;”f(z)) +--- (2.1.2.¢)

T(2)G(w) = g(ZG_(I:U))Z + ?;”?(5)) 4o (2.1.2d)

J(2)G(w) = (ffwll) +ooe, J(2)G(w) = —(ffwll) T (2.1.2¢)
G(z)Gw)=04--- , G(2)G(w)=0+--- (2.1.2f)

G(2)G(w) = —25 4 2J(w) | Gudlw) | 20(w) (2.1.29)

(z—w)? (z—w) (z—w)

where ¢ = 3¢.

N = 3 Superconformal Algebra. It is generated by the stress-energy tensor 7'(z), three
SU(2) currents J%(z), three supersymmetry generators G*(z) in the adjoint of SU(2) and an
SU(2) singlet fermion field ¢ (z).

()T (w) = g(z Rt oot o (2.1.30)
T(2)J%w) = (ja_(z)y a(‘;‘]_(;")) (2.1.3b)
i L1 Bt .

-y JY)Y(w) =04 - (2.1.3d)
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- _abc Gc(w) ab aquz)(w)

a b — e Vb (w) = 1.3¢

TR w0) = i L T G = s (2.1.3¢)
a b _ieabc ‘]C(w) /i5ab = w) = Rk

J (Z)‘] (w) - (Z _ w) + (Z o w)2 + ” ¢( )¢( ) - (Z _ w) + (213f)

()P ) = 2489 L e ((ZJC(w) . ach(w)> Lggen Lw) (2.1.39)

(z —w)? z—w)? (z —w) (z —w)

where ¢ = 3 and « takes the values k = 5, n =1,2,3,---

N = 4 Supercon formal Algebra. It is generated by the stress-energy tensor T(z), three
SU(2) currents J%(z) and two SU(2) doublets of suppercurrents, G*(z) and G'(z).

st——=+ (2.1.4a)

T(2)GH (w) = g(z St (2.1.4b)
T(2)G (w) = g(f_(z))z + a(zc‘i(;u)) +oe(2.1.40)
1(2)0"(w) = ¢ j a_(z‘;))z a(‘;{‘]_ (w“’)) (2.4.d)
JU(2) T (w) = ie (jc_(wlz) (Z’iscz)z + oo (2.1.4¢)
JH(2) G (w) = %a;; (f]flg) beee UG () = —%a;‘i (fj“:j) . (2.1.4f)
GU(2)G(w) =04+, GY(2)G(w) =0+ (2.1.49)
GH(2) G () = (ZSf‘SZ)g 4 25”% 1208, ( (22‘]_&(;”))2 + a(‘;‘]_(;”))> (2.1.4h)

where ¢ = 12k, k = g n =1,2,3,--- and o}, are the standard Pauli matrices.
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There are various sectors in the theories invariant under the superconformal algebras above.
Their existence is linked to the possibility on imposing various boundary conditions on the
algebra operators that respect the algebra structure. The stress-energy tensor will have to be
always periodic otherwise conformal invariance will be broken. The algebras have in general a
global automorphism group G which is represented on the operators O;(z) of the algebra by
matrices M;;(g), ¢ € G. Then the different algebras are obtained by imposing the periodicity
conditions,

0:(2) = M;;(9)0;(e¥™2) (2.1.5)

Elements of ¢ in the same conjugacy class give equivalent algebras. The algebras also con-
tain local automorphisms due to the local gauge symmetries present (U(1) for N=2, SU(2) for
N=3.4). Thus some of the boundary conditions introduced through twists of the global auto-
morphisms can be removed by a local gauge transformation. So the truly independent algebras
are generated by global automorphisms that are not contained in the local automorphisms. Such
automorphisms are known in the mathematics literature as “outer” automorphisms. In the N=1
algebra there are no local automorphisms whereas the group of global automorphisms is isomor-
phic to Z5. This is a fancy way of saying that there are two possible boundary conditions for
the supercurrent, anti-periodic (NS algebra) and periodic (R algebra). These two algebras are
inequivalent.

In the N=2 algebra the group of global automorphisms is O(2). The local automorphism
group is SO(2) and the outer automorphism group is O(2)/SO(2) = Z3. Thus there are two
inequivalent N=2 algebras, [17]. The one which corresponds to the non-trivial element of 75
is “twisted” (the U(1) invariance is broken). The untwisted algebra is really a infinite set of
locally equivalent algebras which are defined through the various boundary conditions of the
supercurrents, (The U(1) current is periodic).

G(Z) — eZﬂ'iaG(GZﬂ'iZ) 7 G(Z) _ e—ZWiaG(GZWiZ) (216)

where 0 < o < 1. The various algebras are specified by the value of «. They can be mapped
onto each other through a local U(1) transformation as follows:

Tu(2) = To(2) — i L2y - Le <zﬁ> (2.1.7a)

Jo(2) = Jo(z) — iéz% (2.1.7b)
Ga(z) = eT)G(2) |, Gal(z) = e T EGy(2) (2.1.7¢)

where f(z) = ialog(z).
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For the N=3 algebra the global automorphism group is O(3) whereas the local automorphism
group is SO(3). Thus again the outer automorphism group is Z2 and there only two inequivalent
N=3 algebras R and NS. Finally the global automorphism group of the N=4 algebra is SO(4) (the
algebra is not invariant under parity). The local automorphism group is SU(2), thus the outer
automorphism group is SO(4)/SU(2) = SU(2) and there is an infinite number of inequivalent
N=4 superconformal algebras.

Superconformal invariance is important in superstring models. It seems to be indispensable
if one hopes to get space-time fermions. There are two kinds of closed superstring models, the
type II models which have (1,1) local supersymmetry (gauged in the sense that there are ghosts
associated with it) and the heterotic models which have (1,0) local supersymmetry. There is also
the U(1) string which has (2,2) local gauged supersymmetry but for phenomenological reasons
it 1s uninteresting since it makes sense if space time is two-dimensional.

To construct four-dimensional string theories one has to proceed as follows. The part de-
scribing 4-d Minkowski space is constructed out of free bosons (and fermions) in the conventional
way. Then the theory has to be supplemented by a conformal field theory describing the inter-
nal degrees of freedom. Such a theory has to have the appropriate value for the central charge
which 1s ¢ = 22 for the N=0 case and ¢ = 9 for the N=1 case. Such a CFT may have a bigger
local invariance that the gauged one. We are usually interested in a theory which has unbro-
ken 4-d N=1 supersymmetry at the Planck scale. The reason for supersymmetry is to solve
problems associated with hierarchies. We need N=1 instead of an extended supersymmetry
because in 4-d only N=1 supersymmetry can accommodate chiral fermions. It can be shown
that the statement that the theory has N=1 space-time supersymmetry is equivalent to the
statement that the CFT describing the internal degrees of freedom has an N=2 superconformal
invariance. Thus N=1 space-time supersymmetric string theories in 4-d are classified by N=2
superconformal field theories with ¢ = 3. The study of N=2 superconformal field theories is
a very important part of constructing phenomenologically viable string theories. It would be
very useful to construct N=2 models which are exactly solvable. Using such models as building
blocks we would construct string theories where scattering amplitudes would be calculable.

The study of the unitary representations of the N=2 superconformal algebra showed that
there is an analogous structure as in the N=0,1 cases. Thereis a discreetly infinite set of minimal
models, [18,19,26], with,

i=1-—2, m=234,.. (2.1.8)

2
m
which contain a finite number of N=2 irreducible representations and which are exactly solvable.
For ¢ > 1 there is a continuum of models which have not been classified yet.

There are also other motivations for studying N=2 superconformal CFTs. They come from
condensed matter physics. There are critical 2-d systems that exhibit N=2 superconformal
invariance. Such examples will be discussed in chapter 3.

The first step in the study of N=2 theories is the calculation of the Ka¢ determinant. As
discussed in the introduction it is very important in the study of questions of unitarity as well
as in studying the existence of null states present in some representations. The presence of



19

null states is welcome since they impose extra constraints on the correlation functions. Another
important concept is that of a character. It is a generalization of the corresponding concept
in finite dimensional algebras and groups. It contains a lot of information about the structure
of a representation, in a sense it specifies it unambiguously. There is an extra property of the
characters that is crucial both for 2-d critical systems and string theory. This is the fact that
characters are closely related to the exact partition function of the system on the torus. This
connection will be studied in more detail in the next section.

For an irreducible representation [h] of the conformal algebra the character is defined as,
chy, = Trh(ZLO) (2.1.9)

where the trace is to be taken over all the states of the irreducible representation [h] and z is a
formal variable.

When the representation [h] does not contain any null vectors then the computation of the
character is quite easy. Things start to get complicated when there are null vectors. As we
already mentioned the Verma module in this case is not irreducible and in order to compute the
character one has to subtract the contributions of the extra representations embedded in the
original one. Thus there are two stages in the process. The first consists in determining, (using
the Ka¢ determinant), the embedding pattern of the representations in the original one. The
second consists in using the embedding pattern to subtract their contributions. Both stages will
be discussed in more detail in subsequent sections.

There are other issues that need to be examined in N=2 Superconformal models. One has
to derive Ward identities and in particular solve the ones that relate to the fact that N=2
supersymmetry is an unbroken symmetry. Also the operator product rules, (fusion rules), in
such models have to be worked out.

In this chapter we will discuss the N=2 superconformal field theories with particular em-
phasis on the minimal ones. In section 2.2 we discuss the relation between characters and
partition functions. The concept and consequences of modular invariance will be also touched
upon. Section 2.3 is devoted to a study of the unitary irreducible representations of the N=2
superconformal algebras. We will derive the embedding structure of the degenerate irreducible
representations and we will derive their characters for any value of the central charge. Section
2.4 deals with a description of (2,0) superspace and its geometry as well as with the group of
N=2 global transformations, Osp(2|2). Section 2.5 is devoted to the general description of N=2
CFTs, their primary fields and the structure of their ground states. In section 2.6 we will study
Osp(2—2) invariance and the constraints it puts on correlation functions. In section 2.7 we
discuss the operator algebra and correlation functions in the NS sector of the unitary minimal
N=2 models. Section 2.8 deals with the operator formalism in the Ramond sector. We will
point out how we can apply the techniques used in the NS sector to the R sector. Section 2.9
is devoted to the study of the first minimal model with ¢ = % using the general techniques we

3
introduced so far. Finally section 2.10 contain conclusions and future prospects on the study of

N=2 models.
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2.2 Modular Invariance, Characters and Partition Functions
on the Torus

Let’s consider a 2-d critical model on the torus. The torus can be represented as a parallel-
ogram with sides [, I' and periodic boundary conditions. At the limit [, I' — oo with [/I' = §

ﬁxed*, the Hamiltonian operator is,

H= T(L() + L()) (2.2.1)
while the momentum operator is,
2 -
p= T’T(LO — L) (2.2.2)

I' will be allowed to take complex values. This will consequently allow the parallelogram rep-
resenting the torus to be tilted. Then the partition function of the system can be written

as,

Z(1,1) = o~ JU T Z o~ EnRel' —iPoIml (2.2.3)

n

where the sum is over all the states of the theory. Equation (2.2.3) can be written in a more
suggestive form:

7(8,8%) = e TATTE [ Lozko) (2.2.4)

27wd

Y

276" and A is the area of the torus. In a conformally invariant theory

where z = ¢ Z=e€"
the states are assembled in irreducible representations of the conformal group. Then equation
(2.2.4) can be written in terms of the characters of the holomorphic (left) and anti-holomorphic

(right) representations.

2(6,8%) = e TATEEELN T N(h, ) chi(8)chy (6Y) (2.2.5)
()

where N(h,R) is the number of times the irreducible representation (k, ) appears in the theory
and chj, denotes the character of the holomorphic part of the representation (A, k). Thus knowl-
edge of the characters and the representation content of the theory is enough to determine the
partition function.

As already mentioned the characters of the representation can be calculated by purely alge-
braic means. Thus the only issue to be settled is the representation content. It is here that the
concept of modular invariance comes to the rescue, [14], (if we assume that the theory contains

a finite number of irreducible representations)T.

* 0 is closely related to the modulus of the torus. The exact relation is 6 = ir.

1 For theories invariant under the conformal group only, this implies that the central charge must be ¢ < 1. In
N=1(2) superconformal field theories ¢(¢) < 1. In N=3,4 superconformal theories as well as WZW models
this is always true. The above are special cases of G/H theories which always contain a finite number of
representations of some local algebra.
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When we consider a field theory of the torus which we want to be coordinate invariant
we first check invariance under infinitesimal coordinate transformations. Sometimes there are
coordinate transformations which are not continuously connected to the identity, thus they
cannot be built out of infinitesimal ones. Then we have to check that the theory is in fact
invariant under such coordinate transformations. The group of coordinate transformations of
the torus is known to contain such disconnected components which can be labeled by elements
of PSL(2,7). Such globally non-trivial coordinate transformations, (modular transformations),
are generated by two basic transformations, 7': 6 — é6+¢and S : 6 — % The partition function
of a theory on the torus must be invariant under the modular transformations.

The consequences of invariance under 7' are easy to determine because the characters are
diagonal under its action. It implies that all the states of the theory must have spin h — h which
1s integer. The consequences of invariance under S are more difficult to find. The reason is that
the action of S mixes the characters among themselves. One ends up with a linear algebraic
system of equations among the numbers N(h,%). This system has to be supplemented with
extra physical requirements. There must be only one unit operator in the theory, N(0,0) = 1,
and N(h,h) must be non-negative integersi. In this manner one obtains the representation

content of a wide class of theories.

The derivation of the torus partition functions of various CFTs is very useful also for string
theory. The partition function, integrated over the modulus of the torus, ¢, gives the one-loop
contribution to the vacuum energy of string theory.

In the next section we will analyze the structure of the representations of the N=2 super-
conformal algebras and we will eventually evaluate their characters.

2.3 Character Formulae and the Structure of the Representations
of the N=2 Superconformal Algebras

In this section we will consider the unitary degenerate representations of the N=2 supercon-
formal algebra. We will derive their structure and the corresponding characters®.

The N=2 algebra is given by the following (anti-)commutation relations ¥

[Luns Lul = (m = ) Lt + 5(m® =m0 (2.3.1a)

i In cases that have been examined so far it seems that the N (h, k) obtained by solving the system are always
integers but there are examples with N(0,0) # 1 and/or N(h, h) being negative integers.

§ Character formulae were also derived in [22]. In [23] the characters of the ¢ < 1 representations were
derived.

§ We have chosen a particular normalization for the central charge of the U(1) sub-algebra. It is worth
noting that the most general N=2 superconformal algebra includes, up to the freedom of redefinitions,
another free parameter, the U(1) charge of the supercharges. Then the respective commutation relations
become: [J,, GL] = iqeijG{n_I_r and [GL, GI)y = 269 Ly + (Z];eij(r — 8)Jrgs +6(r? — 1)69 6,4, 0. This new
parameter does not change the structure of the irreducible representations. Its only effect is to change the
distance between successive relative charge levels.
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(L, G] = (% )G Lms dn] = —ndmn (2.3.1b)
[Jims Jn] = EMbmano s [Jm, GL] = Ze”G‘Zn_H (2.3.1¢)
(G Gl = 269 Lo 4867 (1 = 8) s+ 0° = )89 81400 (2.3.1d)

The normalization of the conformal anomaly is such that a free N=2 scalar superfield has
¢ = 1. Tt 1s related to the anomaly of the Virasoro algebra by ¢ = 3ec.

As already discussed in section 2.1 there are two inequivalent N=2 algebras The twisted
one and the untwisted one. There is a continuous family of untwisted N=2 algebras which are
related through local U(1) transformations (2.1.17). We will study one of them, the NS algebra.
Then through the aforementioned isomorphism we will be able to translate our statements to
the general member of the continuous set. Choosing integer moding for L, J, and half-integer
for G we get the NS-type algebra.

We will start our discussion from the NS algebra and focus on the unitary representations
with ¢ < 1. In [18,19] it was shown that these exist only when :

i=1-— m=2,3,4,... (2.3.2)

2
m
and have hwv’s with dimension and U(1) charge ¢ given by,

45k —1 ) — k 1
m

hin =
5,k 4m

Hwv states are labeled by the eigenvalues of the zero modes, Ly and Jy, which are the dimension
h and the U(1) charge ¢. Then any descendant is labeled by its level (eigenvalue of Lo — k) and
its relative charge (eigenvalue of Jo — ¢).

The Ka¢ determinant at level n and relative charge m is given by [18,19,20,21]

detMNS(C h q) H [fNS]PNs n—rs/2,m) « H [g]]CVS]pNs(n—|k|,m—sgn(k);k) (2‘3‘4)
1<rs<2n kEZ—I—%
where :
1 1
N =20 - 1h—¢* — i 1)? + Jle=1r+ sPP,re szt se2z7t (2.3.5a)
NS . s 1 1
gr ° =2h —2kq+ (¢ — 1)(k° — 1), ke Z—|—§, (2.3.5b)
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while the NS partition functions are defined by,*

ZPNS(n,m)Z w" = H ( a )_( 2 ) (2.3.6a)
n,m k=1
Z ]5N5(n, m; k)z"w™ =1+ Z|k|wsgn(k)]_1 Z Pys(n,m)z"w™ (2.3.60)

Equation (2.3.4) implies that whenever there is a vanishing of fT]’VSS , there exists a unique hwv

at level rs/2 with the same charge as the initial one, (relative charge zero). When g,ivs =0,
there is a hwv at level |k| and relative charge sgn(k).

Consider the representation of dimension hjj; = (47k — 1)/4m and charge ¢ = (j — k)/m .

We will first search for null hwv’s at relative charge zero. fT]’VSS vanishes for,

r=nm+(+k),s=2nn=12,... (2.3.7)

Thus there are null vectors at relative charge zero, embedded in the family (A, q) their
dimensions being hj’k +n?4 n(j + k). We can show that the above hwv’s exhaust all null hwv’s
at relative charge zero. In fact if we order them in order of increasing dimension,

hop_1 = hj’k—l—nzm—n(j—l—k) n=12... (2.3.8a)

hon = hjp +n*m+n(j +k) n=0,1,2,.. (2.3.8b)

we can show by analyzing the Ka¢ determinant for h;, that (still at relative charge zero), the
families h; j > ¢ (and only these) are embedded in A;.

Next we have to look for null vectors of non-zero relative charge. For £} glN % vanishes for
[ = Fkand [ = —j . This implies the existence of a hwv of dimension A;; + & and charge ¢ + 1
as well as a hwv of dimension h;; + j and charge ¢ — 1 embedded in [A; 1]

Looking now at the Kaé¢ determinant (relative charge zero), of the hwv A} = hj, + k |
¢4 = q+ 1, we can establish that it vanishes for,

r=m+1)m+G+k),s=2nn=12,... (2.3.9q)
r=nm—(j+k),s=2(n+1) n=12,... (2.3.90)

implying the existence of another series of null hwv’s with dimensions,
1 =hjpt+nn+)m—(n+1)j —nk n=1,2,... (2.3.10a)

b = hjkt+nn+m+nj+(n+1)kn=12.. (2.3.100)

and charge ¢ + 1.

* The derivation of the partition functions can be found in App. 2.B.
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This scenario continues so that by using induction we can establish the existence of an
embedding pattern shown in fig. 3 . All embedding diagrams are commutative. The maps
between sectors of different charge form exact sequences due to the fermionic nature of the
generating operators. There is unique hwv at each level and charge since the Kaé¢ determinant
has a simple zero corresponding to that hwv. The dimensions and charges of the various families
depicted on it are,

Wi =hj+nn+Om+n(G+k)+1k, 1>0, n>0 (2.3.11a)
Wypios = bk Fn(n+Dm—(n+ DG + k) +1k, 1>0, n>1 (2.3.11b)
hotoy=hjg+nn+Dm+n(G+k)+1,1>0,n>0 (2.3.11c¢)
hot oy =hjg+nn+Dm—(n+0G+k)+1j,1>0, n>1 (2.3.11d)
@m=q+l,l€Z (2.3.11¢)

It is obvious from (2.3.11) that all dimensions in a given charge sector are different so that the
corresponding representations are distinct.

We define the character of the irreducible representation generated by the hwv of dimension

hj,k:4];1kn:1 andchargeq:%(m22,0<j,k,j—|—k§m—1,j,kEZ—|-%)byi

ch(hjp, ¢ z2,w) = Tr[zLowJO] (2.3.12)

The trace over all the descendants of a hwv, (%, ¢), is given by*

X(h,q,z,w) = Fyg(z, w)zhwq (2.3.13)
Fys(zw) =] ( (1)—(zk)2 ) (2.3.14)
k=1

Our task now is to compute the trace by excluding all superconformal families that are
embedded in h; . It is obvious from the embedding pattern pictured in fig. 3 that,

(RN TR} =[R2 ] + Thia]  [RIN [T = [h] + [hz’_+11] (2.3.15a)
(RN [ =Ry q] o [RS1 0 [AF] O [A7T) = [Ad44] (2.3.150)

The largest proper submodule of £ is [h9] 4 [A1] + [h[]. The largest proper submodule of

* See App. 2.B.
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(A4 [R3]4-[h] 1] is given by:
[A3] 0 [h3] + [B2) 0 [RT] + [ha] N [A ] = 2[h3) N [Rg) N [T

which is equal to [h9]+[h3]+[h5!]. Inductively, the largest proper submodule of [A?]+ [h}]+[h; ]
is [h9 4]+ [hiy] + [hz—l—l] Consequently the character for the irreducible representation [h))] is
given by:

ch[hd] = x([hY)] +Z XA + At + 1Y) (2.3.16)

where y denotes the unrestricted trace defined by (2.3.13).

