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1 Introduction

In physics, the construction of world sheet fermions [1, 2] played a central role in the
discovery of affine Lie algebra [1, 3] and superconformal symmetry [2, 4]. Examples
of affine-Sugawara constructions [1, 5] and coset constructions [1, 5] were also given in
the first string era, as well as the vertex operator construction of world sheet fermions
and SU(n); from compactified spatial dimensions [6, 7]. The generalization of these
constructions [8, 9, 10] and their application to the heterotic string [11] mark the begin-
ning of the present era. See [12, 13, 14] for further historical remarks on affine-Virasoro
constructions.

The general Virasoro construction on the currents J, of affine g [15, 16, 17]
T(L)=L®*J,Jy * (1.1)

systematizes the direct approach used by Bardakci and Halpern [1, 5] to obtain the
original affine-Sugawara and coset constructions *. The Virasoro master equation [15,
16, 17] for the inverse inertia tensor L% = L contains the affine-Sugawara nests T and
many new conformal constructions ¢” on the currents of affine g.

In particular, broad classes of exact unitary solutions with irrational central charge
[19] have recently been obtained on affine compact g. The growing list presently includes
the unitary irrational constructions [19, 21, 22, 23, 24]

((simply-laced g,)9)3;
SU(3)%,
SUB)basic = § SUB) Dy SUB @), SUB)De (1.2)
SUB) .y, SUB)Ew
SO(2n)*[d, 4]

SO — SO(5)#[d,2]; SO(2n+ 1)#[d,6];, n >3
(Wiias =\ SO(5)#(d,6:; SO(2n + 1)#[d, 6)a. n > 3
50(5)#[0[,6]2

which are obtained for variable level in the BASIC D Dynkin O Maximal sequence of
subansétze, and in SO(n)giqy, the diagonal ansatz on SO(n). The value

c((SUB)s) ) =2 (1 - \/16_1) ~ 1.7439 (1.3)

is the lowest unitary irrational central charge yet observed [23]. A very large number [19]
N(g) =2"9,  n(g) = dimg(dimg — 1)/2 (1.4)

of solutions is expected generically on arbitrary level of any g, e.g. N(g) ~ i billion on
SU(3), so the exact constructions in (1.2) are only the first glimpse into a generically-
irrational affine-Virasoro universe of immense new structure.

*Related ideas are discussed in [18].
"The affine-Sugawara nests [19] include the affine-Sugawara constructions [1, 5, 9], the coset construc-
tions [1, 5, 10] and the nested coset constructions [20].



Recently, a high-level or semiclassical expansion of the master equation [23] has been
developed, which is capable in principle of seeing all high-k£ smooth unitary constructions
on any simple g. In an application to the ansatz SO(n)gq.,, the expansion shows an
isomorphism between this subset of unitary affine-Virasoro constructions and the set of
graphs of order n [24]. Conversely, the isomorphism provides a Lie group and conformal
field theoretic organization of graph theory which may be interesting in mathematics.

The emerging picture, seen most clearly in the isomorphism with graph theory, is that
the known rational constructions with Lie group and subgroup symmetry are among those
few solutions with the highest symmetry, and the new unitary irrational constructions
have at least a residual discrete symmetry, but the generic unitary irrational conformal
field theory has no symmetry at all.

In other directions, the master equation has been identified as an Einstein system
on the group manifold [16], and a world-sheet action [25] has been obtained for the
generic high-level smooth affine-Virasoro construction. Moreover, classical construction
of primary fields [25] has been studied in the generic theory. The master equation has
also provided an exact C-function and C-theorem [26] on affine-Virasoro space, so that
the system may be related to an exact renormalization group equation.

Another important direction is the identification of those new affine-Virasoro con-
structions which have superconformal symmetry, W-symmetry or other symmetries. In
a special case, the question of supersymmetry has been addressed by Mohammedi [27].

In this paper, we obtain the superconformal master equation, which collects the su-
perconformal solutions of the Virasoro master equation on g, x SO(p,q);. The super-
conformal system, which possesses an exact super C-function and super C-theorem, is
remarkably simple because it is completely general.

We have also found a consistent superconformal ansatz, which we call (SO(n)giqq X
SO(dim SO(n));)n=1 because the “bosonic” structure of the ansatz is analogous to that
of the ansatz SO(n)giqqg. In particular, a high-level expansion of this ansatz shows a large
class of new, generically irrational superconformal field theories with a 3-form living on
the signed graphs [28] of order n. Finally, there are four technical appendices, including
the general N=2 construction in Appendix D.