In order to write down an explicit formula for the character we need also the partition

functions for single charged fermions

Substituting in (2.3.16) we get,

ch(hj g, z,w) = Fys(z,w)2"*wl [1+ fi(z,w) = fo(z,w)] (2.3.17)
R n—1 1+ zmm=iy 14 snm—kyy—1
fa(z,w) = Z o (n+1)?m—(n+1)(j+k) n Zn(ntl) (ik )Fka N on(n+1) (;71—‘ )_iw
n=0 L 1+ znmTiy 1+ zrmtig |

Let’s now consider the rest of the untwisted algebras. The isomorphism described in section
2.1 among the modes of the various algebras is,

2

L2 =10 —aJd + — 0 (2.3.184)
JE = T2 — aébno (2.3.180)
GOl =GY Go_ =GY (2.3.18¢)

In particular the dimensions and charges of the irreducible representations are related by,
a2
ha = ho — aqo + 76 , Qo = qo — Qf (2.3.19)

« = 0 corresponds to the NS-algebra whereas o = :l:% corresponds to the RT algebras. Thus

1 For a derivation see app. 2.B
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the characters are related by,

o2

chy, (z,w0) = PER

—

chp, (2,27 %w) (2.3.20)

The expression for the characters (2.3.17) can be written in an elegant and compact form
using the SU(2) ¥-functions and the SU(2) string-functions, [24]. Such a form is useful when
one desires to study the modular properties of the characters.

The expressions for general « are:

l—m even

chip(zw) = Y ()N L(r.0) (2.3.21)

_N41<m<N

where

IR, 0) = VN (v 12y 72, (—0) (N +2) /25— N (a—1/2)(T, 0) (2.3.22a)
dap(r.0) = Y rmlrm—nd) (2.3.226)

n€Z1b/2a
=TT = 2™ (2.3.22¢)
l=j4k—1,G=j—k, N=m—2 (2.3.22d)

and ¢, (1) are the SU(2) string-functions.

The twisted algebra is defined by imposing anti-periodic boundary conditions on the U(1)
current and periodic boundary conditions on G (z). For the twisted algebra the zero modes are
Lo and G}. Their eigenvalues characterize hwv’s. Each level contains two equal subspaces of
fermion number (—1)!" = £1. The Kaé determinant for the T-algebra is the following, [18,25],

detM{g =1, detM!y=h—3 (2.3.23a)
: s odd
detML,(éh) = [h— e T [ gPetrmrer? (2.3.230)
1<rs<2n
i1
fL=2@E—1)(h— g) +lE=r+s, s=135... (2.3.24)
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00 (1 —I—Zk)(l—l-Zk_1/2) B
Pr(n)z" = = Fp(z 2.3.25
2t = I a—rmm) = 140 (252)
The unitary representations of the T-algebra with ¢ < 1 are given by,
— 272
(m —2r) mzZ,B,...,rEZ,lﬁrﬁ% (2.3.26)

Y

Co| O

¢c=1 2 h +
c=1—— =
m’ 16m

Only even m allows the state h = g, the presence of which implies that supersymmetry is

unbroken.

The vanishing of fTT’S signals the existence of two hwv’s at level rs/2 and fermion parity
+1. At level zero there is only one vanishing whereas for each of the higher levels there are two
vanishings corresponding to states of opposite parity. Analyzing the vanishings of fTT’S, we can

easily show that the embedding pattern is the one shown in fig.1 with,

¢ (m— 27“)2
ho= — 4 2/ 2.3.27
0= T 1em ( )
¢ [k—1m+2r2 |, & [(2k+1)m — 2r)?
ho_ yo= 2.3.28
k=gt 16m =gt 16m ( )

The character formula in this case is written down in the same way as in the N=1 case.

(2.3.29)

1)777,—27"]2

chl (2) = Fr(z)z% | 3 (—1)H2 0
ke2”z

When h = g, one of the two states of different chirality is degenerate at the zeroth level and
decouples as it can be easily seen from the formula for the Ka¢ determinant. Then supersym-

metry is unbroken due to the non-vanishing of the Witten index.
The above complete the derivation of the character formulae for the degenerate representa-

tions of the N=2 superconformal algebras with ¢ < 1.
A construction of these representations based on the coset space SU(2) @ U(1)/U(1) has

been given, [26,27], proving their unitarity through an explicit unitary construction of their

Hilbert space.
The untwisted algebra contain another class of degenerate representations with ¢ > 1. We

will focus as before on the NS sector”. There we have two distinct sets of degenerate represen-

tations.
% The results then can be extended to the rest by use of the isomorphism (2.1.7)
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NSy representations.(the subscript indicates the dimension of their moduli space). A rep-
NS

resentation in this class is unitary and degenerate if géVOS = 0 for some ng € Z+ %, o tsgn(ng) < 0
and flj’vzs > 0. According to (2.3.5b) the first condition implies that,
. o 1
2h = 2noq — (¢ — 1)(ng — 1) (2.3.30)
We will suppose for the moment that ng > 0. Then the second condition implies that,
L.
q> (no+ 5)(0 - 1) (2.3.31)
whereas the third condition implies,
¢+ 1 ¢+ 1
—(c;r ) np(e—1) <q< (c;r ) 4 no(e—1) (2.3.32)
Collecting everything together, the three conditions boil down to (2.3.30) and
1., 1.
(no + 5)(0 —1)<q¢<(no+ 5)(0 —1)+1 (2.3.33)
and it is obvious that both h and ¢ are positive. If ng < 0 then (2.3.33) is replaced by :
1., L.
(no — 5)(0 —1)—-1<¢g<(no— 5)(0 - 1) (2.3.34)

which in particular implies A > 0, ¢ < 0 in this case. In the following we will discuss the ng > 0
case and we will point out in the end the appropriate changes for ng < 0.

As it turns out to be, the embedding structure of these representations depends crucially on
the values of ¢ and ¢, (constrained already by (2.3.33)). We have to distinguish the following

cases:
(A) . ¢>1, ¢irrational. We will analyze first the interior of the interval (2.3.33).

(¢) The U(1) charge ¢ has the form, ¢ = %n(é —1)—m,n € Z,m € Z; with n constrained
from (2.3.33) :
2m 2(m +1)

<n <2l 4 T
c_q ~nsenelt

29 + 1+ (2.3.35)

Then it is easy to show that the embedding pattern is the one shown in fig. 4 with,
hy = ho + kng , h;n—l—k :ho—l—k(n—no) , qk :qzzq—l—k (2.3.36)

It is obvious that in a given charge sector the various dimensions are distinct and thus the cor-
responding representations different. Also the maps fron one charged sector to another generate
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exact sequences due to the fermionic nature of the operators generating the relevant hwv’s.
Another remark is in order here concerning the embedding diagrams: embedding maps that are
factorizable have been omitted from the figures. For example in fig. 4 the family A, contains
also a degenerate vector generating hj, ;. Thus the embedding map f : by, — A, is the
composition of the maps g1 : hy — hApy1 and g2 @ b1 — h;n—|—17 that is f(x) = ¢2(¢1(2)).
Similar remarks are true for the rest of the embedding diagrams.

The trace over all the descendants of the primary state |h, ¢ > is given*
Tr[zlow’] = Fyg(z,w)z"w! (2.3.37a)
whereas the trace, for example, over all the descendants of the family (h1,¢1) is given by,

Lo JO]ZM

T 2.3.38b

To compute the character in this case we have to subtract the contribution from the family
(h17QI) 50 th&t,

(2.3.39)

o h q
ch(h,q,z,w) = FNS(Z,w)Zhwq [1 2w ] 2w

- | = F =
1+ zhoq NS(Z7w)1—|—Z"0w

(7¢) ¢ has any other allowable value except the ones mentioned in (i). In this case the embed-
ding pattern is shown in fig.2. The relevant dimensions are,

hy=h4+kno, g =g+ k (2.3.40)

so that the character is given again by (2.3.39).

Let’s now consider the representation which lies on the vanishing surface lezs = 0, whose

charge is given by ¢ = (¢ — 1)(no + %) + 1. In this case there is also a null hwv at relative charge
zero embedded in the initial representation at the first level. The relevant diagram is given in
fig. 5. The corresponding dimensions are,

hy=h-+kng, hy=h+kno+1)+1, qp=q,=q+k (2.3.41)

To evaluate the character in this case we subtract first the family h; so that we factor
out everything else except the irreducible family hj. This is given by subtracting A} off hy.

* See App. 2.B.
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Consequently,
hlz.0) = (o] = [h1] = (3] + [14)) = P (z.0) o =) (23.42)
s = T I el T ) = BN S o) (1 4 2ot i) -
(B) ¢ > 1, ¢ rational. Then there is a unique way to write ¢ as,
. 279
c=14+—,r,rme€eZ,r1>1,rp>1 (2.3.43)
™

and with rg being the least positive integer such that (2.3.43) is true. For rp = 1 this
corresponds to the special class of representations found in [1], which are identified by
triple intersections of vanishing surfaces.

We will focus first on representations which are contained in the interior of the interval
(2.3.33).

(0) If ¢ = %n(é —1)—m,n € Z, m € Z; with the integer n constrained by (2.3.35), then
there are three possible embedding patterns corresponding to the following situations.

(ta) rg > 1. The corresponding diagram in this case is displayed in fig. 6. The pattern repeats
itself with “period” rg, and the relevant dimensions are,

hy = h + kng , h;n—l—k =h+k(n—n0), @ = q, = q+ keqno(2.3.44a)
Ilé—i—m—i—rz =h+(ro—Kkno+k(n+r), ¢ =q+k, k<ry (2.3.44b)
1

omgr, = hHra(n—no) + k(no+7r1) . ¢f =q+k, k <ra(2.3.44c)

At each relative charge level all the dimensions are different and correspond to different
hwv’s.

(¢b) r9 = 1, n # 2ng + r1. Then the diagram of fig. 6 simplifies to the one shown in fig. 7.
The dimensions and charges are given by,

1
R = (k=14 D+ (1= 1] + (m+ 20—k — 2)ng 1< i< [k+5](2:3.450)

k
R =h i+ (k=] + (m+k—20ne, 1 <1< 5] (2.3.450)

W =h+kng, k>0, ¢h =q+k (2.3.45¢)

(i) r9 = 1, n = 2ng + r1. In this case the diagram on fig. 7 collapses even further to the
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diagram shown in fig. 8, the relevant dimensions being,

B =h+ 1k —1+Dn+[2(1—k)(—1)+m—klno, ¢, =q+k (2.3.46)

(¢¢) The charge ¢ is not of the form (i). Then the embedding diagram is very simple and it is
shown in fig. 2.

In all the cases discussed above the character can be computed by subtracting the contri-
bution of the first embedded family. Consequently the character is given by (2.3.39).

Let’s now consider the representation that lies on the 1N25 = 0 surface with ¢ = (no + %)(6—
1)+ 1.

(a) For r1 > 1, ro9 > 1 the embedding pattern is shown in fig. 9, the relevant dimensions
being,

hy = h + kng, 'k:h—l—kno—l—k—l—l,qk:qzzq—l—k (2.3.47a)
btr, = b+ (ra+k)no+ (k+1)ry+re, B = h+(re+k)no+ (k+1)(r1+1) (2.3.470)

b) ro = 1, r1 > 1. The corresponding diagram is shown in figure 10 with the followin
) P g g g g
dimensions and charges,

R = hdkno+ (k—1=2)[(I -1 +1], k>0,1>1 (2.3.48a)
M =h+kng+1[(k—I14+1)r1+1], k>0,1>0 (2.3.480)
gk =q+k (2.3.48¢)

(¢) 1 =1, r9 > 1. In this case the embedding diagram becomes the one shown in fig. 11
where the periodicity of the pattern is again set by ry. The corresponding dimensions are,

hy = h + kng , 'k:h—l—kno—l—k—l—l,qk:qzzq—l—k (2.3.49)

(d) r1 =rg =1, ¢ = 3. Then the previous diagram collapses to the one shown in fig. 12,

h=h+lng+k(l—k+2), ¢f =q+k, k>20—2 (2.3.50)

In all of the above cases the character can be computed in the same way as in the respective
case where ¢ was irrational. Consequently the character is given by (2.3.42).
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The only case left to consider for the NSy representations is ¢ = 1 which is not included in

(1) 0 < ¢ < 1. In this case the embedding diagram becomes fairly simple and it is shown in

hi=(¢+kno, qg=q+k (2.3.51)

and the character is given by (2.3.39).

(11) ¢ = 1. The Kaé¢ determinant simplifies enormously, its factors becoming,

2
S

r,s
This gives rise to the pattern pictured in fig. 13 with
hk,l = k[n() + 1 — 1] Gkl = k, ki1>1 (2.3.53)

The character is given again by (2.3.42).

We will now focus on the degenerate representations of N.S3. They are characterized by the
following conditions,

1
ézl,g,ffszovneZJr5 (2.3.54)
For a fixed ¢ this is a convex region in the (h,q) plane bounded by pieces of the géVS = 0 lines.

The degenerate representations lie on the boundary of the region above and can be labeled by
ng such that géVOS = 0 and their charge. This implies that their dimensions and charges are

given by,
(¢ — 1)(no — %) < g < (=1)no+ %) (2.3.55)
h = ngq — (e- 1)(ng - 1) (2.3.55b)

2 4

We will focus again on ng > 0.
(A") ¢ > 1 rational.

(1) ¢ =(no+ %)(6 — 1). In this case the embedding diagram is shown in fig. 15 with,
hy=h+kno, b =h+k(no+1), g=q.=q+k (2.3.56)

For the other allowed values of ¢ we have to distinguish the following two cases
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hy = h + kng , h;n_|_k_|_r2:h-|-(7“2—|-k)no—|-k7“1 \ qk:qzzq—l—k (2.3.57)

(7i7) ¢ has any other allowed valued except the ones mentioned in (i), (ii). Then the embedding
structure i1s the one shown in fig. 2.

(B') ¢ > 1irrational.

") ¢ = (no+ %)(6 — 1). Then the embedding diagram is the one shown in fig. 16 with,

hy=h+kno, b =h+k(no+1), g=q.=q+k (2.3.58)

(i) For all the other allowed values of ¢ the embedding pattern is the one of fig. 2.

The above exhaust all possible degenerate representations belonging to NSs3. In the ¢ =1
case the only degenerate representation is given by the unit operator. From the structure of the
representations of N.S3 we can conclude that their characters are given by (2.3.39).

Thus we can distinguish representations for ¢ > 1 in those that have only degeneracies related
to gn with their corresponding characters given by (2.3.39) and in those that have additional
degeneracies related to fi 2 whose characters are given by (2.3.42).

The same results apply in the case ng < 0 with the following substitutions in the relevant

formulae : ng — |ngl, w — w™l, wW? — wi.

The null hwv’s which correspond to the representations studied above degenerate at relative
charge +1 do not generate full Verma modules. There exist lowering operators which annihilate
them.”

The above complete the derivation of the characters for all the unitary degenerate represen-
tations of the N=2 algebras. The characters of the non-degenerate representations are given in
Appendix 2.B.

The special values of ¢ mentioned in [18], namely ¢ = 1 + %, n = 1,2,3,... also contain
the interesting case of ¢ = 3(2) arising in the string theory compactification on a compact
six(four) dimensional Ricci flat manifold. In particular the (anti-)holomorphic e-tensor realizes
the representations of the NSy algebra, (since it is a space-time boson), with ¢ = +¢é and h = %
corresponding to our notation to r1 = 1(2), ro = 1, np = £1/2, n = £3(£4), m = 0. The
embedding structure of their Verma module is depicted in fig. 12. The covariantly constant
spinors on the internal manifold correspond to degenerate representations of the Rét, (space-time
fermions), which are degenerate at level ng = 0 with h = g and ¢ = Sgn(O)HTl (lying on the
intersection of géri =0 and flf?z = 0). These representations are important in the construction of
the four generators of the four-dimensional N=1 supersymmetry. The dimensions and charges

* For explicit examples see App. 2.A.
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of these operators should not be renormalized even non-perturbatively since the spectrum for
this class of representations is discrete. Their partition functions can be read-off immediately
from (2.3.42), and they provide the means to study questions of modular invariance in the
corresponding o-model.

2.4 N=2 Supersymmetry and the Analytic Geometry
of (2,0) Superspace

In this section we are going to discuss the local geometry of (2,0) superspaceT.

N=2 supersymmetry is a natural extension of N=1 supersymmetry. In this case we have two
different supersymmetry generators (supercharges), as well as an O(2) (or U(1)) current which
manifests the symmetry of the theory under an O(2) rotation of the two supersymmetries. The
natural space to define the fields of the theory is N=2 superspace, (or more precisely (2,0)
superspace). In a theory with (super)conformal invariance the left and right sectors of the
theory completely decouple, so that the structure of the theory is that of a tensor product of
the left and right sectors. From now on we will restrict ourselves to the left sector only, keeping
in mind the previous remarks.

(2,0) superspace includes, apart from the complex analytic coordinate z, two other fermionic
coordinates, § and # corresponding to the two supersymmetries.

0> = 0* = {0,0} = 0. (2.4.1)
A point in superspace will be denoted by z = (2,0, 0).

A superfield is an analytic function in z defined through its power series expansion in the
fermionic coordinates:

D(z) = ¢(2) + 0 (2) + O (2) + 00g(z). (2.4.2)

The two supersymmetry transformations can be written as:

(2,0,0) = (2 — 0,0 + ¢,0) (2.4.3a)

(2,0,0) — (2 —€0,0,0 + ¢) (2.4.3b)

where €, € are anticommuting variables which are the parameter of the transformation. Under

7 Global issues have been discussed in [30].
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the two supersymmetry transformations, (2.4.3a,b), a superfield transforms as:

D(2,0,0) = &(z — 0,0+ ¢,0) = ¢(2 — ) + (0 + €)1(z — ) + O (2 — b)

+(0+ Og(= — ) = (=) + (=) + Bed:d(=) — eg(z) + (<))
FOB(2) + 00[g(2) + €D (2)] (2.4.4a)
(2,0,0) — ®(z —@0,0,0 + ¢) = ¢(2 — &) + 0 (z — &) + (0 + e)p(» — &)
+0(0 +€)g(z — &) = ¢(2) + &(2) + O[ib(2) + €D:(2) + €g(=)]

+0(2) + 00[g(z) — €D.10(2)] (2.4.4b)

which implies the following transformation laws for the component fields:

bei(2) = eib(2) bei(2) = &) (2)
$et(2) = 10:0(2) — 9()] Ba() =0 o1s)
det(z) =0 et (2) = €[0:6(2) + g(2)]
6eg(2) = €d(2) beg(2) = —€0.1)(2)
It is easy to verify the global supersymmetry algebra:
[6 (57]—2_2 [0, 0] = [06,0¢e) =0 (2.4.6)
676_66827 ey Vel — |YVey Vel — Ve B
The covariant derivatives in superspace are defined by:
g -0 — 0 0
D* = D? = {D,D} = 9 (2.4.70)
b 2 aZ‘ B

We introduce here the notion of a chiral N=2 superfield, as a superfield satisfying one of the
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following conditions:

D®(z) =0 = ®(z) = ¢(2) + 20 (z) — 000.¢(%) (2.4.8a)

D®(z) = 0 = ®(z) = ¢(2) + 20 (2) + 000.¢(%) (2.4.8b)

The Grassman integration is defined through the usual standard rules:

/ 0040 / 10400 = / 040G =0 / 04550 = 1. (2.4.9)

If we call the generators of the two supersymmetries G'_y /9, G_1/5 then eq. (2.4.6) is trans-
lated into:

{G_1yo, Gy} ={G 10, G1pp} =0, {G_y)5,Gyp9} =201 (2.4.10)

L_1 being the usual translation operator on the complex plane. The full superconformal sym-
metry is generated by the usual Virasoro generators L, the supersymmetry generators,

2 - 2

n+1[Ln7G—1/2]7GTE n—l—l

Gy = (L, G_yja] 7 =n—1/2 (2.4.11)

and the U(1) current generators, .J,,, which implement the U(1) symmetry, under which the two
supercurrents are in complex conjugate representations. The full N=2 superconformal algebra

then takes the form:

(L, Ln] = (m - n)Lm—l—n +

4
(L, Grl = (5 =)Gmsr s sG] = (5 = 1) G
[Jins In] = M bmano 5 [Jm, Gr] = Ggr, [Jims Gr] = Ggr (2.4.12)
{GraGs} = {Grvés} =0 , [Lmajn] = —nJmin

_ 1
{Gm Gs} = 2Lr—|—s + (T - S)Jr—l—s + 6(7“2 - 1)5%1—5,0

It 1s the generating algebra of N=2 superanalytic transformations in N=2 superspace. We
should, at this point, define what we mean by an extended superanalytic transformation. The
most general coordinate transformation in N = 2 superspace has the form ™

&= fo(2) + 0f1(2) + 0[1(2) + 00 f2(2)
0" = go(2) + 0g1(2) + 071(2) + 00g2(2) (2.4.13)
0 = h()(Z) + th(z) + g}_Ll(Z) + 99/12(2)

A natural definition for an extended superanalytic transformation is one under which the co-
variant derivatives transform homogeneously. Under (2.4.13) the covariant derivatives transform

* fo, f2, 91,91, h1, k1 are commuting functions, whereas fi, f1, 90, g2, ko, o are anticommuting ones.
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as:
.0 . 0
_ Ny n Y " nan Yo
D= (D0)D + (Do )85’ +[Dz — (D)0 ]82’ (2.4.14a)
D= (DIYD' + (DO)-2L + (D — (DI)#)-L (2.4.14)
06’ 2" o
Consequently the conditions for (2.4.13) to be a superanalytic transformation are:!
DO =D =D — (DO = D — (D)0 =o0. (2.4.15)

Solving (2.4.15) we arrive at the most general form of an extended superanalytic transformation:

2= fo(2) 4+ 0g1(2)ho(2) + Oh1(2)go(z) + 08]g0(2)ho(2)]
0" = go(2) + 0g1(2) + 00gy(2) (2.4.16)
0' = ho(z) + Oh1(z) — 00hg(2)

along with the supplementary condition:

folz) = go(=)ho(2) — go(2)ho(2) + g1(2)ha(2) (2.4.17)

where in (2.4.17) and in the left-hand side of (2.4.16) a prime means differentiation with respect
to z.

In particular the global supersymmetry transformations are special cases of (2.4.16) with
fo(z) = z,90(2) = €, ho(z) = 0.91(2) = h1(2) = 1 and fo(z) = 2z, 90(z) = 0,ho(z) = € g1(2) =

h1(z) = 1 respectively.

We define the two abelian N=2 superdifferentials through their transformation properties
under analytic superconformal transformations:

dz' = (D0)dz , 7' = (D0')dz (2.4.18)

The superconformal tensor fields are defined by the condition that
(z)(dz) AT (dz)A 9

1s an N=2 superconformal invariant quantity, where A, () are the dimensions and charge of the
lowest component field. They are the primary superfields generating the highest weight irre-
ducible representations of the N=2 superconformal algebra. Globally defined tensor superfields
must have dimensions and charges which are integers or half integers. They can be constructed
as composite operations from locally defined fields.

t In fact, even if we demand that [ transforms in general as D = (D¢')D + (D@")D' we end up at (2.4.15).
There is a dual requirement, D = (D@ )D’ which gives conditions conjugate to (2.4.15)
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We can also extend the Cauchy integral formulas in superspace. If we define the invariant
“distances,” z;; = z; — zj — (91'5]‘ — giej,ﬁij =0, — Gj,gij =0, — gj, and the “volume” element

dz = dzdfdf, then, [28],

le d (z1)§12012 =0

11 gm-1
le P (Zl)—m = = m—1
77y 2 (m—1)19z

[Dv D] (I)(Z2)

m]{
C
512912 1 gm—1
— ¢ dz = )
@7{ w1 () = 1 g1 T )
C
1 012 1 gt
— ¢ dz @ — = Do
27ri7{ “1 (Zl)z’fé (m —1)! gzt (72) (2.4.19)
C
1 012 1 gt
— ¢ dz @ RLA Do
271'@'7{ 2@ (1) (m — 1)1 gyt (52)
C
(Z{

The prescription to evaluate the integrals above is the following: First, do the Grassman
integrations using eq. (2.4.9) and then perform the complex integrations in the usual way. The
contour €' 1s winding around the point zs.

The N=2 superanalytic transformations are generated by the stress-energy superfield, which
in component form can be written as:

J(z) = J(2) +i0G(2) 4+ i0G(z) + 200T (). (2.4.20)
The Fourier modes of the generators are defined in the usual way:
In _ Ly
J(2) = Z il I'(z) = 2; _n+t?
" / "e - (2.4.21)
_ n—1/2 o n—1/2

necZ

necZ

These generators are represented in the space of superfield functions in the following way:

t~
s
Il

S
I

Gp_1/2 =

C?11—1/2 = Zn[% -

= 2"

_ n+1%_n;12n[9%+0—%
T30

z"[% - 9%] + nzn_l&g%
0 9%} — nz"—lee‘%

]

(2.4.22)
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It is straightforward to check that the generators in equations (2.4.22) satisfy the N=2
superconformal loop algebra, (as in (2.4.12) with ¢ = 0), which is the algebra of N=2 supercon-
formal transformations over S!. The explicit representation (2.4.22) will be useful later on in
this paper, to analyze the correlation functions of N=2 superconformal invariant theories.

The stress-energy tensor has an operator product expansion with itself:

0 b1y - 0120
3(21)3(22) = ﬁm(zg - ﬁm(zz) +2 1;2 2 3(2,)
12
0120 é
+222 2 3 (g0) (2.4.23)
712 4p)

where the anomaly ¢ is normalized, so that a free scalar N=2 superfields has ¢ = 1. Eq. (2.4.23)
corresponds to a change of the stress-energy tensor under a superconformal transformation

6,3(2) = [0.0]3 (z) + v0.3(z) + %[DU]DJ(Z) + %[DU]DJ(Z)
+§az[D, Dl (2.4.24)

v being an infinitesimal N=2 superfield.

The change in the stress-energy tensor under a finite superconformal transformation is given

by:

3(z) = T(2)[DO')[DF] + SS(Z, 7) (2.4.25)

where the N=2 super-Schwarzian derivative is defined through:

oDy oDy 20" oo’
S(z,2") = —— — —2—— 2.4.26
(=2) = F55 ~ Do~ *57)00) (2.4.26)
It satisfies the following composition law:
S(Zl, Z3) = S(Zl, Z2) + (D92)(D§2)S(Z2, Z3) (2.4.27)

On the sphere for a vector field to be globally defined, it must have a vanishing “anomaly,”
that is under an infinitesimal transformation generated by it, the anomalous part in (2.4.24)
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must vanish, that is, 9,[D, D]v = 0, which gives an eight-parameter family of globally defined
vector fields on the sphere:

v(z) =v_1 +voz +v12% + Ofu_1/9 + uq/92] + 5[@_1/2 + Uy/92] + q009. (2.4.28)

These vector fields generate the global N=2 superconformal algebra, osp(2|2). (In fact they
generate half of 0sp(2|2), its holomorphic part.) The global N=2 superconformal algebra is the
maximal, finite dimensional, subalgebra of the N=2 superconformal algebra. It contains the gen-
erators of the ordinary projective transformations, L1, Lo, L—1, the supercharges G/, Gil/z
and the zero mode of the U(1) current. It is easy to check using (2.4.12) that this set of genera-
tors closes into itself, and it contains as a subalgebra, the N=1 superconformal algebra, osp(2|1).
Since the Schwarzian derivative transforms as in (2.4.27), the fact that it vanishes for infinitesi-
mal global N=2 transformations continues to be true for finite transformations belonging to the
identity component of the group.

The OS5 P(2|2) group transformations can be found either by exponentiating the generators of
the algebra given in (2.5.22) or using the general form of superanalytic transformations (2.4.16),
and some analyticity arguments [29]. Another way is to solve the equation S(z,z') = 0. There
are three parameters associated with the subgroup SL(2,C), four supersymmetry parameters,
(Grassman), €1, €2, €1, €2 and a parameter ¢ associated with the zero mode of the U(1) current.
The group transformations are:

. az+b (1 — e18)e12 + E(1 + 2e2é1) N e_qe—(l + ja@)eaz + (1 — taé)e
cz+d (cz + d)? (cz + d)?

n [2d61€1 — 20(5162 + 5261)]2 + d(€162 + 5261) — 2¢Eo€9

2.4.29
(cz +d)? ( @)
+ €9 14 l(6251 —€16) + lejerendy —e1d — ezc
g= T2 apm T2 4 e 2.4.29h
cz+d te (cz + d) + (cz + d)? ( )
L fzte 14 Hew —af) + tadiadn ~€¢ — €1d
g =2 g2 i " 2.4.29
cz+d te (cz + d) + (cz + d)? ( ‘)

The N=2 superconformal vector field generates the group of N=2 super-diffeomorphisms on
the circle, Dif f (S1). The Schwarzian derivative is the globally invariant generator of the second
cohomology group of Diff (S1). Tt generates a non-trivial transformation on the stress-energy

tensor viewed as a connection on moduli space.

As can be seen from (2.4.12), the subalgebra does not have an anomaly even if ¢ # 0.
This is of crucial importance in a superconformal theory as we will see later. It implies that all
correlation functions are invariant under OS P(2|2) constraining in such a way their form. Along



41

with some supplementary constraints on the correlation functions, present when the theory has
degenerate representations, it helps to determine the correlation functions completely, rendering
the theory exactly solvable.

2.5 The Ground States and Primary Fields
in N=2 Superconformal Field Theories

An N=2 superconformal field theory is a field theory invariant under the N=2 superanalytic
transformations described in the previous section, which form the N=2 superconformal group.
The infinitesimal transformations are generated by an infinitesimal local superfield v(z):

v(z) = vo(2) + Ovi(z) + 0v1(2) + 00 v2(2) (2.5.1)

1. - _

S =4 v(z) + 5[(Dv)0 + (Dv)0]
, , (2.5.2)
QI:0+§DU 5 5120_+§DU

The function vy, 77 are Grassman functions anticommuting among themselves and with 6, 8.
whereas vg, v2 are usual meromorphic functions. The superconformal transformations are gener-
ated by the super-stress-energy tensor, see (2.4.20). Using the Cauchy formulas of the previous
section we can write the change of a local superfield under a superconformal transformation as:

5,(2) = —ﬁ d7'o(2)3(2)D(2) (2.5.3)

where the contour €', surrounds the point z in the complex plane.

The variation (2.5.3) is determined by the singularities of the OPE, of the stress-energy
tensor with the superfield. In particular a superfield function transforms under an infinitesimal
transformation as:

1 - 1.
6,2 = v0% + S DvD® + - DvD3. (2.5.4)

It is usually convenient to use radial quantizations going, (through a superanalytic transfor-
mation), from the cylinder to the plane, (Inz, 2—1/29, 2_1/20_) — (1 +1i0,0,0).

The fermionic fields on the cylinder can have two possible boundary conditions*, periodic
or antiperiodic. On the plane, this is translated to G, G(ze?>™) = £, G(z), the corresponding
subspaces of the full Hilbert spaces being the NS and R sectors. In the NS sector G(ZGZﬂ) =
(i(z) whereas in the Ramond sector, G(ze2™) = —G/(z), that is the fermionic fields are double
valued on the plane.

* We will postpone for the moment the discussion of more general boundary conditions.
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The operator product expansion for the stress-energy tensor was given in (2.4.23). The
terms that appear in (2.4.23) are the most general terms that are allowed in a Euclidean N=2
supersymmetric quantum field theory, satisfying the standard constructive field theory axioms.
The proof of [10] can be extended easily in our case, to guarantee (2.4.23) provided the theory
has scale invariance and global N=2 supersymmetry. Using the mode expansions (2.4.21) we can
derive (2.4.12) from (2.4.23). The stress-energy tensor must be a Hermitian operator, implying
some hermiticity conditions among its components:

LN=1L . Ji=J,G =G_G =¢_,. (2.6.5)

We define the in-vacuum |0) of the theory at time 7 = —o0o, (z = 0), to be OSP(2|2) invariant.
This means that it is annihilated by L,,n > —1, J,,n > 0, G;,G,,r > —1/2, (NS sector) or
Gp,Gn,n > 0in the R sector. In the same way the out-vacuum is defined at z — oo. The
vacuum state belongs to the NS sector and it is the ground state of the theory. The unitary
irreducible representations of the N=2 superconformal algebra are generated from highest weight

vectors, (hwv), by the action of the lowering operators of the algebra , Ly, J,, Gy, Gyron,r < 0.

In the NS sector the hwv’s are generated by the action of primary conformal superfields on
the vacuum state. Their defining relations are their transformation properties under supercon-
formal transformations encoded in their OPE with the stress-energy tensor:

0120 0120 0
3(21)®(22) = 20— 2 (23) + 22 (22) + — DD(25)
Z12 VAP VAP (2 5 6)
— @D@(Zz) + QQ(Z2)
Z12 Z12

Using (2.5.3) and (2.5.6) we can derive the transformation law for a primary superfield

operator:
508(2) = A(9.0)D(z) + v0.D(z) + %[DU]D@(Z) + %[DU]D@(Z)
(2.5.7)
~2{(p. Do} (s
Under a finite transformation ®(z) transforms as:
o(z) = (z)[DY)ATT[DF]A-F (2.5.8)

where (A, Q) are its dimension and U(1) charge. The hwv in the NS sector are characterized
by their eigenvalues under the zero modes of the algebra:

Lo|®) = A|B) . Jo|®) = Q|) (2.5.9)
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Being hw states they must be annihilated by the raising operators of the algebra:
Ly|®) = J,|®) = G| ®) = G| ®),n > 0. (2.5.10)

The OPE (2.5.6) can be written also as commutation relations which will be useful later on:

(L, ®(2)] = Z"+1%<p(z) + 4 1)2"[A 4 %[9% 4 e‘%n@(z)
+ Zn(n +1)2""1000(2)
[, ®(2)] = 2"[Q + _% — 0%]@@) + 2nAz""100(z) (2.5.11)
Gy, B(2)] = /ﬁ[% 0 J8(a) — (v + 5)27H(2A + Q)0+ 07 ]8(2)
G, B(a)] = =410 0 J8(m) — (r 4 )7 H (20— Q) — 00 10 (a)

In the R-sector the zero modes are Lg, Jy, and Gy, G, their eigenvalues characterizing hwv’s.

There are two kinds of hwv’s, |A,Q F1/2)1 , [18],

1 1
LO|A7Q T §>:|: = A|A7Q T §>:|:

; . . (2.5.12)
Jo|A, Q F §>i =(@F §)|A7Q T §>i
which satisfy an additional hwv condition with respect to the supercharges:
1 - 1
GolA,Q + §>_ =0 , GolA,Q— §>_|_ = 0. (2.5.13)

Consequently there are two kinds of representations, RE. The two representations are isomorphic
under charge conjugations (G, < Gy dn — —Jn).

From now on we will restrict to one of them, say RT, our statements being valid for R~ as
well.

In the R-sector the ground state is not unique. There are two ground states degenerate in
energy, (i.e., having the same dimension). |©1) and Go|O©1) = |©7). They are generated from
the vacuum |0), (which belongs to the NS sector), by primary fields ©F(z), much like the spin
fields of the N=1 superconformal theories. The spin fields have double-valued OPE with the
stress-energy tensor, for example:

1 OF(w)

G(2)0% (W) = 2 (2.5.14)

where ay =1, «a_ = A —¢/8. This happens in order for the spin field to be able to change
the boundary conditions of the fermionic parts of the superfields. We can view the spin fields as
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opening and closing cuts on the cylinder. The states in the R-sector are generated by ordinary
conformal superfields acting on the Ramond ground states. The generators of global N=2
supersymmetry transformations in the R-sector are Gy, Gy.

Unbroken N=2 supersymmetry is implied by the existence of a ground state which is anni-
hilated by the global N=2 supersymmetry generators. The state |©7) is annihilated by G due
to (2.5.13). Applying {Go, Go} to it we obtain:

{Go, Go}|OT) = GoGo|OT) = (2Lo — &/4)|07) = (2A — ¢/4)|07T). (2.5.15)

Consequently, in order for Gy to annihilate |©71), its dimension must be A4 = ¢/8. The operator
{Go,Gp} is a hermitian positive operator, thus any dimension in the R-sector has to be > ¢/8.
This is the reason that the vacuum |0), the lowest energy state must belong to the N S-sector. In
the same way Go|©~) = 0, implies A_ = ¢/8. Therefore, the existence of a state in the R-sector
with A = ¢/8 implies unbroken N=2 supersymmetry on the cylinder. On the other hand if such
a state does not exist in the theory the one supersymmetry out of the two is broken.

So far we have been discussing the two sectors of the N=2 superconformal theory that parallel
the situation in ordinary N=1 superconformal theories. In the N=2 case though, unlike the
N=1, there is another sector present in general due to the fact that N=2 superfields contain two
fermionic components, so there is also the possibility of choosing periodic boundary conditions
for one of them, and antiperiodic for the other one. This can be seen easier if we write the
algebra (2.4.13) in an O(2) basis:

Gl = Grt Gy . GE= M (2.5.16)
V2 2
In this basis the algebra (2.4.12) becomes:
¢

[Liny Ln] = (m — 1) Lipgn + Z(mg — M) 0m4n,0
L, Gl = (= —=7)Ghtry  [Lm,JIn] = —nJmtn
G2 = (5 =G [ o) = s -~
[‘]mv Jn] = 6m5m+n,0 [‘]mv Glr] = ie”GZn—l—r

{GL, G2} =269 Loy g 4 1Y (r — ) Jpys + ¢(r? — 1)5”&4_5,0

The twisted (7)) N=2 algebra is defined by choosing integer modes for G . L., and half
integer modes for G2, .J, choices, compatible with the commutation relations (2.5.17). In the
O(2) basis the stress-energy tensor becomes:

I(z) = J(2) + T0°G (2) + 007 T(2) (2.5.18)
where ' is an O(2) doublet of Grassmann coordinates. A twisted superfield:
P(z) = o(z) + €70 (2)(2) + 56”(91(9‘79(2) (2.5.19)

has antiperiodic boundary conditions for ¢(z) and ¢?(z) and periodic boundary conditions for



45

g(z) and ¥(2), on the cylinder, that is ¢ and ¢! are Zy twisted. Again here, G} is a hermitian
operator. Its square, acting on a primary state must give positive eigenvalues, which implies
that all the dimensions in the T-sector satisfy: A > ¢/8. In particular it implies that if there is
a state with A = ¢/8 this is then the ground state, and it is doubly degenerate since this state
|HT) and |H™) = G|H™T), have the same energies. One of the two supersymmetries, namely
the one generated by G} is then unbroken, since G} annihilates the ground states:

(G = S{Gh GRYH) = (Lo — /)| H+) = 0
GAH™) = (GR)?[H*) = 0

(2.5.20)

2

—1/2

ground states. This is obvious since in order for G%/z

has to be zero, and as we argued above, states with zero dimension do not exist in the T-sector.
2 g 2

The global supersymmetry generated by ¢ is broken since G2_1 /2 fails to annihilate the

to annihilate a primary state, its dimension

Thus in the T-sector we have at most a remnant N=1 supersymmetry. The ground states are
generated from the NS vacuum by the “twist” fields H¥(z), the presence of which induces cuts
on the complex plane such that ¢(z) and 1(2) are double valued around the point where the

F

twist field lies. In the T-sector there is a parity operator, (—1)", which commutes with L, Jp,

and anticommutes with an. In particular:
(—D)F[HT) = |H), ()" [H™) = —|H"), (2.5.21)

In the R-sector the two-spin fields are non-local with respect to each other. Their operator
product expansion contains square root singularities in the complex plane which induce non-
locality when we project to Euclidean space. The same is true in the T-sector. In order to
obtain a local theory we must suitably project out one fermion parity, the same way as in the
N=1 case.

2.6 Global OSP(2/2) Invariance

As it was mentioned earlier in this work, the invariance of the vacuum under the global
N = 2 superconformal group, OSP(2|2), turns out to be very useful towards the evaluation of
the correlation functions. From now on we restrict ourselves to the NS sector. Similar techniques
though apply to the R* and 7 sectors although the analysis is somewhat more complicated.

Using the commutations relations (2.5.11), derived in the previous section, we can write the
Ward identities for global superconformal invariance. Their derivation is obvious. For example
L_; annihilates the in-vacuum. But we can move it to the left using (2.6.11), so we end up with
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a differential equation for the correlation function. Thus the n-point function:
Fn(Zl, Z2, - 7Zn) = <0|(I)1(Z1)(I)2(Z2)(I)3(Z3) s (I)n(Zn)|0> (2.7.1)

satisfies the following Ward identities:

"0
Loy: [; | Fa=0 (2.6.2a)
i d 1.0 - 0
i=1 !
L zn: ST NS R ) SOV A (2.6.1c)
1: £ 2y 621 2y 1T R zael zagl VU4 n = .0.1¢
. ~ 0 0
: i+ 0,— —0,— ) F, =0 2.6.2d
70 ; (Q * 00, 99i> ( )
_ /9 -0 [0 ;0
i=1 ! ! i=1 ! !
N 0 ~ 0]
i—1 L 1 ? 7]
~ [ 9 -0 - ~ 0]
Gy Z Zi[a—ei — eia—Zi] — (2A; — Q4)0; + 9i9ia—0i Fp,=0 (2.6.2¢9)
=1 = J

where A;, (); are dimensions and charges of the various fields appearing in the correlation func-
tion (2.6.1).