2 The Virasoro Master Equation

The general Virasoro construction begins with the currents J, of affine g [3, 1],
[Jm), an)] = i fu" T - mGoOmino , MNEZ (2.1)

where f,;,° and G, are respectively the structure constants and general Killing metric
of g. The current algebra (2.1) is completely general since g is not necessarily compact
or semi-simple. In particular, to obtain level z; = 2k; /2/1? of gy in g = @rg; with dual
Coxeter number h; = Q; /1?2, take

Gapy = ®rknly  fac foa" = — ©1 Qi (2.2)



where 1!, and 1; are respectively the Killing metric and highest root of g;. The class of
operators quadratic in the currents,

T(L)y=L":JJyt= Y Limym? (2.3)

meZ

is defined with symmetric normal ordering, Ty, = *J,J, & = Ty, [15]. The set of coef-
ficients L® = L' is called the inverse inertia tensor, in analogy with the spinning top,
and the set of all coefficients {L%} is affine-Virasoro space. The requirement that 7'(L)
is a Virasoro operator

(L0, L0) = (m = m) L™ 4 Zm(m? = 1) no (2.4)
restricts the values of L% to those which solve the Virasoro master equation.
The master equation and central charge may be written as [15, 17, 26]
BL)=0 , c(L)=2L"Puypal = 2G L™ (2.5)

where the S-function 3% and metric P, cq on affine-Virasoro space are 1

1
ﬁab(L) = *LCdLechd,efab o Lab
2 (2.6a)

— _Lab + 2Lachdeb _ LCdLeffceafdfb . LCdfceffdf(aLb)e

1
Pab,cd = Z4<Tab(Z)Tcd(0)> = Ga(ch)b - ifa(cefd)bfGef- (26b)

The master equation has been identified in [16] as an Einstein-like system on the group
manifold.

The corresponding C-function on affine-Virasoro space [26]

A(L) = 2L Py (L™ — 26°(L)) (2.7a)

OA(L) cd
oL —12F, a3 (L) (2.70)
A(L)[p=0 = ¢ (2.7¢)

is an action for the Virasoro master equation ¥. All the conformal field theories of the
Virasoro master equation are fixed points of the associated flow

i = p(L) (2.5)
which satisfies the C-theorem [29]

A(L) <0 (2.9)
for unitary subflows [26] on positive integer levels of affine compact g. It is difficult to
resist speculation on the connection between this system and an exact renormalization
group equation.

tOur notation is A@Byy = AuBy + ApB, and A By = AyBy — ApBa.

$The C-function equation of motion P, .q3°?(L) = 0 in (2.7b) is in fact the correct master equation,
which follows from the current algebra when there are linear dependences £**T,;, = 0 among the current
bilinears T, on g,. This form of the master equation allows continuous solutions L*® — L% 4 ¢ and
the usual master equation 3°(L) = 0 is a gauge fixing of this symmetry since 3% (L + &) = % — ¢ is
easily verified from Pab’cdde =0.



3 (General Superconformal Construction

The N=1 superconformal algebra is

[L(m)7 L(n)] = (m— n)L(m+n) + TCQm(m2 [ (3.1a)
1

{G(T)’ G(S)} — 2L(T+5) + g(r2 _ 1)57,_‘_3’0 (31b)

(L™, G = (% — )G (3.1¢)

where {G("} is the supercurrent, with r € Z+ 1 ( Neveu-Schwarz) or Z (Ramond). The
equivalent operator product expansion (OPE) is

T(:)Tw) = C_/ 1)4 N ((z _Qw)Q . ! waw> T(w) + finite (3.20)
G(2)G(w) = (sz/ 2)3 4 _2 —T(w) + finite (3.20)
T(z)G(w) = <(2 3_/?0)2 + . _1 w8w> G(w) + finite (3.2¢)

where T(z) = 32, L™ 2772 and G(z) = 3, GMz7"73/2. A property of this algebra is
that the relations (3.1b,c) or (3.2b,c) imply the Virasoro algebra (3.1a) or (3.2a) via the
Jacobi identity

(Lt A{GD, GO+ {GM,[GW, L]} +{GW, [60, L]} = 0 (3:3)

so that only the GG and T'G algebra is required for superconformal symmetry.