A superfield operator in terms of components has the form:
D(z) = ¢(2) + 0(2) + Op(2) + 00g(z). (2.6.3)

The two-point function is completely fixed by the Ward identities, up to an irrelevant nor-
malization constant.
012012

(011 () 2(2)[0) = 53y ™ exp Q2=

}0Q14Q5,00A,A (2.6.4)

It is a function of the supersymmetry invariant distances in super space, Zi2 = 21 — 23 —
0105 — 010, 010 = 01 — 05, 015 = 01 — 05. The three-point function depends on nine
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independent variables (z;,6;,0;). Since OSP(2]2) has eight generators we can fix at most eight
of them, so there must be a unique combination invariant under O.S P(2|2). This is a commuting
combination which turns out to be nilpotent:

o 0120 0150 023023 -
fo t2tiz Pists | Oasbas o (2.6.5)
Z19 Z13 723

So, for any particular solution of the Ward identities, we can obtain the general solution
by multiplying it with (1 + aR), o being an arbitrary commuting constant. Solving the Ward
identities for the three-point function we obtain:

3 3 -
—A, 0,0,
(0]@1(21) 8o (22) P3(z3)[0) = C | [] 2;;~7 | exp ZAU% 0Q1+Q2+Qs,0 (2.6.6)
i<j i<j Y
where the constants

3
Aij=—Aji, Y Aij=-Q; (2.6.7)

it

It is easily seen from (2.6.7), that the equations defining the constants A;;, are not fixing all
of them because of the change neutrality condition, for the correlation function. In particular,
if A;; is some solution of (2.6.7) then Ajs + «, A3 + «, A23 + «, is also a solution. Of course this
is expected. It corresponds to multiplying the three-point function by the OSP(2|2) invariant,
(1+ ozfx’). For the three-point function to be non-zero, the OPE of the operators ®;, 2 must
contain the family ®3. Then the normalization constant C' of the three-point function is the
Glebsch-Gordan coefficient for the decomposition [®1] @ [P2] — [P3]. In the N = 2 case, like
the N = 1, there is another operator product coefficient to be determined, namely one of the
A;;, due to the existence of the OSP(2]2) invariant R.

In general OSP(2|2) invariance constraints the n-point function to have the form:

n

(0|1 (21)P2(22), ... Pp(2z,)|0) ~ H[Zi—jm]]exp[z Aijeijeij]

i<j i<;  ‘u
XFn[xl,xz,...,xgn_g] X 52:;1 Q:,0 (2.6.8)
n n
Ay = —Ajs, Ayj = Ay, ZAZ']‘ = —Q, ZA”‘ = 2A; (2.6.9)
o ot
where x;,¢ = 1,2...,3n — 8 are the combinations of the coordinates, with dimension zero,

invariant under OSP(2]2). They are functions of the invariant distances, z;,0;;,0;;. All the
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non-trivial information about the theory is encoded in the functions F},. In most cases they are
determined by the specific details of the theory. In certain cases though, that will be discussed
in the next section, they can be evaluated, just by knowing the representation content of the
theory.

2.7 Operator Algebra and Correlation Functions
in N=2 Unitary Minimal Superconformal Models (NS Sector)

From now on we will focus on unitary minimal N=2 superconformal models. As mentioned
in section 2.3 these exist for the following values of the central charge,

f=1- m=23,... (2.7.1)

2
m

They contain degenerate representations only and we will show that they are exactly solvable.

The strategy is the following. Consider a hw unitary irreducible representation of the N = 2
superconformal algebra. It is generated by a hwuv,|A,Q), the primary state, satisfying the
usual hwv conditions. The full representation is obtained from |A, Q) by applying the lowering
operations of the algebra. In some special situations it may turn out that one of the secondary
states satisfies the hwv conditions. This means that the representation generated by |A, Q)
is not irreducible, but there is another representation, (the one generated by the secondary
vector), embedded in it. The secondary hwv,|y), has the interesting property, that it is null,
(i.e. {x|x) =0), and orthogonal to any other state in the Hilber space. We may thus consistently
set | ) to be equal to zero, a condition that decouples all its family from the correlation functions
of the theory. In fact this condition will generate constraints on the correlation functions, of the
primary state |A, Q). To see how such constraints arise we have to remember that |y) is given
by some operator O, constructed out of the lowering operators of the algebra, acting on |A, Q),
thus:

0= <0|(I)1(Z1)(I)2(Z2) s (I)n—l(zn—l)|X> = <0|(I)1(Z1)(I)2(Z2) e @n_l(zn_1)0|A, Q> (2.7.2)

Moving the operator O to the left using the commutation relations (2.6.11) we end up
with a super-differential equation for the correlation function. Solving these equations we can
determine all the correlation functions that the degenerate family is participating in.

A necessary and sufficient condition for the existence of such systems is the closure of the
operator algebra of a set of unitary degenerate representations. In fact we will show that the
operator algebra of the unitary degenerate representations of the N = 2 superconformal algebra,
with ¢ < 1, does close. We will derive also the “fusion” rules for the operator algebra.
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Consider the OPE of two primary operators:

Z B;(0)zd FA2~ (2.7.3)

where the notation in the right hand side of (2.7.3) is symbolic, meaning the product can be
written as a sum of primary operators and/or their descendants, and the (z,0,) dependence
can be easily substituted back. What we want to know is which irreducible representation
can appear in the operator product of two given representations. There is a simple criterion
for representations which are not allowed, and this is the vanishing of the appropriate 3-point
function.

The strategy is to use the superdifferential equations stemming from the degeneracy of
the representations to derive selection rules for the operator product algebra. Let’s consider
a concrete example. Take a representation which has a null vector at the first level. Such a

representation is for example one with A = ";mz, = _mT—27 when¢=1—=m =2,3.... The
null vector at level one is given by:
D) =[(Q—1)L1— (A +1)J 1+ G_1pG_15]|1A, Q) (2.7.4)

It is easy to verify, using the commutation relations (2.4.12), that |x{) satisfies all the
hwv conditions. Consider now the n-point function where this state is participating in. We’ve
mentioned already that such a correlation function is identically zero.

0 = (0|1 (21)P2(22) . .. Bu(2n)[x) = (0B1(21)Ba(22) . .. OB(0)]0) (2.7.5)

Commuting 0 through to the left we arrive at the following superdifferential equation

{ Za_zﬁ (2A + );[z_iJrZ(e’a_ei_e’a_ei)_?@lel
+;; [9—97’ - 019—} [87 -0 8—21] (0@ (z1) - Pn(2n)2(0)[0) = 0 (2.7.6)

We will specialize (2.7.6) to the 3-point function < 0|®;(z1)P2(z2)P3(23)|0 > where 3 is
the degenerate operator mentioned above.
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Doing a translation and two global supersymmetry transformations (we have the freedom
to do that, thanks to the OSP(2|2) invariance of the correlation function), we can write the
three-point function in the form < 0|®1(z1)®2(22)®3(0)|0 >, where:

71

(21 — 23 — 0103 — 0105,01 — 05,01 — 05)

(22 — 23 — (9253 — 52(93, (92 — (93, 52 — 53) (2.7.7)

Zo

Using the form of the three-point function found earlier, in (2.6.6) we arrive at the following
set of conditions for the dimension A;; and the constants A;;:

A13(Q3 — 1)+ Q1(2A3 4+ 1) + A13+ A13=0

(A12 — A12)(A13 + Ag3) = 0, (A12 + A12)(A13 + Ag13) =0
(Q3 —1)A13 —2A1(2A3 + 1) + (A13 — A3 + 1)(A13 + A13) =0
(2A3 + 1)(A12 — A1) + (A13 — A13)(Ags + A23) =0
(2A3 + 1)(A12 + A12) + (Aaz — A23)(A13 + A13) =0 (2.7.8)

The state mentioned above happens to be also degenerate at level 1/2 and relative charge
—1, the null vector being

|X1_/2> = G—1/2|A7 Q) (2.7.9)

In the same way we derive another equation:

Z [a% — gia%] < 0|®1(z1) ... Dy(2)P(0)]0 >=0 (2.7.10)

which for the three-point function in particular implies

A1z = —Aug, Az = —Asg (2.7.11)

Solving (2.7.8) and (2.7.11) we obtain
281 = Q1,282 = Q2, A1 = Az — Ay (2.7.12)

Consequently in the operator product of ®9, with 2Ay = ()2, and ®3, only fields with 2A; = @1,
and A; = A — Ay can appear.
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The superdifferential equations for the three-point functions are solved in Appendix 2.D.
Here we will present the “fusion” rules for the NS sector of degenerate theories with ¢ < 1.

As was mentioned in section 2.3, the unitary irreducible representations in the NS sector
with ¢ < 1, exist when ¢ =1 — %, meZT — {1} and their dimensions and changes are given by
(2.3.3). It was shown that for the family (7, k), there are three independent null hwvs embedded
in it, one at relative change zero and level m — (j + k), another at relative change 1 and level
k and another one at relative change —1 and level j. Consequently the correlation functions of
(7, k) satisfy three superdifferential equations of orders j, k,m — (5 + k), simultaneously. The
existence of three null vectors in the N=2 case is qualitatively different from the N=0,1 cases.

The “fusion” rules coming from the consideration of the two charged null vectors at levels
J1, k1 of the family (j1, k1) are the following:

Ja—%
(1 k1) @ Gz ko) = Y (rtmom—ja+ kit k), ji+ k1 > ja2 + ko (2.7.13a)
n:%—]w
ji—%
(1:k1) @ (2 ko) = Y (ot non—ji+ki+ k), j1+ ks < ja+ ko (2.7.13b)
n:%—kl

The strategy to derive the fusion rules in their general form (2.7.13), is parallel to the one
used in the N=0,1 cases. The representations (%,%) and (%, %) are the shifting up and down
operators and the following relations are proven using the results of Appendix 2.D,

(; %) @ k) =0 k=) & (G +1.k) (2.7.14a)

(%7 g) @ k) =0 -Lka 0. k+1) (2.7.14b)

Then (2.7.13) is proven by induction using (2.7.14) and the commutativity and associativity of
the operator algebra.

As was mentioned above, the family (j, k) is also degenerate at relative charge zero and level
m — (j + k). The extra conditions from this new null hAwv have the effect of truncating the sums
in (2.7.13) into the “unitary bounds”, 0 < j, k,j + k < m — 1, where (j1, k1) @ (j2, k2) ~ (4, k).
This truncation phenomenon is known already to happen in the analogous minimal theories of
the N = 0,1 algebras. Thus it is consistent to built N = 2 unitary minimal systems, with
¢ < 1, where there is a finite number of representations, all degenerate, and all the correlation
functions calculable.
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We present the two explicit examples of the operator algebra of the first two non-trivial
theories with é = 1/3,(m = 3),é = 1/2,(m = 2). In the ¢ = 1/3 theory the operator algebra is
the following;:

1 1 1 1 1 1

(E,ig) ® (0,0) ~ (0,0), (E’i§) ® (E,ch) ~ (0,0). (2.7.15)

This system, is somewhat special and it will be analyzed in more detail in the next section.

The fusion rules of the é = 1/2 system are:

(5410 (GF) ~ 0.0 L(GEDO (T~ (55
G+ OGO~ (k) (3E5)0 (5T~ (55 (27.16)
342G~ (1) (G:0E (5.0 ~ (5,08 0,0

We should remind the reader that the “fusion” rules we have derived, give the maximum
possible set of operators that can appear in an operator product expansion. To determine exactly
which of them contribute and to evaluate their Glebsch-Gordon coefficients one has to evaluate
the 4-point function. This is what we will do for the ¢ = 1/3 system in the next section.

2.8 The Operator Formalism in The Ramond Sector

In section 2.5 we gave a brief description of the Ramond sector and its ground states. We
will continue this discussion and develop in a parallel way the structure that we outlined in
sections 2.6, 2.7 for the NS sector ™.

The ground states that preserves N=2 supersymmetry has A = <. The rest of the primary

[ore]

states are generated from the ground state by the action of NS superfield operators. Since
primary operators are also labeled by their charge there is a non-trivial question to answer:
What is the charge of the ground state? To find a plausible answer to that we will employ the
isomorphism between the NS and the R sector. We will focus for concreteness on the R sector.
It is natural to consider as the Ramond ground state the image of the vacuum state (in the
NS sector) under the isomorphism (2.1.7). From (2.3.19) it can be seen that it has dimension
A= g and charge () = —%. The “out” ground state |R_) then must have charge Q) = g. The
states |Ry) and |R_) being hwvs of the RT algebra must satisfy among others the following
hwv conditions,

Go|Ry) = Go|R-) =0 (2.8.1)

The representations corresponding to |Ri) and |R_) are degenerate for any value of é. By
looking at the Kaé¢ determinant in the R sector we can easily verify that |R4) is degenerate at

% The isomorphism (2.1.7) cannot provide complete information about correlation functions in the R sector.
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level zero, relative charge one as well as level one and relative charge -1. On the other hand

|R_) is degenerate at level zero and relative charge 1", The vanishing conditions for the null
vectors mentioned above are,

G0|R+> = G_1|R+> = G0|R_> =0 (2.8.2)

We define the correlation functions in the R sector as |

<R_ |(I>1(z1)....(I>n(zn)|R+ >
< R_|R_|_>

(2.8.3)

Fo(z1,29,...2,)

where ®;(z;) is a NS superfield operator. Then the correlation function (2.8.3) satisty Ward
identities due to (2.8.1,2) which parallel the global N=2 Ward identities in the NS sector:

1=1

. ~ 0 0
> [Q’Jre’a_éi_e’a_ei] Fo(z1,--,2,) =0 (2.8.4a)

H Fo(z1,---,20) = 0 (2.8.4b)

[\/Z_i [i— - Qi] - 2\27 [(2Ai + Qi)b; + 0;0;

where A;, @); are the (NS) dimension and charge of ®;. Equations (2.8.4) can be used to
constraint the form of the Ramond correlation functions. We will solve as an example the
constraints (2.8.4) on the 2-point function, Fy(z1,z2).

1 At special values of ¢ there are additional degeneracies
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Equation (2.8.4a) implies that ()1 + Q)2 = 0 and
Fy(21,22) = fo(z1,22) + 0101 f1(21, 22) + 0202 f2(21, 22) +

—|—(91(§2f3(21, 22) + 5192f4(21, 22) + (9151(925%](21, 22) (2.8.5)

Define the variables u = \/z1/22, v = \/z122 in order to split the dimensional dependence.
Equation (2.8.4b) implies,

fo(u,v) = f;jﬁZ) ; 9(u,v) = 1}%&7@2 (2.8.6a)
filu,v) = v];iﬁ)l ,i=1,2,34 (2.8.6b)
The rest of the equations are solved by,
Jo(u) = % , fi(u) = = _ugfzt?)l)uzfo(u) (2.8.7a)
fa(u) = —M; 6;211_ 2 folu) (2.8.70)
o) = 2222 E (2.8.70
falu) = 232__6211 fo(u) (2.8.7d)

A+ 1Du*  (2A-Q1+1L)u®  A—Q

g(u) =2A (1) — 27 + 5 fo(u) (2.8.7¢)

The 2-point function is asymmetric due to the asymmetry in the charge assignments of the
“in” and “out” states. The 2-point function with |Ri) < |R_) is given by (2.8.7) with the

following substitutions: fo — fo, ¢ — ¢, f1 — —f1, fa = —f2, f3 & frand Q1 — —Q1. In a
similar way higher correlation functions can be constrained by (2.8.4).
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Let’s now discuss the fusion rules in the R sector. It is important to note that the isomor-
phism (2.1.7) preserves the structure of the Kaé¢ determinant (the relations (2.3.19) have to be
taken into account). Thus it preserves the form of the fusion rules derived in the NS sector.
Consider the set of hwvs of the RT algebra, |A, Q — %> with dimensions and charges given by,
Jk J—k

+2(1-9), Q="5—(1-9), jkeZ (2.8.8)

A =

o | o

Using (2.3.19) we can establish the correspondence,

11 1
NS5 (k) = ((+ 5.k —5) € BT, ke 2T 42 (2.8.9)

which along with (2.7.13) implies the following fusion rules in the R sector,

J2—1
(J1,k1) @ (J2, k2) = Z (i+nn+ki+k—j2+1), j1+k > g2+ ko (2.8.10a)

n:—k2

=1
(J1,k1) @ (Jo, ko) = Z (jo+nnt+ki+k—j+1), ji+k <jo+ko (2.8.100)

n:—k1
where ji1, j2, k1, k2 are integers.

The preceding results in the Ramond sector are verified explicitly in App. 2.E.

2.9 The ¢ = %,N = 2 Superconformal Theory

This theory has the simplest operator content compared to the other unitary minimal N = 2
theories. It is also the only member of the N = 2 discrete series which has the same central
element with a member of the N = 1 discrete series. The model is also interesting since it
describes a point* in the A-T model phase diagram, [6,33]. The operator content of the theory
as well as it decomposition into N=1 representations is discussed in Appendix 2.C.

The general discussion of the previous section can be specialized in this situation. The model
contains the unit (superfield) operator and a conjugate pair of primary operators, representing
the A = %,Q = :l:% states of the model. We will denote by &1 and ®¢ the corresponding

superfield operators. The two point function is:

(08 ()0 (z2)0) = 27,7 exp { - 2202 (29.1)
Z12

where we suppressed the antianalytic part and we’ve chosen a particular convenient nor-
malization for the two-point function. The only three-point function which is non-zero is,

* In fact, as explained in the next chapter, it describes three points in the phase diagram of the A-T model.
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(0|®o(21)P4(z2)P_(23))]0). It is fixed up to a normalization constant by the OSP(2|2) in-
variance and the extra differential equations that it is satisfying due to the fact that it contains
degenerate fields.

(O824 a2) B (a)0) = i exp { 372722} (292)

It implies the following operator product expansions for the component fields
Py(z) = da(2) + 0ha(2) + Ova(2) + 0094 (2) (2.9.3a)
babo m T, brgo m =T gy~ =) (2.9.3)

_ 1 - 1 4
Pyt~ 2d Gybo ~ s gago ~ 2J(2.9.30)
3 3 9
which are determined up to an overall normalization constant. The first non-trivial correlation
function is the 4-point function. Its evaluation enables us to fix the Glebsch-Gordon coefficient

in the OPFE, in (2.9.3).

There are two ways to evaluate the 4-point function. One is to solve the superdif-
ferential equations that it satisfies due to degeneracy of the operators contained in it.
The other i1s to use the Feigin-Fuks construction. The only non-trivial 4-point function is
(0|®_(21)P4(z2)P_(23)P+(24)]0). The operator ®(z) is degenerate at level 1, relative change
zero, at level 1/2, relative charge one and at level %, relative change —1. The relevant superdif-
ferential equation for the 4-point function Fy(z1,22,23) are:

3
> Gy | Fa(z1,29,23) = 0 (2.9.4a)
1=1
3 . .
[Lll — Jﬂ F4(Z17 Z2, Z3) =0 (2.9.4[))
1=1
Y Gy = > (i + 13)G | Fa(m1,22,23) = 0 (2.9.4¢)
i=1 i,j=1

where the relevant differential operators are defined in (2.D.4) in Appendix 2.D, and we have
simplified (2.9.4b) using (2.9.4a). The variables z; are the shifted variables we mentioned in
section 2.7.
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Global N = 2 superconformal invariance constrains the four-point function to be of the
form:

1 /6140 040 03540
Fy(21, 22,23, 24) = C(212234) /% exp [_ ( 14014 V24024 | Uss 34)] y
3 Z14 724 Z34

XG4($1,$2,$3,$4) (2.9.5)

where x1,7 = 1,2, 3,4 are the four independent combinations of the coordinates invariant under
the OSP(2]2) group. The obvious (dependent) invariants are:

_ 023023 N 034034  O24054

1 —
723 Z34 Z24
012012 024024 014014
Ty = + —
Z12 Z24 Z14
013013 034034 014014
r3 = + —
Z13 Z34 Z14
012012 023023 013013
Y1 = + —
Z12 723 Z13
Z14Z23 Z13Z24
2 = y Y3 = (2.9.6)
Z12Z34 Z12Z34

Since y1 = x1 + x2 — x3,y1 can be deleted. We have also the additional relations:

:1;% = :1;% = :1;% = y% =0, ax1x2= (214 x3)re, 10903 =0 (2.9.7a)
(y2 —ys + 1)2 = 2y9x1T2, XT3 = Y2T1T3, T1Ty = Y3T1T3 (2.9.7b)

The relations above imply that in fact x1, 29,23 and x4 = y2 are independent invariants.
Solving equations (2.9.4) we arrive at a four-point function of the form:

x4+ 1
T4

>1/3 P [3(# (y — o1+ z422) (2.9.8)

G4($1,$2,$3,$4) =C ( Ta+ 1)

where y = yo — y3 + 1.
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The four-point function, (2.9.8), is powerlike, something to be expected since the primary
fields of the ¢ = 1/3 theory can be constructed as vertex operators of a single ¢ = 1 scalar
field (see Appendix 2.E). We have performed the same calculations using the vertex operator
method, [20,25,31]. We find the same result as in (2.9.8). It is difficult though in this method

to obtain the result as a super meromorphic function in N = 2 superspace.