Standard representations of this algebra involve Majorana-Weyl world-sheet fermions

S[(Z)SJ(U}) :ﬁ]JA(Z,U)) + 25[(2)5](11}) Z , [,J: 1,"',F (34@)
(A (BH-NS)
A(z,w) = { 2\/2%23_10) (R) (3.4b)

where Sj(z) = ¥, S\ 212 e 7 + 1 (Bardakci-Halpern-Neveu-Schwarz) or r € Z
(Ramond). The fermionic metric 7, is the metric on the carrier space of some antisym-
metric representation 7', with dim 7" = F, of any group g, and the fermionic affinization
g1 has level 2(T") = the Dynkin index of T". Alternately, and without loss of generality,
we may consider the fermions to be in the vector representation of SO(p,q); D gu(r),

ptq=F
2
J]J:’Z'MT;/} gS]SJ Z, 1 <J (35)

with level T =1for F >4 and 7 =2 for ' = 3.

Our construction begins on the manifold

(g x fermionic SO(p,q).), Gz = BrGa, (3.6)



with a set J4 (A =1,---,dimg) of “bosonic” currents on g, [3, 1]

Ja(2)Jp(w) = Gap 5+ ifas® <z—1w + ;81”) Jo(w) + Tap(w) + O(z —w) (3.7a)

= w)
Ja(2)S(w) = finite . (3.7b)

Our strategy is to collect those solutions of the Virasoro master equation (2.5) on this
manifold which possess at least one supercurrent of the form

G(2) = M Ta(2)S1(2) + ct7 S1(2)S0(2)Sk () ¢ (3.8)
whose coefficients e’ and ¢//% will be called the vielbein and 3-form respectively. The
Neveu-Schwarz copy of the supercurrent in (3.8) is the most general spin 3/2 quasi-
primary field which can be constructed from the fermions and the currents; addition of
0S; terms to the supercurrent is discussed in Appendix C.

The GG OPE (3.2b) defines the stress tensor in the fermionic basis

T(2) = L Tan + F(381(2)8:5:(2) § = 5o5)
z (3.9)
+iMIAT4(2) 351(2)S5(2) &+ R 581(2)85(2) Sk (2)S1(2) ¢

where 0 (BH-NS
ASB = AOB) — (9B)A, c= { ) n ) (3.10)
and the coefficients of the stress tensor are determined as
1
LAB = AB(e t) = ieAIeBJmJ (3.11a)
1 1
FlJ _ ]—“”(e, t) = _ZGAIGBJGAB _ gtIKLtJMNnKMnLN (3.11b)
1 1
MITA — MIJA(G’t) — 5eBIeCJfBC,Al 4 5tIJKeALnKL (3.11¢)
1
RIJKL _ RIJKL<67 t) = _ﬂtMI[JtKL]NnMN (3.11d)
Moreover, the forms
3 1
c=2LGyp —2F "y = §€AI€BJGABTHJ + ZtIJKtLMNnILnJMnKN (3.12)

are obtained for the superconformal central charge.

The TG OPE, computed with (3.8) and (3.9), is more involved. The complete set of
relations is

3
§6AI = LBOPI Mpe p+ (—2F AR 2 MITBOK fp oAy MMIANEL ke (3.13a)

3
§tIJK = 26K MIIBG y g — 2(FHEGIIM L gRNEITGRIRM 0 vy (3.13b)



where AUVBKl = AVBE + AJKBI + AKIBY | which is totally antisymmetric in IJK
when A’Y is antisymmetric, and

Mapc® = PapcopGPP (3.14a)

1
Pagcp = 2" < Tagp(2)Tep(0) >= GacGpys — §fA(CEfD)BFGEF- (3.14b)
Possible constraints, such as those necessary to eliminate S; terms in T'G, are automati-
cally implied when both (3.11) and (3.13) are satisfied.

According to our previous argument, the GG relations (3.11) and the T'G relations
(3.13) are a complete set for (at least) N=1 superconformal symmetry, guaranteeing in
particular that the Virasoro master equation

5ab(L(e,t)) =0, Gu= (G{)‘B 0 > o = (fAéBC 0 MN) (3.15)

GIJ,KL fIJ,KL

is satisfied on g, x SO(p,q),, where L%®(e,t) are the stress tensor coefficients (3.11),
expressed in the current-current basis (see Appendix A).