By factorizing over two-point functions we can find that C' = 1. This implies that the OPE
coefficient in (2.9.3) is in fact unity.

The full construction of the four-point function, including its anti-holomorphic part does
not involve any subtleties related to monodromy invariance, (locality in the Euclidean domain).
We simply have to multiply the holomorphic and antiholomorphic pieces which have the same
form. Knowledge of the four-point function (2.9.8) is enough to determine any n—point function
using the OPE coefficient for the degenerate operators.

2.10 Conclusions and Prospects

In this chapter we delved into a detailed analysis of N=2 superconformal field theories.
We described the structure of the representations of the N=2 superconformal algebras and we
calculated their characters. We also discussed Ward identities, and in the case of minimal models
we derived their fusion rules as well as some correlation functions.

There is construction of the N=2 minimal models that gives a lot of information by relating
them to critical SU(2) WZ-models, [26]. The N=2 minimal models can be constructed as G/ H
CFTs where ¢ = SU(2) ® U(1) and H = U(1), a linear combination of the initial U/(1) and
the Cartan generator of SU(2). Thus these theories can be constructed out of a free boson and
SU(2) parafermions. In this way their correlation functions can be calculated using the known
correlation functions of the parafermionic theory.*

N=1 space-time supersymmetric string theories in 4(6) dimensions have been constructed
where the CFT describing the internal degrees of freedom is a tensor product of N=2 minimal
models with the right value of the central charge, (¢ = 3(2)), [32]. It is argued that such models
describe exactly string propagation on a subclass of Calabi-Yau manifolds. One can then use
marginal perturbations in these models to obtain the solutions corresponding to (hopefully) all

Calabi-Yau manifolds.

This shows one of the main advantages of CFT. The handling of non-linear o-models on
Calabi-Yau manifolds, (in particular their exact solution at their critical points), is a hopelessly
difficult task using the methods of conventional quantum field theory.

Of course the effort in this respect has to be concentrated in classifying all N=2 supercon-
formal models. This will provide with all possible classical solutions to string theory having
N=1 supersymmetry.

+ This is true for the untwisted sector. For the twisted sector one needs the correlation functions of the
C-disorder fields which are presently unknown.
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APPENDIX 2.A

Examples of Null States in N=2 Superconformal Algebras

In this appendix we give explicit examples of null hwv’s of the N=2 algebras which . we
think, are helpful to visualize several properties that we stated in the main body of the paper.
Their explicit form is also very useful in deriving superdifferential equations for the correlation
functions of the degenerate primary fields. We remind the reader that a null hwv is a secondary
state, |y), in a Verma module which has also the properties of a hwv, namely,

LX) = Julx) = Golx) = Gr|x) =0, n,r >0 (2.A.1)

It 1s easy to deduce that such states have zero norm and the Verma module they generate is
orthogonal to all other states contained in the initial Verma module. So they can consistently
set to zero and this condition implies superdifferential equations for correlation functions of the
initial hwv with other operators. These equations provide us with the means to solve the theory
exactly. Such a theory must contain only degenerate representations.

(1) NS algebra, relative charge zero. An example of a null vector belonging to the super-
conformal family generated by |h,q) at the first level and relative charge zero is given

by:

IX) = [(g = 1) L1 — (2h +1)J_1 + G_1/2G_1 o] |h, q) (2.4.2)

when 2h(& — 1) = ¢®> — é. The only non-trivial hwv condition that one has to check is the
action of L_1, J_1, G_y/3 , G—l/Z- The others are trivially satisfied.

NS algebra relative charge +1.

Let’s first consider a state which is degenerate at the ng = 1/2 level. Then, glN/g =2h—¢q so

that a state with & = ¢/2 is an example of a primary state that generates such a representation.
The null state in this representation is given by,

X)) = Grpalhia) (2.A.3)

which is obviously annihilated by any of L,, J,, Gy, G, for n > 1. The only non-trivial
condition is 61/2|X;’/2> = (2h — q)|X1|'/2> = 0 due to the previously mentioned relation between
his dimension and charge. It is obvious that this null vector does not generate a full Verma
module since it is annihilated by G_; /5. For ng = —1/2 the corresponding null state is |X1_/2> =

G—l/z |k, q). At higher levels the degenerate states involve also generators of the Virasoro or the
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U(1) algebra. For example at ng = £3/2 the corresponding states are,

\Gj) = [(h = S+ 1)Ggpp + Gyjo(Js = Loa)]lh 0) (2.A.40)

|X3_/2> = [(h + % + 1)G 39 — G_1j5(J1 + L_1)]|h, q) (2.A.4b)

Again these null hwv’s do not generate full Verma modules. There exist lowering operators that
annihilate them.

[(h — % + 1)G_3/2 + (J—l - L—I)G—1/2]|X;—/2> =0 (2'A'5a)
[(h+ 54+ D)0 g0 = (T + Loa)Goapaling)) = 0 (2.4.50)

Finally at level 5/2 and relative charge one, when 2h — 5¢ + 6(¢ — 1) = 0, the null hwv is,

|X;/2> =[(2h —q+4)(q+3 —26)G_5/5 + (2h — ¢ + 4)G—3/2A—1 + G—l/zA—ZH}% q)

A~

Aoy = (271 — L) (2.A.6)

A~

A

[(q+3—28)(3J_g —2L_9) — 4J_5 + 2(L_1)* + 4(J_1)" — 6J_1L_1 4+ G_3/5G_ys]

(i) RT algebra, null states with the same charge as the initial hwv.

An example of a null hwv of the representation of the RT algebra generated by |k, ¢+1/2)+
at the first level is given by :

Ix4) = [(g+1)(2h - E)L_l —(2h+ 2)(2/1 — S)J_l —(2h — % + E)G—IGOH}% q—1/2)+ (2.A.7a)

Ix-) =[(¢—1)(2h - E)L—l —(2h+ 2)(211 — S)J_l +(2h + % + i)G—lGO”h, g+1/2)_ (2.A.7b)

satisfying all the hwv conditions provided h = g + %.

R* algebra, null states having charges differing by 41 from the initial charge.
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In the R algebra the null state at ng = 0 and relative charge +1/2 is,
IXg) = Golh,q —1/2)4 (2.A.8)

which is annihilated by G provided h = g. At level one and relative charge +1/2 and -3/2,
(nop = 1), the null states are :

) =12h+2- E)G—l + Go(Jo1 —2L_1)]lh, g — 1/2) (2.A.9a)

Xy) = G-1lh, g —1/2)4 (2.A.9b)

The state | ) is annihilated by the operator (2h + 2 — %)G_l + (J-1 — 2L_1)Go, whereas
|x7) is annihilated by G_1. At level two and relative charge +1/2, (ng = 2), the null state is,

XF) = [2(g — &+ 2)(2g — 3¢+ 5)G_p +2(q — &+ 2) G181 + GoAa]|h.q — 1/2)4
Ay =(3J_1—2L4) (2.A.10)
Rio = [(2g—36+5)(Jos — L_s) —3J_s +2(L_1)° + g(J_l)2 4T D1+ GG
At ng = —2 the null hwv of relative charge -3/2 is,
Ixg ) =[(2¢ +3¢ —5)G_o + G_1(2L_1 4+ 3J_1)]|h,q — 1/2)+ (2.A4.11)
The corresponding null state of the R~ algebra at level zero is,
Ixg) = Golh,q+1/2)_ (2.A.12)

annihilated by (g, whereas at level one, (ng = 41), they are,

IXT) = [(2h +2 - S)G—l — Go(2L_1 + J_1)])|h, g +1/2)— (2.A.130)

IX7) = G-1lh, ¢ +1/2)— (2.A.13b)

annihilated by [(2h + 2 — %)G_l — (2L—1 + J_1)Gp] and G_; respectively.
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(2i0) T algebra. When h = g, one of the two states of opposite parity is degenerate at level
zero and decouples from the spectrum. The explicit form of the null hwv is,

\g) = Galk) (2.4.14)

which has negative parity.(We define the parity or fermion number operator, (—l)F , SO
that it commutes with L_,, J_, and anticommutes with G, G% . It is obvious that it
counts the number of fermionic operators modulo two.) The existence of the state with
h = g implies the non-vanishing of the Witten index and thus that supersymmetry is
unbroken on the cylinder.

At level 1/2 there are two null hwv’s of opposite parity when hé = h — g,

Xj) = 2012 Glg + 22, o] I1) (2.A.15a)
|X;r/2> = [2thd _1ps + G2—1/2G(1)]|h> (2.A.150)
At level one there are again two null hwv’s provided 2k = _3(212(_673%—17

NT) =126 = D)(2(¢ = 1)Ly + (J_yy0)®) + (6 = 1)(8iT_y 2G5, Gg — 46GL 1 Gp)]|R) (2.A.16a)

7)) = [4(¢ = D) L1 G = 2i(28 = 1)y ;5 G? g +2(J_175)* G + &(2¢ = 1)GL][h) - (2.A.16D)

The examples presented above are also very important in the derivation of the super-
differential equations satisfied by the correlation functions of the corresponding degenerate
hwv’s.
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APPENDIX 2.B

Derivation of the Partition Functions for the
N=2 Superconformal Algebras

In this appendix we will evaluate the partition functions for the N=2 superconformal alge-
bras.

For the NS and RT algebras the partition functions are defined as:
Fz,w) = z M= r[zFow ] (2.B.1)

whereas for the T-algebra :
F(z) = z7"r[z10) (2.B.2)

where the trace is taken over all the secondary states of a non-degenerate representation of
dimension h and charge g.

(1) NS algebra. A basis of states is given by,

[(n), (m), (), (r)) = L(n)J(m)G(k)G(r)|h, q) (2.8.3)

L(n) = (L))" (L_9)".... n;€ No (2.B.4a)
J(m) = (J_1)™ (J_2)™.... mi€ Ny (2.B.4b)
G(k) = (G_yy9)"(G_gp9) ... ki € (0,1) (2.B.4c)
G(r) = (G_1j2)™ (G_gj)™ e 15 € (0,1) (2.B.4d)
Gr = So(GHiG2) Gy = (L~ i)

V2 2

Any other permutation in (2.B.4) can be expressed, using the commutation relations of
the algebra, as a linear combination of the above. The range of the exponents in (2.B.4c,d)
is such because the squares of (i, and G, are zero due to the anti-commutation relations.
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The next step is to evaluate the expectation value,

Fl(n), (m), (k). (1) = {(n), (m), (k), (r)]|zF0w?|(n), (m), (k), ()

(2.B.5)

where the basis states are assumed to be normalized. .Jy commutes with L_, , J_, for every

n € 7 and
[JoaG—r] = G—r 5 [Joaé—r] = _G—r

To evaluate the commutators of w” with the supercharge operators we have to consider:

F(6) = (Gt e

5

Solving the differential equation and setting w = €°, we obtain:

w(G_ ) = (G_) Pt | ke (0,1)

wP (G = (G_)Fwh = | ke (0,1)

Y

The same procedure for the z'° factor gives

ZLO(L_n)k — (L_n)kZLo—l—nk 7 ZLO(J_n)k — (J_n)kZLo—l—nk

ZLO(G_n)k _ (G_n)kZLo—l—nk 7 ZLO(G_n)k _ (G_n)kZL0+nk

Taking into account all the above we obtain :

IS
IS

Fl(n), (m), (k), (r)] = 2wt | 22 0mtm) b Bk (Zoyr (T

It remains to sum over all the permissible sets of integers (n), (m), (k), (r).

o0

ZZZiljn] _ Z (nz) ﬁZ]n] = ﬁ Zz]m = H (1_172])
- =1 ()

j=1 j=1

(2.B.6)

(2.B.7a)

(2.B.7b)

(2.B.8a)

(2.3.8b)

(2.B.9)

(2.B.10a)
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(T = (1 + 2T w) (2.5.10b)
k;=0,1
so that finally,
00 (1 + Zn—l/Zw)(l + Zn—l/Zw—l)
F = 2.B.11
NS(va) nl;[l (1_Zn)2 ( )

For the R algebra the modding of the supercharges is integral. The derivation goes along
the same lines with the following minor modifications. There is the additional contribution of
Go, (Go annihilates the primary state |k, ¢ — 1/2)4), which amounts to a factor (1 + w),there is

another factor of w™!/2 coming from the incomplete cancellation of w?~1/2 and since we have
integer modding, n — 1/2 in (2.B.11) is replaced by n. Consequently the partition function for

the RT algebra is,

1+ z2"w)(1+ an_l)
(1 —2m)2

Fr(z,w) = (w'/? + w™1/?) ﬁ ( (2.B.12)

In the R~ algebra we have to replace Gy with G and ¢ — 1/2 with ¢ + 1/2. The partition
function is identical to (2.B.12).

We have also to discuss the partition functions of single charged fermions. Some particular
examples in this case are the incomplete Verma modules generated by the null vectors of the
degenerate representations of the NS and R algebras with & > 1. To motivate the discussion,
let’s look at the simplest example of such a module generated by the null hwv at level 1/2,
(no = 1/2), of the NS algebra, given explicitly by (2.A.3). This state, as it was mentioned
before is annihilated by G_;/5. So, in our previous computation of the partition functions,
basis states with a G_;/, operator in them do not contribute. This in turn means that a

factor (1 + Zl/zw) i1s absent from the corresponding partition function. The first non-trivial
example comes at level 3/2, (ng = 3/2), the null hwv given explicitly by (2.A.4a). Instead of
choosing the G_3/5 , G_y/3J-1 , G_1/2L—1 as basis operators, we can choose the annihilating
operator, (2h—¢q/2+1)G_3/5 +(J—1 — L—1)G_1 s, giving a zero contribution, and the remaining
G_1/2J-1, G_1/9L—1. Thus, effectively, the contribution of G_3/5 is absent, causing a loss of a
factor (1 + 23/2w) from the corresponding partition function. For the null hwv at ng = —3/2 ,
given by (2.A.4b), following the previous argument, the contribution of G_4 /2 1s again effectively

missing, and consequently a factor (1 + 23/2w—1) is absent from the partition function.
Now the general situation is evident. For a null hwv at some level |ng|, (no being an
integer or half-integer, corresponding to BT or NS respectively), the partition function lacks

the contribution of G_,,, sgn(ng) > 0 or G_,,, sgn(ng) < 0. Thus the partition function is
given by :

FX(Z, wing) = [1+ Z|n°|wsgn(n°)]_1FX(z, w) (2.B.13)

where X stands for either R or NS.
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In the T-algebra the situation is now clear. There is no w” factor . The contribution
from the Virasoro and U(1) operators is [[o—;(1 — z")71(1 — Z"_l/z)_l (the U(1) generators
have half-integer modding). The contribution from the G, operators, (integer modding), is

[152(1+2") , whereas for the G2, operators, (half-integer modding), it is [[h—;(1 + Z"_l/z) .
Collecting everything :

Fr(zw) =] El - © @) (2.B.14)
n=1

)
Zn)(l _ Zn—1/2)

This concludes the derivation of the partition functions of the N=2 superconformal algebras.
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APPENDIX 2.C

Proof of the Equivalence between the ¢ = % N=2 Model
and the ¢ = % N=1 Model

In this section we will show that the first member of the discreet series of N=2 superconformal
models coincides with the second member of the corresponding N=1 discreet series.

The ¢ = 1/3 theory constitutes a subsector of the ¢ = 2/3 N=1 superconformal theory. It
is the only member of the ¢ < 1 N=2 series which has the same anomaly with a member of the
¢ < 1 N=1 series. For example the N=2 unit operator, (0)2, decomposes into the unit operator
of the N=1 theory, (0)1, (containing the unit operator and one of the N=2 supercharges), and
a dimension-one operator, (1)1, (containing the U(1) current of dimension one and the second
N=2 supercharge). The representation of the NS sector with h = %, q= :l:% decomposes into
(%)1 of the N=1 NS sector. The operator (%)2 belonging to the Ramond sector, decomposes as
(%)2 — (%)1 whereas the two (i)z representations of the R* sector decompose as (i)z — (i)l
in the R sector of the N=1 theory. Finally in the twisted sector of the ¢ = 1/3, N=2 system the
representation of dimension h = % decomposes into (%)1 in the VS sector of the N=1 system.
These decompositions can be easily justified by checking the validity of the equalities between

the appropriate characters:

ch{vs(h = O,Z)—I—ch{VS(h =1,z)= chévs(h =0,¢q=0,z,w=1) (2.C.1)

NS 1 NS 1 1
chy " (h = E,Z) =chy " (h = 5 1= :l:g,z,w =1) (2.C.2)

R 3 R 3
chi'(h = g,z) = chy (h = 1= 0,z,w=1) (2.C.3)
1 1 1 1 2
chi'(h = 24,2) chy (h 514 :l:?),z,w 1) = chy (h 514 :l:?),z,w 1) (2.C4)
hVS(h = = 2y = chB(h = 1) 4 ehB(h = =) = chT(h = =, =) (2.0.5)
! 16’ ! 16 ! 16 2 16’
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APPENDIX 2.D

. . 5
Solution of the Degeneracy Equations Up to Level 3

In this appendix we solve the first few superdifferential equations for the three-point function

and derive the conditions leading to the “fusion” rules discussed in section 2.7.

For the representation (As, ()3), degenerate at level 1/2 and relative change 1 the null hwv
1s:

X1j2) = Go1p2lAs. Qs) (2.D.1)

It implies the following equation for the three-point function

S [ = b (011 (21)2a(m2)2(0)]0) = 0 (2.0.2)

1=1
Substituting the general form of the three-point function in (2.D.2) we obtain:

A1z = Agg,  Azz = Ay (2.D.3)

Before we continue, it is convenient to introduce some notations concerning the superdifferential

operations we use. We define:

z;:zg—na‘l (n—1)z —n[A + 1(9 860 +916891} + C;"n(n—l) ~"10,0;
Ji=zm {Qi + 5’6%» —~ Hia%i —~ 2nz;1Ai0i0}} (2.D.4)
Giz o {a% _9"@%} + (= 1/2)(20 + a0)z 20+ (r — 1/2)27 0.8, aia
éi:z?‘r[a%_e}a%} +r—1/2)2A; — Q)= Y20 4+ (r—1/2)2" 1/2998%

The conditions coming from the null hwv at level one and relative change zero have been
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discussed in the main body of the paper. At level 3/2 and relative change 1 the null hwov is

Q3

|Xit‘f/2> = {(A:a — 7)G—3/2 + (Jo1 = Lo1)Goypa||As, Q) (2.D.5)

implying the following equations for the three point function

{(Ag - —) ZGW + ZZ Ji = L1)G | (011 (21) D5 (22) @3(0)[0) = 0 (2.D.6)

1=1 j=1

which give after substituting the three-point function in:

(2A3 — Q3)(A12 — A12) + 2(Q2 + A23)(A13 — A13) =0 (2.D.7)

Finally at level 5/2 and relative change 1 the differential equation is:

2 2 2
(245 — Q3 +4)(2A3 — 203 + 3) Z 52— 3(2A3 — Q3 +4) ZZ 3/2( (2] —21)

+A](01@1(21)2(22) 25(0)]0) = 0 (2.D.8)

where

2 2
Z G, Z{ 9Ny — 2Q5 + 3)(2L4 — 3.J7) + 12J) + Z{GLJLk

1200k — 18I Lk 4 3G3/2G1/2H (2.D.8")
implying the following set of conditions

(A13 — A13)[(245 — Q3)(243 — 2Q3 — 3) — 3(A13 + 1)(243 — Q3 — 2)
—6(Q1 —1)(2A3 — @3) — 3(Q1 — 1)(2A5 — 2Q3 — 1)
—(2A3 —2Q3 4+ 3)(2A13 + 2A1 4+ 3) + 6(A13 + 1)(A13 + 2)
+18(Q1 — 1)(A13 4+ 1) + 12(Q1 — 1)) 4 (2A1 + Q1)
x [2(2A3 — Q3)(2A3 — 2Q3 — 3) — 3A13(2A3 — Q3 — 2) — 6(Q7 — 1)
X (2A3 — Q3) — 3(A13 + A13)] =

(2.D.9a)
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(A12 — A12)[—(2A3 — Q3)(2A3 — 2Q3 — 3) + 3A13(243 — Q3 — 2)
+6(Q1 —1)(2A3 — Q3) + 3(A13 + A13)] + (A13 — A13)
X [=3(2A3 — Q3 — 2)Ass — 6Q2(2A3 — Q3) + 2A12(2A3 — 2Q3 + 3)
— 3(A23 + Agz) + 12A923(A13 + 1) + 18Q2(A13 + 1) + 18(Q1 — 1)
X Agz +24(Q1 — 1)Q2] 4 (2A1 + Q1)[—3A23(2A3 — Q3 — 2)
—60Q2(2A3 — Q3) — 3(A23 + A23)] =0

(2.A.9b)

(A12 — A12)[—(2A3 — Q3)(2A3 — 203 — 3) + 3A23(2A3 — Q3 — 2) + 6(Q)2
X (2A3 — @3) + 3(Aasz + A23)] + (A13 — A13)[—3Q2
(2A3 —2Q3 — 1) — 2(2A3 — 2Q3 + 3)(A2 + Asgz) + 6Aa3(Ag3 + 1)
+ 18Q2A23 4+ 12Q3 + 3( Az + Ag3)] = 0

(2.A.9¢)

(A2 + A12)[— (243 — @3)(243 — 2Q3 — 3) + 3A13(2A3 — Q3 — 2)
+60Q1(2A3 — @3) + 3(A13 + A13)] + (A2z — A23)[—3Q1
(2A3 —2Q3 — 1) — 2(2A3 — 2Q3 + 3) X (A1 + Aj3)
+6A13(A13 + 1)+ 18Q1A13 + 12Q3 + 3(A13 + A13)] =0

(2.D.9d)

(A23 — A23)[(2A3 — @3)(2A3 — 2Q3 — 3) — 3(2A3 — Q3 — 2)(A23 + 1)
— 6(Q — 1)(2A30Q3) — 3(Q2 — 1)(2A3 — 2Q3 — 1)(2A3 — 2Q3 + 3)
(2023 + 2A9 + 3) + 6(Ags + 1)(Ags + 2) + 18(Q2 — 1)(Ags + 1)
+12(Q2 — 1)°] + (242 + Q2)[2(243 — Q3)(2A5 — 243 — 3)
— 3A23(2A3 — U3 — 2) — 6(Q2 — 1)(2A3 — @3)
— 3(Ag3 + Ag3)] =0

(2.D.9¢)

(A12 + A12)[—(2A3 — @3)(2A3 — 203 4+ 3) + 3A23(2A3 — Q3 — 2) +6(Q)2 — 1)
(2A1 — @Q3) + 3(Aa3 + A23)] + (2A2 + Q2)[—3A13(2A3 — Q3 — 2)
— 6Q1(2A3 — @Q3) — 3(A13 + A13)] + (A2 — As)
[—3A13(2A3 — Q3 — 2) — 6Q1(2A3 — Q3) + 2A12(2A3 — 2Q3 + 3)
+ 12A13(A23 + 1) + 18Q1(A23 + 1) + 18A13((Q2 — 1)
+240Q1(Q2 — 1) — 3(A13 + A13)] =0

(2.D.9f)

The null hwov at level ngeZ™ + % and relative change —1 are obtained from those with
relative change 1 by making the following substitutions: J, — —J,, G, < G and Q — —Q.
Consequently the conditions derived from the three-point function are those of relative change
1 with the additional substitution Q); — —Q);, A;; — —A;;.