A compact summary of the construction is the superconformal master equation (SME)

QEAI(G, t) = _ GAI + GBJ€OK€DI(5§GCD + fEBAfCDE)T]JK
1 B (3.16a)
4 tIJK(itMNLeARnLR 4 eBM€CNfBC Yy = 0

2TIJK(67 ) =— HIK eALeB[KtIJ]MGABnLM . 26AI@BJ€CKfABDGDC
1 (3.16D)

i (itP[IJtK]MNtRLQ n 2tMPItNQJtLRK)77PQnMRnNL —0

3 1

c= EGAIGBJGABT’]J + Zt”KtLMNanJMnKN (3.16¢)

which is obtained from (3.13) by eliminating the stress tensor coefficients (3.11) in favor of
the vielbein e and the 3-form /7% of the supercurrent 1. Note that each solution (e, t) of
the SME automatically gives a Neveu-Schwarz and a Ramond copy of the superconformal
system, as expected.

Remarkably, the SME (3.16) is a “consistent ansatz” [19] of the Virasoro master equa-
tion, in that the superconformal system contains the same number of (cubic) equations
as unknowns, so that we may count the generically-expected number of superconformal
constructions (see Section 5). Unitary solutions of the SME are recognized when the
vielbein and 3-form are real in any Cartesian basis of compact g, x SO(F),, z; € N.
We also remark that the K-conjugate construction [1, 5, 10, 15] L = L, — L of a su-
perconformal construction L, although a commuting Virasoro operator, is not generally
superconformal.

The SME contains the known superconformal constructions listed in Appendix B,
extension to include linear fermionic terms in the supercurrent is discussed in Appendix
C, and the N=2 superconformal construction is summarized in Appendix D.

YThe special case treated by Mohammedi [27] may be obtained from the SME by imposing the
conditions MT/4 (e, t) = RI7EL (e, t) = 0 as additional constraints.
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4 The Super C-Function

We have found a first-order action for the SME
1
Ai(e,t, L, F, M, R) = 3eMeP G apniy + itIJKtLMNnILnJMnKN

+2L4B(LOP —2L9P (e, 1)) Pap.cp + SFI(FKL — 2FKE (e, )Y
+ AMITAMELE 9 MELB (¢ )G apnixnsL
+ 48RIEL(RMNPQ _ oRMNFQ (¢ ))NIMMINTK PILG

where L(e,t), F(e,t), M(e,t) and R(e,t) are the stress tensor coefficients defined in
(3.11) and L, F, M, R are Lagrange multipliers. The A; equations of motion for the
Lagrange multipliers are the stress tensor defining relations (3.11), which followed from
the GG OPE, and the equations of motion for e4! and t!/K are the T'G relations in
(3.13).

Substitution of the GG defining relations (3.11) into the first-order action gives the
action A(e, t) for the fundamental variables e/ and ¢//%

Ale,t) :geAI(eBJ — 2B (e,4))Gapni
(4.2)

1
_i_ZtIJK(tLMN . QTLMN(Q, E)NILNIMNEN -

The functions E4 (e, t) and T?/K (e, t) are defined in (3.16), and it is easily verified that

1 0A(e,t)
Al _ AB_IJ )

E* (e, t) = _EG Uy (4.3a)

1 0A(e,t)
T (e t) = =o't S s (4.30)

so the SME EAT = T1/K —  follows directly from this action.

Comparison with the central charge in (3.16¢) shows that
Ale,t)|p=r=0 = ¢ (4.4)

so the action A(e, t) is a super C-function on N=1 affine-Virasoro space.

All the superconformal field theories of the SME are fixed points of the associated
flow

M= EM(et) , K =T1R(e1) (4.5)

whose vector fields E4(e,t) and T?/K(e,t) in (3.16) will be called the S-functions of
the supercurrent. Unitary subflows are obtained when the Cartesian initial values e(0)
and t//K(0) are real on positive integer levels of compact g, x SO(F),, and the super
C-theorem

A((E,t) = — (12EAIEBJGAB?7]J + 2TIJKTLMNT][LT]JM?7KN) S 0 (46)

follows for unitary subflows.