71

APPENDIX 2.E

The Bosonic Construction of the ¢ :%

N=2 Superconformal Model

In this appendix we construct the components of the primary superfields of the ¢ =1/3 N =
2 superconformal system (NS, R sector) using a single ¢ = 1 scalar field. We use these operators
to give an alternative calculation of the four-point function (2.9.8) which was computed in the
main body of this paper. We will also illustrate some results that were derived in section 2.8
concerning the R sector.

We consider a scalar field ¢(z) with a two-point function given by:
(0]¢(2)p(w)|0) = —In(z — w) (2.E.1)

We define the standard energy momentum tensor 7'(z) = —% : 0,00,0¢ : satisfying:

+ ... (2.E.2)

A vertex operator defined by V,(z) =: ¢'@?(%) . has dimension A, = R

Vi) |, DuValw) |

a
2 (z —w)? z —w

T(2)Va(w) = (2.E.3)

In this system the N = 2 superconformal algebra is realized by T'(z) and, [33],

J(Z)E%Mw G(2) = V2[3: V0 Gy =23 VRE L (284

We can evaluate operator product expansions of vertex operators using the familiar formula:
Va(2)Vi(w) = (2 — w)® : ¢led(z)+ibo(w) . (2.E.5)
by expanding the second exponential around z = w and keeping the singular terms. Since:

J(2)Va(w) = \/ig ‘Z/a_(wuz

we can easily establish that T'(z), G(z), G(z) and J(z) satisfy the standard N = 2 supercon-
formal algebra (2.5.12) with ¢ =1/3.
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Candidates for the lowest components of the primary superfields ¢4 (z) with dimension 1/6
and charge +1/3 are the vertex operators:

d4(2) = 9l ooo—(z) = IO (2.E.7)

which by (2.E.3) and (2.E.6) have the correct dimension and U(1) charge. We have now to find
the superpartners of ¢4. Using the relations (2.6.6) in component form we have that:

G(z)o+(w) = E— + ... (2.F.8a)
G(2)és(w) = ii_(lfv) ¥ (2.E.8b)

Applying (2.E.8a,b) to (2.E.7) we find

bo(2) =/2/3: A L T2y =0 (2.E.9)

Using then:
G(2)px(w) =0, G(2)P+(w) =0

bu(0) | Dude(w) | ga(w)

(z —w)? z —w z—w

G(2)dx(w) = (2A 4+ Q)

o+ (w) N Juwdx(w)  gx(w)

(z —w)? z —w z—w

G(2)p+(w) = (2A - Q)

(2.E.10)

we find that they are satisfied if: ¢4 (2) = 0;¢4+(2) and g_(z) = —0.0_(2).

The fact that one of the fermionic components is zero and the fourth component is
a descendant of the first component explains the group theoretic result*, that the family
(A = %, Q = :l:%) decomposes to the N = 1 family with A = % and half the apparent de-
grees of freedom.

This means, using our definition (2.4.8a,b) that ¢4 are chiral primary operators of opposite
chirality. In fact, looking at (2.6.11) we can establish that any primary superfield, degenerate
at ng = £1/2, is chiral in the sense of (2.4.8a,b) and thus contains half the apparent degrees of
freedom.

* See Appendic 2.C.
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Computing correlation functions of & and ®_ is now trivial. Using;:

n

(0] Vi (22)Vas (22) - Vo, (za) 10) = T (53) % 8y a0 (2.E.11)

1<y

We can evaluate the different components of (2.9.8). Such a correlation is non-zero only if
> a; = 0, otherwise IR divergences force it to vanish. Such a calculation has been performed
for the four-point function and as expected it agrees with the result (2.9.8).

Let’s also illustrate the situation in the R sector of the model. We have two operators

of dimension 21—4 and charge :l:% and two operators of dimension % and charge :l:%. the ground

states can be represented by the A = 21—4 vertex operators:

R_(z) =: c(i/2V3)6(2) , Ry(z) =: = (i/2V3)6(2) . (2.£.12)

The operators of dimension % are represented by : HV3/2)0(2) . Tt i easy to see that it is

generated from the Ramond vacuum by the action of the A = % operators of the NS sector due

6
to the following OPE:

L UV3)9) 1 ((i/2V3)0(w) (z —w)YO[: e(iV3/2)s(w) , +0(z — w)] (2.E.13a)

L (VRO0) o —(i/2V3)8(w) ()6 = (VB/2)0(w) 4 O, — )] (2.5.13b)
The 2-point function,

< R (00) 5 (1) B g (22) R4 (0) >

Fy(21,22) = < R_(00)f24(0) >

(2.E.14)

can be computed the same way and agrees with the result (2.8.7) obtained through purely group
theoretic means.
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CHAPTER 3

Some Applications of CFT to 2-d Critical Statistical Models

3.1 Introduction

Conformal Field Theory is a very promising approach in order to obtain an exact solution
to known 2-d critical statistical models, or to find wider classes of models that have not been
known before.

There are a lot of CFT models that describe known universality classes of critical behavior
in 2-d. The unitary models with ¢ < 1 are known to describe the critical behavior of an infinite
series of models introduced by Andrews, Baxter and Forrester, [34]. The first model in the
series describes the universality class of the Ising model, (¢ = %) The second model, (¢ = %),
describes the tri-critical Ising model (which has also N=1 superconformal invariance), [35]. The
third member, (¢ = %), describes two different statistical models. The solution of the modular
invariance constraints shows that there are two consistent subsets of operators for ¢ = %. One
of them describes the three-state, (Z3), Potts model, [36], whereas the other one describes the
“generic” tetra-critical model, (in field theory language this corresponds to the critical point of
a ¢° scalar field theory). Finally the ¢ = % model describes the tri-critical Potts model, [37].
There are also other such examples. All the critical lines of the Askin-Teller, (A-T), model have
been described using conformal field theory. On the ¢ = 1 line there are points that correspond
to the first minimal N=2 superconformal model (¢ = %), [6,38], two decoupled Ising models, a
74 parafermionic model, [39] and an SU(2) WZW model with central charge £ = 1, [7,40]. The
critical behavior of isotropic spin-s anti-ferromagnetic chains is described by the SU(2) WZW
model with central charge k = 2s, [40].

New integrable models and universality classes have been found due to CFT. A whole
new class of SU(N) ®@ SU(N)/SU(N) RSOS models has a critical behavior described by the
corresponding G/H CFT, [41].

3.2 The CFT of a Free Scalar Field

In this section we will examine in some detail the CFT of a free scalar field, which will
prove useful in the next sections. The theory is defined on the complex plane, (Riemann sphere)
and the target manifold will taken to be a circle of radius R, (in order to deal with a discreet
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* . . .
spectrum . In complex coordinates the free action is,

1
S = —/dzzazqﬁazqﬁ (3.2.1)
27
The classical equation of motion is the 2-d wave equation,
0.0:0(2,2) =0 (3.2.2)

which is solved by ¢(z,2) = fi(2) + f2(Z) with f1, fao arbitrary functions. The 2-point function

18,

(6(2,2)p(w, d)) = —log|z — w|* = —log(z — w) — log(Z — @) (3.2.3)

From now on we will talk separately about holomorphic and anti-holomorphic parts of correlation
functions. We will put them together at the end. The holomorphic stress-energy tensor is given

by,
1
T(z) = — 0,90,¢ : (3.2.4)
The theory has a central charge ¢ = 1 as can be seen from the OPE,

1 1 T(z) 0w T (w)
2(Z_w)4+2 2+(Z_w)+ (3.2.5)

T(z)T(w) =

(2 —w)
The (anti-) holomorphic part of ¢ has the following Fourier expansion,

#(z) = —qbo + plog(= Z (3.2.6a)
n;éO

$(z) = —q$0 + plog(z Z = (3.2.6b)
n;éO

where p and p talke the following values,

(R + mR Z) %mR) , m,n € Z (3.2.7)

(pvp) -
The quantized value for the winding number, (p — p), is due to the fact that since ¢ is defined
modulo 27 R the boundary condition is ¢(o + 27, 7) = ¢(o, 7) + 2amR. The quantized value for
the momentum, (%(p + 7)), is due to requiring the single valuedness of €'¢?

* This model will be referred to as the torus model since its target space is a one-dimensional torus.
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As it can be seen from (3.2.3) the field ¢ is not a good conformal field, ( its correlation
functions grow with distance). Among operators that can be constructed out of polynomials
in ¢ and derivatives the only primary conformal field is 0.¢. This operator is a current with
(A,A) = (1,0). Tt generates a U(1); symmetry. There is also a right current, d;¢ which
generates U(1)gr. There are two additional 75 symmetries,

Thus the total symmetry of the theory is O(2); @ O(2)g. There are other primary fields in
the theory apart from the currents. They are exponentials of ¢. They are the so called vertex

. 2
operators, V,(z) =: ¢'79(%) .. They are primary operators of dimension A = - since they satisfy,

T(2)Vp(w) =

P Vptw) +a(va(uo L (3.2.9)

2 (z —w) z—w)
The U(1)f current J(z) = i0,¢ generates a U(1) Kac-Moody algebra,

J(2)J (w) = ﬁ (3.2.10)

The vertex operator V), is a primary field of this /(1) algebra with U(1) charge p,

Vi (w)
= 3.2.11
T Whtw) =2 (3.211)
Operator products of vertex operators are obtained using the well-known formula,
Vi (2)Vy(w) = (z — w)P? ; PO(2)Fias(w) . (3.2.12)

and by expanding the exponential in the right hand side in powers of z — w. Using (3.2.12)
correlation functions of vertex operators are easily obtained,

(Vo (21)Vi (22) - Vo (2w)) = [ [z = 2P 6t w0 (3.2.13)

1<J
Charge conservation forces correlation functions with non-zero U(1) charge to vanish.

We can construct vertex operators with well defined momentum and winding number,

Vit w = V22 cos[pg(z) + pg(2)] : (3.2.14a)

View = V2 : sin[pg(2) + po(2)] : (3.2.14b)

where p, p are given in (3.2.7). The operators Vj,, o and Vg, are known as electric and magnetic
operators.
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The scalar field theories above for different compactification radius R are related. There
i1s an exactly marginal operator that drives a particular theory to different values of R. Let’s
digress a little and discuss marginal perturbations in critical models.

Consider a set of operators M; which are marginal, in other words primary fields of dimension
(1,1). We need marginality so that criticality and the value of the central charge are preserved
under marginal perturbations. A perturbation generated by such operators can be written as
an extra term in the action,

09 i}
68 = Z ﬁ/dzzMi(z,z) (3.2.15)

Correlation functions of operators X are modified as follows,

5%<X> _ %/d%m(z,zm (3.2.16)

Dimensions and operator product coefficients change in general under such perturbations. Using
the standard formulas,

(6i(z,2)é;(w, @) = & j(z — w) "2 (z — @) 72 (3.2.17)

bi(2,2)p;(w, @) ~ Z Cijr(z — w) 3= R=8 (2 _ o)M= 8 gy (1, D) (3.2.18)
k
along with (3.2.16) we find,
S (05l (0. 0)) = iyl — ) 23— 0) Plogle P (2.1
By looking back to (3.2.17) we find that,

0N = 5A]‘ = — Z Cij709 (3.2.20)

For criticality to be preserved the dimension of the marginal operator must not change under the
perturbation. If there is only one marginal perturbation then from (3.2.20) we obtain Cy; = 0.
If there are more than one marginal perturbations then (;; = 0 where the indices refer to
marginal operators.

Thus the neighborhood of a CFT can be parametrized by the couplings ¢; of the marginal
operators. It has the structure of a manifold. Sometimes it happens that at certain points
there 1s a larger number of marginal operators. Such points are called multi-critical. At such
points there are extra directions that the theory can be deformed. There is usually an enhanced
symmetry at such points that relates some of the marginal perturbations. Then the manifold
develops an orbifold-type singularity at the multi-critical point.
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Let’s now return to the scalar theory. For any R there is always a (1,1) operator in the
theory, 0,¢0z¢. It is truly marginal in the sense discussed above. The perturbation it induces
changes the action by,

68 = ;5_9 /dzzazqﬁazqﬁ (3.2.21)
n

which amounds to a change in the compactification radius by § R = §¢gR?. This is true due to
(3.2.20) which in this case reads,

) m?2  nl2R2 )

A== By 2R AL 3.2.22
5g ™ I e L (3.2.22)

Another interesting concept present in the theory is duality. This is the statement that the
theory at radius R is equivalent to the theory at radius % This can be easily seen from the
partition function,

Z(R) = Tr g =gl = n()| 2 Y g7 a* (3.2.23)
p.p

where 7(q) is the Dedekind n-function, [42]. It is easy to see that Z(R) = Z(2/R). Under a
duality transformation,

Vm,n = Vn,m s az¢aé¢ = _angaigb (3224)

Correlations functions and operator products are invariant under duality.

Let’s now look for multicritical points. In order to have extra marginal operators R, (or
by duality %), must be a multiple of v/2. But in order for the marginal operators to remain
marginal under the perturbation we end up with only two possible candidates, the self-dual

point R = /2, and the point R = % They will be analyzed in the next sections.

3.3 Local SU(2) Invariance in the Scalar Theory

At R = /2 the model has an enhanced local symmetry. This point is the fixed point of
the duality transformation. There are extra operators of dimension (1,0) that appear in the
spectrum, as it can be seen from (3.2.7,9). They generate an SU(2); @ SU(2)p Kaé-Moody
algebra with a central charge & = 1. The left currents are,

¢

1 _. : 2 _. . s _ _°
JV =:cos[V2¢] :, J? = sin[V2¢] 1, J v

0:¢ (3.3.1)
They generate the following algebra,

Ja(Z)Jb(w) — j¢tbC

bt (3.3.2)
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The stress-energy tensor is of the Sugawara form,

T(z) = % L J(2) (=) (3.3.3)

The infinite set of primary operators of the conformal algebra in this case is contained in
just two irreducible representations of SU(2); @ SU(2)g. The currents and the stress-energy
tensor belong to the family of the unit operator. There is only one nontrivial representation
with spin % It is generated by the following SU(2); @ SU(2)r multiplet,

oT =: e vs(EIOED) . (3.3.4)

of dimension (%, %) The partition function (3.2.23) can be written in terms of the SU(2)
characters,

Z(V2) = [n(q)| ¢ 7 7 =xo()xo(r) + x1(r)xs(7) (3.3.5)
(m,n)eZ?
where ¢ = 2™7 and”
_ 93(0]27) () = J2(0]|27)
xo(T) = R X1 (7) e (3.3.6)

There are nine marginal operators at this point. They can be constructed out of the SU(2)
currents as J%J°. But due to SU(2) invariance they are equivalent among themselves and in
particular to J3J% = 9,¢0:¢. Thus there is still one marginal operator that changes the value
of the radius. At this point we also have electric-magnetic duality since 9,¢0:¢ and —3d,¢0z¢
are related by an SU(2) transformation.

3.4 The One Dimensional Orbifold

As it was mentioned in section 3.2 the torus model has a Zs symmetry: (¢, ¢) — (—&, —@).
This is also a symmetry of the target space, S. One could mode-out by this symmetry, that
is consider configurations with opposite values for ¢ as equivalent. This, when applied to the
target manifold itself gives rise to a singular manifold, the Zy orbifold, [43]. The singularities
appear at the fixed points of the symmetry transformation, ¢ = 0,7R. Now apart from the

* Details about J-functions can be found in [42].
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states where the field ¢ is periodic we will have also states which are periodic up tp a symmetry
transformation,

dlo+2r,7)=—0¢(o,7)+2rmR , m € Z (3.4.1)

The mode expansion in the twisted sector is,

n—l—l 2 n n+1 2—n
</50-|-Z / 2y n+/2 2l ez (3.4.2)

where ¢g can take only the values 0 or 7 R. Thus ¢ is double valued around the origin, z = 0,
of the z-plane. In analogy with the free fermion in the Ramond sector we introduce fields, (the
twist fields), in the presence of which the field ¢ is double valued around the origin. There are
two such twist fields, H° and H' corresponding to the two different values for the zero mode of
é, (¢po = 0,7R). A twist field at zero and another ar infinity create a branch cut on the plane
around which the boson is double valued.

The interpretation above can be made more specific in terms of correlation functions as
follows,

Mot = (11 (20) TT, Oul() HO(0) 5.43)

- (H%(oe)HOH(0))

where O; are operators constructed out of the field ¢ itself and the prescription for calculating
the left hand side is through the use of the mode expansion (3.4.2). The 2-point function of the
boson in the presence of twist field can be easily calculated using the mode expansion (3.4.2),
. _ vz + \/_
(942,200, 00 = log | VLV 4 e (3.4.4)
Vel "

We can use (3.2.4) and (3.4.4) to calculate the expectation value of the stress- energy tensor
in the presence of the twist fields. A short computation gives,

(HOYT()[H%) 11
AT T 167 (3.4.5)

This implies that the dimension of the twist field is LG. The U(1) current is double valued
around the twist field as shown by the following OPE,

—

0.6(2)H" (w) = % + ... (3.4.6)

0,1

where 7% is a descendant field of dimension % + %. What we have here is a twisted U(1) Kaé-

Moody algebra. The global U(1) symmetry is broken and the charge neutrality condition of the
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correlation functions is not true any more. The states fall into representations of the twisted
U(1) Kac-Moody algebra. The twist fields, H%!, in particular are primary, that is they are hwvs
of the algebra and they generate hw irreducible unitary representations. The descendant states
in such representations are generated by acting on the hwv with the current modes, a_, /s,

n = 1,2, ..., (see (3.4.2)). For example the operator 7%! in (3.4.6) is obtained by acting a_i/

on the state |H%!). The primary fields of the conformal algebra have dimensions given by
2

A, = (217,1—1(—51) , [7,44]. They are descendants of the primary fields H%! in the twisted (1) verma

module. To see this explicitly consider the partition function of the twisted U(1) algebraT,

Xt(Z) = TT[ZLO] = 21/16 U ﬁ (3'4'7)

The respective partition function for the conformal algebra is,

T 1
- nl;[l ) (3.4.8)

Their ratio will give us the primary conformal fields that are descendants in the twisted U(1)

algebra.
Z e 1—2" > 2
R | Pty @

which proves our previous assertion. Such primary conformal fields can be constructed out of
the the |H%!) by the action of certain lowering operators of the twisted /(1) algebra. As an
illustration the first few ones are given below.

|H1) = V2a_y9|Ho) , |Ha) = \%[a_g/z — 2(a_y/2)%]| Ho) (3.4.10)

Thus correlation functions of these fields can be computed from the correlation functions of H%!
in the presence of a U(1) current. Something worth of noticing is that the dimensions of the
primary states in the twisted sector do not depend on the radius of the orbifold.

In the untwisted sector one has to project out the states that are not invariant under ¢ — —¢.
Thus from the set of operators in (3.2.14) only the ones in (3.2.14a) survive.

Correlation functions of the operators (3.2.14a) can be easily computed in the presence of
two twist fields using the operator formalism and the 2-point function (3.4.4),

N

N N ; - —P:Py
(T Vo= = Hg—pfzi—pi/zl—[ [%\/g] (3.4.11)

and the same formula holds for the anti-holomorphic part.

1 See Appendix 2.B.
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The non-trivial correlation function in the orbifold model is the 4-point function of twist
fields. This has been calculated in [45,46]. We quote here there result since it will be useful in

the following‘t. Let,

Fe e,(z,z)= lim |zoo|1/4<H0(zoo,zoo)Hfl(l)H“JrQ(:z;,:Y;)H€2(0)> (3.4.12)

ZooyBoo——00

where ¢1, ¢2 should be added modulo 2. Projective invariance was used to put three out of the
four points at 0,1, 0c. Then,

F€1’62(x7j;) = |$(1 - x)|_11_2G61,62(x7f) (3413)
where,
mezs . ) 9
_ _2 me, LT m nR _(m nR
Guten =ttt 3 o (- (35) - (5-5))
n€E2/ t+es
(3.4.14)
and,
193(T)r
= 3.4.15
=[5 (84.15)

We can use the 4-point function of the twist fields, (3.4.14) to obtain the appropriate OPE
and OPE coefficients, [46,47].

[HO]®[HO] _ Z C2n’2m[v2—;,2m]+ Z 02n+1,2m[v2—;+1’2m] (3.4.16@)

nmes nmes
[Hl] @ [Hl] _ Z Czn’zm[VZ—;Jm] . Z 02n+1,2m[V2—;+1’2m] (3.4.161))

nmes m,n€s
HY @ [H = Y g ] (3.4.16¢)

m,n€s
where,

(CO0 =1, [O"™)? = 2 x g7 WiatPn) (3.4.17)

There 1s a Dy invariance in the theory generated by,

(Holevvn—l—,n) - (_Holev(_l)nVn—l—,n) (3418@)

(HO, HY V,;E ) — (HY HY (=1)™VF ) (3.4.180)

The invariance follows from the OPE, (3.4.16). All correlation functions must be invariant under

1 In fact all partition functions and correlation functions of twisted and untwisted operators have been

calculated on any genus Riemann surface, [47].
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the transformations above which generate the dihedral group Dy.

The partition function of the orbifold model is the sum of the contributions coming from the
untwisted and twisted sectors. The part coming from the untwisted sector is half the partition
function of the corresponding torus model, (3.2.23), since we projected out half of the primary
operators in (3.2.14). On the other hand the twisted part is independent of the radius R since
as we pointed out before the critical dimensions and the structure of the representations of the
twisted sector are independent of K. The twisted part will be determined when we discuss the
multicritical point R = %

3.5 The Multi-Critical Point, R:%

In section 3.2 we pointed out that the only other candidate in the set of torus models to be
a multicritical point is the model with R = % Here we will show that this is indeed true.

The model has half the radius of the SU(2) model. There is a well defined projection in
order to get this model from the SU(2) model. This is done by projecting onto even momentum
states and adding extra states with half-integer winding number, (see (3.2.7)). Such states are
created by the operators V()+L' We would use the facts above because they are helpful to visualize

the connection of this mode2l with orbifold models.

Counsider the SU(2) model and introduce the operators 6; which are SU(2) elements and
act on ¢ as,

T T
01001 = — foply = — — . 0300, = — 3.5.1
1001 ¢, Oa0> </5—|-\/§, 3903 </5—|-\/§ (3.5.1)

They satisty,
0;0; = 6 + kg, (3.5.2)

The projection operator that we mentioned before is P3 = %(1 + 0303). Out of the nine (1,1)
operators of the SU(2) model only five survive the projection P3. They are,

J3T ., JTY  ab=1,2 (3.5.3)

The operators of the second set are equivalent because they are related by the U(1); @ U(1)r
symmetry of the theory. On the other hand they generate perturbations which are inequivalent
to those generated by J3J3. Thus there exists a new continuous family of deformations of the
model. The model is indeed multi-critical.

In order to see the nature of the new direction we notice that we could have used 7 in order
to project out unwanted states. This would have the effect of identifying ¢ with —¢, as it is
obvious from (3.5.1). So the model is in fact equivalent to the orbifold model at R = /2. The
operator J3.J? generates perturbations that move along the line of the orbifold models.
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The aforementioned equivalence can be used to determine the twist partition function in the
orbifold models as it was pointed out in the previous section. That is,

1 1 1 |192193| + |192194| + |193194|
Zi=7(——=)—=Z(V2) == 3.5.4
(=25 = 32V =5 PE (3.54)
where ¥; = ¥;(0|7). Thus,
1
Zorp(R) = §Z(R) + Zy (3.5.5)

There is a notion of duality for the orbifold models too. In the untwisted part of the spectrum
the transformation is the same as in the torus model, (3.2.24). In order to see what happens in
the twisted sector it is easy to look at the self dual point R = /2. The twist fields %! in this
case are equivalent to the vertex operators of the torus R = - model” V()+Lv V.. Thus duality

’2

V2 0,3
means shifting ¢ — ¢ + %, ¢ — ¢. The effect of such a transformation on the twist fields is,

0 1 0 1 1 1 0 1
H HE(H —I—H),H HE(H —H) (3.5.6)

There are no (1,1) operators in the twisted sector of the orbifold models. Thus the analysis
of the existence of multicritical points is the same as in the torus models.

3.6 The ¢ =1 N=2 Superconformal Model

It was already mentioned in the previous chapter that there is a minimal N=2 superconformal
model with ¢ = 1. In this section we will analyze it in more detail. In fact we will show that
there are two distinct torus models with unbroken N=2 superconformal invariance and two
distinct orbifold models where N=2 superconformal invariance is broken down to N=1 due
to the presence of the twisted sector. As we showed in Appendix 2.C the model, (including
its twisted sector), is equivalent to one of the minimal models with N = 1 Superconformal

invariance. In Appendix 2.E we showed that the model with unbroken N = 2 supersymmetryT
1s in fact the torus model with R = % or R = % In this section we are going to discuss the
full model including the twisted sector too. We will use the formalism of N=1 supersymmetry

which in this case gives a more economical way of describing things, especially in the twisted
case.

In most of our discussion we will focus on the left sector only. At the end we will discuss
the combination of left and right sectors.

* In fact after some manipulations of equation (3.4.14,15) one arrives at the power-like behavior present in
the correlation functions of vertex operators
1 That is the untwisted sectors.
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In the NS sector of the model the dimensions of the primary N=1 superfields are, 1, % and
1

6 The last one will come from the twisted sector of the orbifold model.

Let’s start from the untwisted model.

To find the superpartner of T'(z), we have to find an operator with A = % There are two
candidates, V\/g(z) and V_\/g(z), as well as any linear combination of the two, which has the
correct dimension. For reasons that will be explained below, the correct form is:

G(z) = \/LE LeiVBO(z) L L o miVBI(E) (3.6.1)

Then the N = 1 superconformal algebra closes correctly:

1 N 2T (w)

Ers i (3.6.2)

G(2)G(w) = §

The primary operators in the NS sector are generated by primary superfields acting on
the NS vacuum. A superfield is a function in superspace:I ®(z) = g(z) + 0(z). If A is the
dimension of the bosonic component ¢(z), then the corresponding dimension for the fermionic
partner ¢ (z) is A+ % A primary superfield operator is defined through the following OPE with
the super-stress-energy tensor:

G(2)g(w) = L 1)) = L) Gugle) (3.6.3

(2 —w)

)
Gl=)b(w) = a‘”g(w; 2 D ) = (A + %) <Z¢fﬁ)2 )

The obvious candidate for the A = 1 primary operator is the U(1) current of the system,
g1(z) = 10:0(z). It has an O.P.E. with G(z):

G(2)g1(w) = —i- (3.6.4)

From (3.6.3) we can infer that the superpartner of ¢1(z) is ©1(z) = —i[V\/g(z) + V_\/g(z)].
It is an easy exercise to check that the rest of the relations (3.6.3) are satisfied.

1 z and 0 are the coordinates in superspace denoted collectively with z.
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(/(z) and t1(z) are the two supercharges of the corresponding N = 2 minimal theory which,
along with 7'(z) and ¢1(z), complete the N = 2 super-stress-energy tensor multiplet, [6,33]. As
far as the other representations are concerned they can be built from the N=1 representations
without adding new fields in the super-multiplet. As it was shown in Appendix 2.E, for N=2
representations degenerate at level 1/2 one of the fermionic components vanishes identically
while the second bosonic component is the derivative of the first one. Thus the N=2 super-
multiplets contain the same number of degrees of freedom as the N=1 super-multiplets. Using
the remarks above the N=2 structure can be easily reconstructed from the N=1 structure.

There are two A = % operators with opposite U(1) charge: gf_c(z) = &%) | We can
6
— 16

operator, the above exhaust the set of primary operators in the NS sector. The identifications

calculate the superpartners of gf(z): ;/)fc/ﬁ = ZF% . T Thus apart from the A = 2
6

above imply the following operator algebra:

[ei]=[] , [ [é] = [é] (3.6.5a)
[é] ® E] =[0e 1o [é + %] (3.6.5b)

which is in accord with the known “fusion rules,” [48].

In the Ramond sector the two ground states are generated from the NS vacuum by the
corresponding spin field operators, ©(z) and ©(z) of dimension A = 21—4 , Go| ©) =| ©).

One of them, | ©) is degenerate at level zero and thus decouples. Correspondingly,
G(2)0(w) ~ O[(Z—w)%]. O(z) can be also represented as a vertex operator: O%F(z) =:

T3 We can explicitly compute:

G(z)0%f(w) =F— —— (3.6.6)

As expected, ©F(2) create cuts in the complex plane around which the fermionic components
of the superfields are double valued. The Ramond primary operators are generated from the
Ramond ground state by the action of superfield operators.

48

The operator of dimension A = % in the R-sector can be represented by ggc(z) = eFT o)
8

It is generated by the superfield operator ®1(z) acting on the R-vacuum. We can explicitly verify
6
the following O.P.E.:
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[0+3] S0 I [0+3] - '3] [3
2 24] " [24 7 7] 2 8] 8],
L] ]2 1 ®'1] _[1 (367
6], |24, 8], 6],  |24]_  [24]_ o
[1+1 N _'3] [1+1 ®'1] _[1+1
6 2], [24],  [8]_ 6 2], [24]_ " [2¢4 "],

By replacing + < —, (12) remains valid.

The operators constructed so far correspond to all the operators of the NS and R sectors
of the corresponding N = 2 model.

At this point we should be more careful concerning putting together the left and right parts
in order to have a well defined model. We can rewrite the partition function (3.2.23) using the
N=2 characters derived in section 2.3.

25 =

NS NS NS NS R R
o 124 X 1P + 20 P+ 2l 2 P+ 4lxa, 1P+ 2L |
6 6 8 24

+ 2|Xf2j4_|2 (3.6.8)

DN | =

The explicit expression for the characters is,

NS 1 n 22
Xoa (T) = +1)%¢ 3.6.9a
w0 = oy L) (3.6.94)
]_ 3 132
() = = Y (1)gEd) (3.6.90)
g n(r) 2,
R 1 n é(n—l—l)2
X3, (T)=57= +1)"qz\" 2 3.6.9¢
)= g (3.6.9¢)
]_ 3 132
K (r) === (£1)"g20"Te) (3.6.9d)
ez n(r) 2=,

Y-k
where as usual ¢ = 277",

x In fact x¥ = 0 and this is the reason that it does not appear in (3.6.8).
8
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The characters with a minus subscript in (3.6.9) are defined with an insertion of the fermion
number operator, (—1)!" in the trace. Thus (3.6.8) implies that all the operators in the theory
have even fermion number. Using the character decomposition formulas from Appendix 2.C we
can write the partition function using N=1 characters. The model contains the following N=1

representations, (0,0)V%, (%, %)NS, (1,1)V9, (i,zl—zl)R, (%,%)R of spin zero and (0,1)°, (1,0)V°

of spin £1. The N=2 supersymmetry is unbroken.

There i1s another torus model with unbroken N=2 superconformal invariance at R = %
The local operator analysis is the same as above. The only difference is in the way left and right

part are sewn together. In fact it is easy to show that Z(%) can be written as in (3.6.8) with
the only difference that the %

{ term comes with a minus sign in front. This has a consequence
24

that the Ramond ground state (ivzl_zL) is projected out!.

Let’s now discuss superconformal invariance in the orbifold models. As anticipated the two
models with N=1 unbroken invariance have R = % and R = % We will start from the R = %
model. As in the torus case the other model will be obtained by switching the appropriate sign
in its partition function, (see (3.5.5)). In Appendix 2.C it was shown that the single operator of
the twisted sector of the ¢ = %, N = 2 model with A = % decomposes into the A = % operator
in the NS sector of the N = 1 system. Since the operator in the T-sector twists one of the two
bosonic components of the N = 2 superfields, it is natural to expect that a candidate for the

A= % operator is the “twist” field H%1(2), which twists the scalar field ¢(z).

Thus we identify the dimension % operator in the NS sector with one of the twist fields, H°.
Using (3.4.16) one can ascertain that from the primary operators in the NS sector, only ¢1(z)
and (/(z) have vanishing three-point functions with two twist fields. The three-point function
of three twist fields is automatically zero due to the Ds symmetry of the orbifold model.

Thus we have the following O.P.E."

1 e hel] o [ 11 (36.10)
16 16] 2 6 6 2 o
The superpartner of H° is given by:
G( )HO()—M A= =41 (3.6.11)
z w =G , T 6.

Let’s now investigate the operator product [1] @ [£]. Due to twist conservation, the only

families that are allowed to appear are [1¢] and [& + 1].

1 Part of the representation it generates is still present
1 We use N=1 representations.
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Since the expectation value of ¢1(z) in the presence of two twist fields is zero, [11—6] is
not present in the operator product. To investigate the appearance of [11—6 + %] we must find

(0| H?(20)i0.¢79(0)|0). To evaluate this three-point function, we first compute:

_ {0 | H%(00)id0(2)G(w)HO(0) | 0)  iVB 2%
F(z,w) = (0| Ho(oo)HO(O) | 0) T g r—w) w (3.6.12)

Now, if we let w — 0, we can find {0 | H%(00)id.¢(2)7%(0) | 0) as the residue of the % pole.
This gives:

(0| H%(c0)id.6(2)7°(0) | 0) B _@ 2
(0 [ H9(o0)19(0) |) " #0 (3.6.13)

Consequently [1] @ [{] = [{z+3]. The only remaining O.P.E. to compute in the NS sector
is [#] @ [{]. Again, conservation of twist implies that only the families [] and [& + 1] can

appear in the operator product. Doing an analogous computation as above we find indeed:

e (810 « (54

in accord with [48]. Now the picture of the NS sector is complete.

In the Ramond sector the twisted states will be generate by the action of H? on the Ramond
vacuum. Indeed using (3.4.16) and the explicit form of the Ramond vacuum it is easy to find
that the dimension % oparator in the Ramond sector is in fact H! whereas the dimension 19—6
operator is 71. This is also supported by equation (2.C.5). Using the identifications above and
(3.4.16) we can verify the fusion rules which are already known, [48],

R R NS R R NS
1 1 vs  [1 1 3 1
kS L L 1 il I 3.6.15
16 16 S [6] |16 8 16] (3.6.150)
R R NS R R r NS
9 1 vs  [1 9 9 vs  [1
9 L - i “ =0 - 3.6.150
16 6] —He [6] * |16 6] ~ T ( )
1 R@ 1 R 1 NS 9 R@ 1 R 1-NS (3615)
. - — | — — J— = | — 0. C
16 24 6] |16 24 16

What remains to be done is the description of both left and right sectors of the model. This
can be done by looking at its partition function. As it was already shown in section 3.4 the
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partition function of the model can be written as,

1 1 1
V= —7(—
\/?_)) 2 ( \/?_)

where an explicit expression for Z; was given in (3.5.4) and the torus part was already shown to

Zomi )+ Z (3.6.16)

be written in terms of the N=2 characters. What remains to show is how to write the twisted
part in terms of the N=2 twisted or N=1 characters. In terms of the N=1 characters we can
easily verify that,

1
= S0t =Xty P+ XA P4 2P (3.6.17)
where,
1 2
Yot —XiE = —= > (=1)"¢" (3.6.18a)
n(r) =
]_ 15\2
s = n g (n+7)
A5 = (£1)"g\"F1 (3.6.18b)
ot 77(7),;

1 L)NS7 (L L)R7 (i i)R

Thus the extra representations, (74,7 676 16716

appear which have all spin

—
—

Z€TOo.

3.7 The Bosonic Representation of the Critical Ising Model

In this section we are going to discuss a certain bosonization of the critical Ising model, [8].
We include this in the present chapter for reasons that will become obvious in the next section.

The critical Ising model is the first member of the conformal discreet series w1th c= 5 It 1s
the continuum limit of a massless free Majorana fermion. The operator content is, (% %)
(11—6, %) The operator of dimension % is the fermion whereas the operator of dlmenswn % is

the spin field around which the fermion is double-valued.

One might wonder how can, a free scalar field with ¢ = 1 be equivalent to an Ising fermion
(¢ = %)7 The answer i1s that the stress-energy tensor of the bosonic model does not have the

standard quadratic form. In particular, as we shall see, it is far from obvious that the scalar

field is free.

The construction that we are going to describe is at the operator level. We will consider a
scalar field with radius R = 1. We will assume that the two point function is the free one: "

(016(=)6(0)]0) = —In(= — w). (3.7.1)

Consider the most general operator of dimension two. It is a linear combination of : 9,¢0.¢ :
020, Via(2), azqﬁviﬁ(z). Thus we will consider a general linear combination of the operators

* This is indeed an assumption since the stress-energy tensor is not the free one.
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above. If we impose (1.1.21), then there are two distinct possibilities: The first is T'(z) = —
0,60.¢ : +B0?¢, which has been known already from the work of ref. [49]. The second is:

1.
5

T(z) = —i 0,606 ¢ +8Va(2) + AVoa(2). (3.7.2)

with 35 = %, and 3, 3 are otherwise arbitrary. In this case a direct computation shows that

c= %! From now on we will focus on the second case.

The value of the central charge hints that somehow the theory described by (3.7.2) is the
Ising model. Let’s investigate, what are the primary operators in this theory.

Recall that a primary operator ®(z), of dimension A, satisfies the following O.P.E.

P (w) N Ouw®(w)

T(2)3(w) = A T (3.7.3)

(z —w) (z —w)

It is easy to show that derivatives of ¢ cannot be primary operators. But what about vertex
operators? Since V, @V o~ V43, only V41 have a chance of being primary. In fact, by imposing

(4), we can deduce that ¢(z) = kVi(2) + kV_1(z) is primary if and only if 48k = k, and its

dimension is A = % The dimension suggests that this operator represents the fermion of the

Ising model. There is another operator that we have to look for, the spin field (order and
disorder operator), with A = 11—6. In the standard free scalar theory there is an operator, (in

fact two, H%1(2)), of dimension 11—6, the “twist fields” of the boson. We need though to compute

again the dimension of these operators using the new form of the stress-energy tensor, (3.7.2).

A straightforward calculation gives, Apo = 31—2 + 6%65, Ag = 31—2 — 6%65. Thus in order for one

of H%! to have the correct dimension, 3 + 3 = %, or B+ = —% which fixes them completely,
B=p3= % or == —%. We will focus on the first possibility, and we will comment on the

second later on. Thus Ago = 11—6 and Ay = 0. The operator H! seems to decouple.

Then,

T(z)= —i 0 0,900,0 : —I—E(Vz(z) +Via(z)) = —— : 0:00.0 : —I—% : cos(2¢) : (3.7.4a)

1
4

1 . ‘ ‘ B 1
= SR +Vaa(2) = V2 £ coso . Oi(u()l0) =

The next step is to verify the operator algebra of the Ising model:

Jo-m (-G Bl f-oel] o

That this is indeed true can be seen from (3.4.16). For example,

(z) (3.7.4b)

N[

(OLHO (1) () HO ()] 0) = } (3.7.6)

1 1 [
=43 | T
V2 212293

The dihedral symmetry, (Dy), of the bosonic system translates into the Zs symmetry of the
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Ising model and its dual 22.

Next we calculate the 4-point functions in the bosonic theory. The following two are very
simple to calculate:

(O] (21)0(22)30(23)10(24)]0) =

! [“'2_“1} (3.7.7)

14723 T

(Ol () (o) HO ) HOGa)l0) 1 s w2 o (3.18)

(0 F19(z3) HO(24)|0) T 2214703 @

where,

p = 12 (3.7.9)

213224

The correlation function of four twist fields is the most non-trivial test. We can use equation
(3.4.14). After some tedious algebra we can express the formula (3.4.14) for R = 1 explicitly in
terms of x. The result is,

<0|H0(21, Zl)HO(Zz, Zz)HO(Zg, 23)H0(Z4, Z4)|0rangle =
1
T2

G, T) =1 = Va1 = VT +\/1+ Vo 1+ VE

(3.7.7), (3.7.8) and (3.7.10) coincide with the correlation functions of the Ising model.