 The associated stress tensor flow {L£AB(e,t), MIA(e,t),  Fl(e,t),
RITEL(e 1)}, defined by chain rule, is the closed subflow

L%, t) = BP(L(e, 1)) (4.7)

of the stress tensor flow (2.8) in the current-current basis of g, x SO(p, q),. The implied
relation between the stress tensor S-function 3%°(L) in (2.6a) and the 3-functions (4.5)
of the supercurrent

oL, t)

B(L(e,t)) = AT EAI(e,t)JrMT”K(e,t) (4.8)

atIJK

can be verified from the explicit form of { L%(e,t)} in Appendix A. Off criticality, the G, T
flow system (4.5) and (4.7) maintains the GG OPE (3.2b), so that global supersymmetry
{GO,GO} = 2[L® — £] is maintained | throughout the flow, where the constant c is
defined in (3.12).

We finally remark that the super C-function can be simply expressed in terms of the
stress tensor coefficients (3.11) as

A(e, t) = [,AB(4GAB — 2PA3’0D£CD) — fIJ(4U]J + 8f[J)

—AMITAM 4 — A8RYELR e, (4.9)

where indices are lowered with G p and 77;. The form in the current-current basis

{L(e,t)} on g, x SO(p,q)-
Ale,t) = 4Gy L™ — 2L Py L™ = 2G (L™ — (L)) (4.10)

is even simpler, and should be compared with the general C-function in (2.7a).

IThe first-order action A;, which is also a super C-function, defines another G,T flow which violates
global supersymmetry.



5 Automorphisms and Counting

The automorphism group Aut (S, J) of the fermionic algebra (3.4) and the current algebra
(3.7a) is

(S1)' =Q7Ss , (Ja) = wa®Jp (5.1a)
wa“Gopwp” = Gap , waPwp"we” fopr = fasc (5.1b)
Q" = 1 (5.1c)

so that w € Aut(g), Q € O(p,q) and Aut(S,J) C Aut(g x SO(p,q)). Correspondingly,
the super C-function (4.2) is invariant under the automorphisms

(el)AI _ eBJ(w—l)BA

(@),

(t/)IJK _ tLMN(Q—I)L1<Q—1)MJ(Q—1)NK. (5'%)

It follows from (4.3) that the SME (3.16) transforms covariantly under (5.2), so that
(¢/,t') and (e, t) are automorphically-equivalent superconformal field theories, with the
same spectrum and central charge.

The SME (3.16) is a set of F/(dimg + (F' — 1)(F — 2)/6) coupled cubic equations on
an equal number of unknowns e’ and t//X. Gauge-fixing the inner automorphisms of
g x SO(p, q) will reduce the system by dimg + F'(F' — 1)/2 equations and unknowns, so
that

(5.2a)

1
Ny=3" | ng=(F —1)dimg+ 6F<F —1)(F —5) (5.3)

superconformal field theories are expected generically on each level of g, x SO(p,q)..
For comparison, the total number of (not necessarily superconformal) affine-Virasoro
constructions [19]

_ dimg(dimg—1) 1

N =2" 5 + gF(F2 —1)(F -2) (5.4)

, n

is expected generically on each level of the same manifold, after gauge-fixing the inner
automorphisms. The numbers of distinct Virasoro and superconformal constructions can
be less due to residual automorphisms [21, 23, 24] and/or non-generic behavior, such
as quadratic deformations. It is clear from (5.3) and (5.4) that superconformal con-
structions, although copious, are relatively rare on large groups since the superconformal
fraction N;/N is exponentially small in this case.



6 The Ansatz (SO(n)giag X SO(dim SO(n));)n=1

Consistent ansétze [19, 21, 23, 24] have played a central role in solving the Virasoro
master equation, and many consistent superconformal ansétze are possible for the SME.
For example, the consistent fermionic superconformal ansatz

=0, G= ét”K °S1S; S © (6.1)

contains the known non-linear supersymmetry [30] and a large number of new purely
fermionic superconformal constructions. We have also found a consistent superconformal
ansatz whose “bosonic” structure is analogous to the ansatz SO(n)giq, [24] in which the
isomorphism with graph theory was observed.

The ansatz, which we call (SO(n)giqgx SO(dAmSO(n)),)n=1, is

eij’kl = Aijéikéﬂ (62&)
It = t(igl) f (6.20)
T2 v .
G = ZAz]szSzg —1 ;b Z t(Z]l) OSZ']'S“S]'[ ° (620)
1<J 1<j<l

where we have taken A = I = (i,7), 1 < i < j < n for the “bosonic” SO(n) and the
fermionic SO(dimSO(n)), ¥ is the highest root of SO(n), and f¥%*:™ are the structure
constants of SO(n) in the physicist’s standard basis with ;. = d;xd; (see Appendix A).
Note that the vielbein e is diagonal, and that we have taken the 3-form ¢//X non-zero
only when the structure constants f// are non-zero. The reduced 3-form ¢(ijl) is valued
on unordered index triplets (ijl), so all other non-zero t¥¥7* may be obtained from (6.2b)
by antisymmetry of the structure constants. Consistency of the ansatz depends on two
properties of the structure constants in this basis

fiiw ™ fii ™™™ =0, Vij, kl (6.3a)

Fiird™ frtrs ™ frsii™ =0, Vij, kl,rs when fmmtvw =£( (6.3D)
the first of which was necessary for the consistency of the ansatz SO(n)giqq-
The reduced SME

7_71/}2

_ 3
Aiy = kA + =

I;[AH(A; + A%+ 2 (ig1)) + 28 Ayt (i0)] (6.4a)
7‘7.7

2
t(ijl) = k(Aij + A2+ A?l)t(ijl) + 2k A A Ay + ﬂ§t3(ijl)

02 (6.4b)
+ 77 [t(ig]) (2 (igm) + t2(ilm) + 2 (jlm)) — 2t(ijm)t(ilm)t(5im)]
mi,j,l
c:?ﬂi2 xZA?j+T RGP x:i]z (6.4¢)
i<j i<j<l
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is obtained for the ansatz, where the symmetry convention

has been adopted to simplify the summations. A complete set of equations is obtained by
choosing 7 < j in (6.4a) and i < 7 < [ in (6.4b). The corresponding non-zero coefficients
of the stress tensor are

LM — 1Az?jcsikcsﬂ (6.6)

Fikl — k:A2 TW ZtQ (51))0i0;1 (6.60)
ML = §<Au/\jz + Ayt (igl)) f70 (6.6¢)
Ridklmn,rs _ 51 ;} Pa-i3kLymn,rslpg (6.6d)

which shows in particular that the “bosonic” coefficient £4F in (6.6a) has the same
diagonal form as in the ansatz SO(n)giqq-

The consistent ansatz (6.4) contains
N, = 3 -1)/6 (6.7)

superconformal constructions generically, which includes copies of those constructions on
SO(n), x SO(dim SO(n)), in Appendix B whose “bosonic” subgroups are restricted to

h(SO(N)diag) = *x12,50(m;), ;mi =n (6.8)

or the KS analogue h(SO(n)g.y)*°. Each factor SO(m; > 4) is regularly embedded in
SO(n),, while SO(3) factors are embedded at level 2z. The number of solutions in the
ansatz may be less than (6.7) due to non-generic behavior, and the number of physically
distinct constructions is certainly less than (6.7) due to the residual automorphisms of
the ansatz

Ny = O Ariynt) = WAL w ™)y (6.9a)

{(i71) = Ot mormy Ixy A DT(G)T(D) = (Hw) @) @) (D) (6.9
where 0;; = 0j; € {1, —1} and 7 (7) is any permutation of the SO(n) vector indices ¢. The
automorphisms in (6.9) are composed as follows. First apply a fermionic automorphism

kal(O’) = Uijéikéﬂ - O(dlm SO(H)) (610)

which induces possible sign changes in any subset of A;;’s, and then apply an index-
permutation

w(m) € SO(n)y (6.11)
which lives in the vector subgroup SO(n)y of SO(n) x O(dim SO(n)).
The simplest case is (SO(3), x SO(3)2)n=1,

A12 = Alg[kAu + @D (A%?) + A + t2)] + 277/)275/\13/\23 (612&)

11



A13 = Alg[l{?A%B + ¢2<A§3 + A%Q + tz)] + 2¢2tA23A12 (612b)

A23 - A23[1€A%3 + 7702(/\%2 + A%S + tQ)] + 2¢2tA12A13 (6120)
t = k(A2 + A2 + A2t + 2kA 19 A 3M9s + 213 (6.12d)

3
c= 5[k(A%2 + A2, 4+ A3) + (6.12¢)

where ¢ = #(123), which contains 81 solutions generically. Although we have not solved
this case exhaustively, we have verified that the following known constructions are in-
cluded: one copy of G=T=0, eight automorphically equivalent copies of the N=1 affine-
Sugawara construction on g = SO(3), twelve equivalent copies of the KS coset construc-
tion SO(3)/S0O(2), two copies of the non-linear SUSY on SO(3), and eight copies of the
GKO N=1 coset construction (SO(3), x SO(3)3)/SO(3)z12.