1 1 (3.7.10)
|z12234| % |2(1 — 2)| 7t G2, T)

As a final check we compute the partition function of the bosonic theory on a strip with
periodic boundary conditions (that is, on a torus).

The method relies on computing (7') and integrating with respect to the modulus of the
torus, 7, to obtain the partition function.

In order to compute (7'} in the bosonic theory we need the propagator for the scalar field
on the torus. We will employ the results on chiral bosonization, [50]. The path integral over
the torus contains also a sum over the instanton sectors. Thus we split the scalar field ¢ into a
classical, (instanton) part and a quantum part, ¢ = ¢, + ¢4y. Then

- _ il wlr)
(0|¢gu(2)Pgu(w)|0) = —In E(z,w), E(z,w) = o)) (3.7.11)
where 97 is the standard J-function on the torus, [42].
1 1

since the expectation value of V3 5(z) vanishes. A straightforward computation gives (T(z)) =

W

Y
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where

o,
e, = —4mi—In

or

Vy41(0]7)

n(7)

and v labels the periodicity properties of the fermion operator and n(7) is the Dedekind 7-

],V:ng (3.7.13)

function. (In the bosonic theory, this is generated by an appropriate sum over instanton sectors,

[50].) v =1,2,3 corresponds to (P, AP), (AP, AP), (AP, P) boundary conditions.

Integrating with respect to 7 we obtain

ewmmr
()

Thus the partition function of the bosonic theory is given by the sum over the various sectors,

7, x

(3.7.14)

3

Ziot = ZZI/(T)ZI/(T—) (3715)

v=1

which is equal to the partition function of the Ising model™:

Zlsing = |x0|* + |X§|2 + IX%|2 (3.7.16)

where o, Y1, Yo are the appropriate characters of the Virasoro algebra for ¢ = %
2 16
We mentioned previously that there is another set of values for 3, 3 in (3.7.2) so that we

have a consistent spectrum. The stress energy tensor in this case isT,
1 1
T_(z) = —1 0,000 : — cos(29) : (3.7.17)

Lis

In this case the primary operator of dimension 5

Y

6-(2) = 7 (A() = Vaa(2) (3.7.18)

The twist field H° has dimension zero under 7_ whereas the dimension of H! is now %. Com-
bining this with the fact that,

To(z) +T_() = —% 0,606 : (3.7.19)

we realize that in fact what we have done 1s we split the c=1 orbifold model at R = 1 in a direct
product of two Ising models. Till now it was known that this is true, and we could construct the

* In Appendix 3.A we will show that this equivalence persists on an arbitrary compact Riemann surface.
7 We will use 7% (2) to denote the stress energy tensor in (3.7.4a)
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fermions asl vertex operators, as in (3.7.4b,18), and the “spin” fields that twisted both fermions,

S = V2 : cos B(qs _ q_ﬁ)] (3.7.20)

of dimension %. Obviously ¥ is the product of the spin fields of the two independent Ising

models. But we could not tell what the individual spin fields looked like. The construction
above in fact answers this question. From (3.4.14) we learn,

H()HY (w) = S(w) + - - (3.7.21)

Another non-trivial check that points in the same direction is the fact that the 4-point function of

two HY and two H! calculated from (3.4.14) in fact factorizes® in a product of 2-point functions,
1 1
<0|H0(21, Zl)HO(Zg, Zz)Hl(Zg, 23)[‘]1(24, 24)|0>R:1 = |Z12|_Z |Z34|_Z (3.7.22)

Finally the partition function of the orbifold model at R = 1 is easily shown to be the square of
the partition function of the Ising model,

1
[Zfsing]z = §Z(1) + 7 (3723)

We can see the construction above in another way using the vertex operator representation of
Ka¢-Moody algebras and the construction of the Ising model as a G/H CFT. This construction
seems to be generalized to all G/H CFTs and will be discussed in Appendix 2.B.

3.8 The Critical Ashkin-Teller Model and CFT

In this section we are going to discuss the critical structure of the Ashkin-Teller, (A-T), model
and describe the usefulness of the previous sections in understanding this critical behavior.

The A-T model is defined as the system of two Ising spins coupled with a 4-spin interaction,
[51]. The Hamiltonian is,

H == [ga(sisj + tit;) + ga(sisjtit;)] (3.8.1)
<1y>

where the spins take the values +1 and are positioned on the sites of a 2-d lattice and the
interaction is a nearest-neighbor interaction. When ¢g4 = 0 then the model is equivalent to
decoupled Ising models.

1 After some tedious calculation
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The most rich phase diagram is obtained in the transfer matrix approach, [52]. This involves
the highly anisotropic hamiltonian lattice. In this approach we obtain the A-T quantum chain
with a quantum Hamiltonian,

A

1
“3E S 2 {(Ui + aj + eo?) + A(Firjﬂ + Fjrm + €l?T2,)) (3.8.2)

where the chain has N sites, € is a coupling constant, A plays the role of the inverse temperature

and
1 0 0 0 0 0 0 1
0 2 0 0 1 0 0 0
o= T = (3.8.3)
0 0 -1 0 0 1 0 O
0 0 0 —2 0 0 1 0
The generic symmetry of the model is Dy. It is generated by the transformations,
'™ = M™T"  m,n=1,23 (3.8.4)
where the eight matrices M™" are given by %! and %!C,
e 00 00 1
St=] 0 & 0 | ,i=0123,C=]0 1 0 (3.8.5)
0 0 % 100

There are eight different spectra of the quantum hamiltonian (3.8.2) generated by boundary
conditions related to the various elements of the symmetry group D4. For most of our discussion
we will focus on periodic boundary conditions.

§

The phase diagram of the A-T quantum chain is known”, [52]. There a continuous line of
critical points with ¢ = 1 and continuously varying critical exponents, A = 1, —1 < ¢ < 1.
This line terminates in a Z4 model and then splits into two lines of critical points belonging
to the Ising universality class. At the other end of the ¢ = 1 line which terminates in the
Kostelritz-Thouless point, start two lines that define a “critical fan”, that is a whole area of
criticality. There is a paramagnetic region, (I), which is disordered and the expectation values
of s +t and st are zero. Region III is fully ordered and s + ¢ has an expectation value. Region
IT is partially ordered. Here s + t has zero expectation value unlike the expectation value of st
which is non-zero. There is an anti-ferromagnetic frozen region, (IV), in which the system can
be divided in two sub-lattices that behave differently. In one of them s 4 ¢ and its conjugate
operator have eigenvalues respectively 1 and -1. In the other both eigenvalues are -1. In this
region the expectation value of s 4 ¢ vanishes. For most of the rest we will focus on the c=1 line
as well as the two Ising lines.

§ For convenience and to fix notation it is presented in fig 17.
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On the c=1 critical line the model reduces to a free gaussian model with Hamiltonian, [53],
H=2 (6i— ;) (3.8.6)
<1y>

where ¢; is a periodic scalar variable with period 2x. The continuum action is,
S:g/wwm£+£m (3.8.7)

where & 1s given in terms of the coupling constantﬂ,

K = z(1 — larccos(e)) (3.8.8)

T T

If we rescale the field ¢ so that the 2-point function is given by (3.2.3) then ¢ is periodic modulo

%. Thus the radius of the torus is given by,

M=

R(e) = [2(1 — %arccos(e)) (3.8.9)

It varies between the limits, % < R < oco. It 1s known that at the point ¢ = 0 the two Ising

spins decouple. Then the partition function has to be the square of the Ising partition function.
This in fact along with modular invariance fixes the partition function of the A-T model to be
the orbifold partition function (3.5.5).

Thus the whole discussion of the previous sections applies to this critical line.

The line —% < e < 1 1s a critical line corresponding to L < R < 2. It contains the

\/5 >
following well known points. The 4-state Potts model at e = 1, the Z4 parafermionic model at
€= %, two decoupled Ising models at ¢ = 0, an N=1 superconformal model” at ¢ = — \f\/}l,
and the Kosterlitz-Thouless model at € = —%.

This line continues into the critical fan, —1 < ¢ < —%, or V2 < R < co. In there
appear the dual models of the above with one exception. There is the N=1 superconformal

model at ¢ = —@, two decoupled Ising models at € = —,/ \fj;, the Z4 parafermionic model

at ¢ = —\f\;;, the 4-state Potts model at ¢ = — %—I—% \fj;, and a N=1 superconformal

model™ at ¢ = —%1 / % At the end of this line, ¢ = —1 the gaussian analysis breaks

down. There is a first-order phase transition there. This model could be described as an “anti-
ferromagnetic” 4-state Potts model.

§ This is known by maping the A-T model to the six-vertex model, [54].
# That is the twisted N=2 model.
#% This is distinct from the previous two.
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For the whole critical line above we know, (thanks to the previous sections), the exact
partition function, the spectrum and the correlation functions. In particular we showed that
there are operators coming from the twisted sector of the scalar theory with critical indices

which are constant along the line. The most relevant one corresponds to the [%, 11—6] family

coresponding to the leading magnetic exponent zgyg = %. Our analysis predicts the existence
and value of the second magnetic exponent Ty = % which corresponds to the presence of the

family [19—6, %] in the spectrum.

It remains to describe the two Ising lines in terms of the scalar theory. In fact the renor-
malization group analysis of [52] derived the form of the Hamiltonian for those lines. Up to
normalization it coincides with the stress-energy tensors, T4 we presented in section 3.7. Thus
the “bosonization” described in 3.7 in fact gives the correct mapping between the bosonic vari-
ables of the A-T model and the nature of the Ising critical lines.

The critical points of the A-T model have phenomenological importance since they seem to
describe the superfluid-to-normal transition of He* films, [55] and possibly the critical behavior
in planar magnets, [56] and liquid crystals, [57].

3.9 Conclusions and Prospects

In this chapter we analyzed in detail CFTs with ¢ = 1. We subsequently used them to
analyze the critical behavior of the quantum A-T chain. We were able to explain all important
critical lines and calculate the critical partition functions, the spectrum and the correlation
functions. All the calculations above are exact.

There is a potentially complete classification of ¢ = 1 CFTs, [58]. A large part of them
appear in the critical A-T model. One of course would like to solve more complicated critical
systems and to find new ones. Such hopes seem well founded in the context of CFT. As it
was already mentioned in the introduction, there are new statistical models that were found
by knowing their critical points. On the other hand their critical points were found using CFT
techniques. The models in question are the G/H RSOS models which turn out to be integrable
even outside the critical regime. In Appendix 3.B we point out that such critical points will
appear in multi-component scalar models which are not in general free.

It 1s conceivable that a lot of progress will be achieved in the coming years along these lines.
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APPENDIX 3.A

The Bosonized Ising Model at Higher Genus

In this appendix we prove the equivalence of the bosonic and fermionic versions of the Ising
model on an arbitrary compact Riemann surface.

We will show that the two theories possess the same partition function on any compact
Riemann surface. To achieve that we will show that the expectation value of the stress-energy
tensor is the same in both theories and thus their partition function are the same up to trivial

*
constant.

Let’s first compute (7) in the fermionic case. The two-point function of the fermion on a

compact Riemann surface of genus ¢ > 2 1s given by the Szego kernel'

<o|x1/(z)qf(w)|o>:9[b](f(w”)- L [ w) (3.4.1)

0 [Z] 0) FE(z,w)

where the pair (a,b), (a,b are g-dimensional vectors whose components are either 0 or 3),

specifies an arbitrary even spin-structure on the surface, E(z,w) is the prime form, and ',

1 =1,2,...,q,1s a basis of holomorphic one-forms.
1., 1

The Szego kernel satisfies the following identity, [59],

a 2 g ; ,
{P X (Z,w)} — w(z,w) + ’Zl At (2)1 (w) (3.A.3)
1,1—
Ran ?

We need also the short distance expansion of the prime form.
E(z,w) = (z —w) = Z—2-5(w) + O[(z — w)?] (3.A.5)

where S is the projective connection, [59]. Using (3.A.3), (3.A.4), (3.A.5) we can easily show

* We will only discuss even spin structures where there are no zero modes for the fermion.
7 For notation and more details see ref. [59].
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that

_ i > Ay () (z) - Sz(j) (3.A.6)

Note that (7'(z))p depends on z, since translation invariance is not a symmetry of the
correlation functions for ¢ > 1.

The corresponding calculation in the bosonic model proceeds along the same lines.

1

(60 =~ i {06000 + —— ] (3.4

(2 —w)

z

Ezg:p’/z/ + ¢gu(2)

1=1 P,
where the winding number p' takes the appropriate values, p' = 2m + o', m € Z, Py is an
arbitrary point on the surface and
(0:04u(2)0wdgu(w)) = —0:,0pInE(z,w) = —w(z,w) (3.A.8)

The sum over 1nstanton sectors 1s weighed by the holomorphic instanton action, S, = %(m +

a)’Q”(m + a) + 271'@6’(m + a) , where ©Q;; is the period matrix of the surface. The instanton
sum contributes a factor —2%1110 [Z] (0)v'(2)v*(2) which by the heat equation satisfied by

the #-functions is equal to — ?,j:l Aijv' (2)7(2). Thus (T'(2))p = (T'(2)) 5 which completes

the proof.



100

APPENDIX 3.B

The Ising Bosonization as a G/H Construction
In this appendix we will show that the bosonized version of the Ising model presented in
section 3.7 can be understood through its G/H construction.

Let’s consider the tensor product of two SU(2) Kac-Moody algebras at level one. The
currents satisfy the following algebra,

c ab
T ) = e 2L 10

o, i=1,2 (3.B.1)

and the two algebras for ¢ = 1,2 commute. The stress-energy tensor of this theory is of the
Sugawara form and the central charge is ¢ = 2,

3

2.

1,a=1

Ta(z) = JH =) I8 (=) (3.B.2)

7

2
1=

Let’s consider the diagonal SU(2) subalgebra, generated by Ji* + Jy. This is an SU(2) Kac-
Moody algebra at level two. There is an associated stress-energy tensor with it with central
h =3
charge ¢ = 3,

Ty(z)= 7D (J1(=) + 5L () + I3 (=) - (3.8.3)

a=1

W~ | =

If we form the difference T (2) — Ty (2) we can show that it is a stress-energy tensor with ¢ = %
and that it commutes with 7'y. Thus we can write SU(2)3=1 @ SU(2)g=1 = SU(2)r=2 @ Mg, n,
[60]. This expresses the fact that the initial CFT can be written as a direct product of two
other CFTs. The piece Mg,y generated by Ty = Tz — Ty is the critical Ising model as it is
suggested by the value of the central charge.

We will now use the fact that the SU(2) Ka¢é-Moody algebra at level one can be constructed
out of free boson of radius B = /2. We will need two such bosons, ¢1 and ¢2 in order to make

the product. We normalize as usuaIT,

(016:(2)6;(10)[0) = ~61og(= — w) (3.8.44)

* As it was shown in section 3.3.
1 In this appendix we will deal only with holomorphic aspects
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+

Then the SU(2) @ SU(2) currents are”,

¢

HEOE MW)ﬁwa%w@ﬂmmziﬁmw (3.B.5)

V2 T V2 NG

The Sugawara stress-energy tensor is just the sum of the stress-energy tensors of the two bosons,
1 1

TG(Z) = _§az¢laz¢l - §az¢28z¢2 (3B6)

The currents of the diagonal subalgebra can be written in terms of the bosons,

%(azqﬁl L 0.y, TE = % vy ivae] (3.5.7)

Now we can use can use (3.B.3) in order to calculate the stress-energy tensor for the subalgebra.
The result is,

Ji =

Ti(2) = (061 4 0u60)? — 5 [(0-01)" + (0.0)) 1 & [VHO=02) 4 =0i02)] - (3.p25)

We will use another basis for the bosons in such a way that the formulas become more trans-

parent. Define g ,

1 1
p1= 7§(¢1 + ¢2), p2= E(% — ¢2) (3.B.9)

The 2-point functions are still diagonal,

(01pi(2)p5 ()]0) = 8 log(= — w) (3.B.10)
In this basis, T (z) becomes,
Ti(z) = 5 (@) = {(@p) + [P0+ %) = (@ 4T (3811
and,
Teyn(2) = Tolz) — Tu(z) = —3(@p2)? — 7 [¥7 + 2] =T (3.8.12)

which is exactly the expression we used for the Ising model in section 3.7. It is instructive to

write also the SU(2)g—y currents in the new basis ",

Jf?)f = z@zpl 5 J}{t = —eilpl [elp2 + €_Zp2] = 6i1p1¢+ (3B13)

V2

It is known that the level two SU(2) algebra can be constructed out of three free fermions. We
can combine two of them to make a boson. Then (3.B.13) and (3.B.11) is written in terms of

1 We will omit normal ordering symbols. All operators should be taken to be normal ordered.
§ The radius of the new bosons becomes now R = 1.
9 The notations, T4, ¥+ are the same as in section 3.7.
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the boson p; and the fermion in its bosonized form in terms of ps. The same remarks aply in
decomposing the SU(2); @ SU(2); representations into representations of SU(2)y @ [sing.

The construction above suggests that this could be done for any pair (G,H) by starting
from level one algebras that have a bosonic form which is well understood”. We will present
an example by constructing the level N SU(2) algebra and thus the associated 7y parafermion
theory, [61].

The level N SU(2) algebra will be constructed as the diagonal subgroup of the product of
N level one SU(2) algebras. We will need N free scalar fields ¢; of radius R = V2 in order to

construct N copies of SU(2);. We will normalize them as usual,
(0]6:(2)¢;(w)|0) = —6Y1og(z —w) , 4,5 =1,2,---, N (3.8.14)

The individual SU(2); currents are as in (3.B.5). The currents of the diagonal SU(2)y become,

. N N
? 1 »
Br= =Y 0.0, Ji= 2 ) FiV2 (3.B.15)
\/5 1=1 \/§ 1=1

while the Sugawara stress-energy tensor 1is,

N

N 2 N
Ty(z) = ﬁ —% (Z azqsi) =) (060" + > <ei\/§(¢i_¢ﬂ) + e_i\/i(¢i—¢J)> (3.B.16)
1=1

1=1 1<y

We must now make a transformation on our basic variables ¢; to make things more transparent.
Let’s define,

¢

V2 3.B.17
TN it p ( )

¢ =

where 7is an (N-1)-dimensional vector of scalar fields. The ji* are the weights of the fundamental
representation of SU(N). They are (N-1)-dimensional vectors and there are N of them. They
are normalized as follows,

L 11

The roots of SU(N) are &;; = ji* — ji’. They are normalized to & - @ = 1. The &; = ji* — 't}

* There are indications that one could construct theories in this formalism that are of a wider variety than
G/H theories.
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are the simple roots. The new basis for the bosons defined by (3.B.17) is still orthonormal,
(01pi(2)p;(w)|0) = =810g(= — w) , {0]|8(2)®(w)|0) = —log(z — w) (3.B.19)

The SU(2) currents now become,

N
Jy =i Ea@ g L iz +2if1" 3.8.20
N =1/ 50:2, N_ﬂe Ze (3.B.20)

whereas the stress-energy tensor is,

1
TW(Z)::—§(8Z®)2+—T%"(Z) (3.B.21a)
1 -
par o — — 200

The sum is over all roots of SU(N) ™. From (3.B.20) one can easily identify the 7y parafermion

*okok
operators

_ 1IN v
hi(z) = N [; ¢ ] (3.8.22)

One then using the OPE among vertex operators can construct explicitly the whole parafermion

algebra**** )
Ur(2) () = Crp(z — )78 [pgp () + O[(= — w)]] (3.B.23)
with,
NYF N e S
pr(z) = ( ) ST VR ) (3.B.24)
11 <t <l---<
and

(k+ K)(N = k)I(N — k)1
(kNN — k — K')IN!

Cip = (3.B.25)

The spin fields of the parafermionic theory are twist fields for the vertex operators v41. The

#* The reason for the appearence of the roots of SU(N) is the fact that the SU(2)y parafermions can also be
constructed as the coset space SU(N); @ SU(N)1/SU(N)3.
##+ Th"" is the stress-energy tensor for the Zy parafermion theory.
s**%+ The indices k, k', k + k' are always understood modulo N.
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fact that oy twists 11 by :l:% completely determines the correlation function,

k k

(0] () ()1 () (0)[0) = K
<0|UIJ£(OO)Uk(O)|0> (z —w)* %

Using,

2

Yo1(2)1(w) = (2 —w) 7w

(3.B.27)

N +2 Tﬁar(w) N
N (2 —w)?
we find the dimension of the spin field o; to be A = % Unfortunately we do not

have a complete description of these fields in the bosonic language but is conceivable that their
correlation functions can be computed with techniques similar to those of ref. [46].

The construction above can be done for any G/H CFT by starting first from level one
algebras. It is obvious that the bosonic coordinates are compactified on lattices that are direct
products of root lattices of Lie algebras.