We also find twelve copies of a superconformal quadratic deformation, which we call

Cartan(SO(3), x SO(3)2)%_,

A13 = A23 = Oa A12 =

V1—w2t2/k, t= \;EE (6.13a)

= — .].b
L oe=3 (6.13b)

whose parameter range is fixed as shown by unitarity. As special points, this deformation
contains the N=1 affine-Sugawara construction in (B.1) on SO(2) x (SO(1) = one free
fermion) and the KS subgroup construction in (B.4) with h%5 = SO(2). The stress
tensor of this deformation is Cartan(SO(3), x SO(3)2)* [19] (at c=1) plus a free fermion
term, so the construction is presumably related to the line of Z, orbifolds x one free
fermion.

0<t<

e

7 High-level Expansions

High-level expansion [23] has been used to see and classify large numbers of solutions of
the Virasoro master equation on simple g, viz. the isomorphism with graph theory in
the ansatz SO(n)giqg [24]. On semi-simple g, a variety of such expansions is possible due
to the presence of various levels x;, and only the simplest case, x; — oo, VI with x;/x;
fixed [21], has been noted so far.

These expansions have been relatively simple because the theories are effectively
abelianized in these limits. Expansions with some levels fixed, e.g. the fixed fermionic
level 7 = 1,2 in the SME, will be generally more complex because some of the high-level
dynamics remains non-abelian.

At least two high-level expansions

1 > 1 >
Al Al — I1JK I1JK 1.—
et =—=) e k7Pt =—2=) t kTP (7.1a)
gD i
Al 1 & Al 1,— I1JK - I1JK 1.—
(& = % Eoe(p)k' p, t = Eot(p) k p (71b)
b= b=

12



are possible for the SME on simple g, with Gap = knap, * = 2k/v?, both of which
correspond to integer powers of k! for the stress tensor. The class of solutions (7.1a) is
vielbein-dominated in the sense that the leading equation

ey = kel eBineon 72

involves only the vielbein, while the equation for the leading term t{OJ)K of the 3-form
depends on e(}f). According to Appendix B, this class contains the N=1 affine-Sugawara
and KS constructions, and the deformation (6.13) was parametrized to fall in this class.
In contrast, the GKO N=1 constructions are found in class (7.1b), while the fermionic
constructions e? = 0 are not accessible to high-level analysis, although large F' methods
may be helpful.

13



8 Superconformal Constructions on Signed Graphs

As an example, we study the vielbein-dominated high-level expansion (7.1a)

ZA(p)k:p, t(ijl) = Zt (GO, c=> ¢,k (8.1a)
p=0

1<J <j<l

2
- (Z A 338y ”” 3 1Ol ©8i;945; g) + O(k™%/?) (8.1b)

of the ansatz (SO(n)giqg X SO(dim SO(n)),)n=1 in (6.4).

We focus first on the zeroth order equation Al(-?) = <Aw )3 for the vielbein, whose
solution

Ag?) = @ij , @ij < {O, 1, —1} (82&)
Z CH (8.20)
z<]

shows the basic unit 3/2 for N=1 high-level central charges. The structure ©;; is the
adjacency matrix for any signed [28] labelled graph of order n, according to the graph-

rules
SO(n) vector-indices i < points ¢ in directed graph G (33)
8.3
©;; = £1 « line with a 4+ between 7 and j .

These are the 3(2) signed labelled graphs of (SO(n)giag X SO(dimSO(n)),)y—1, whose
structure, except for the signs, is that of the labelled graphs of SO(n)giqs [24]. As an
illustration, the signed labelled complete graphs of (SO(3)giqg X SO(3)2)n=1 are shown
in Fig. 1.

We also remark that
07, =0; €{0,1} (8.4)

where 6;; is the adjacency matrix of the corresponding labelled (unsigned) graph of order
n, and that, according to (6.6a) and (8.4), the leading term of the “bosonic” stress tensor

coefficient £AP o
LM = Tl budy+ O(k™) (8.5)

has the form of SO(n)gia, [24].

As in SO(n)giqg, the graph theory naturally reflects the residual automorphisms (6.9)
of the ansatz. According to the fermionic automorphism (6.10), the sign choice © = +1
for any particular graph edge is automorphically equivalent, so we may choose © = +1
for all edges. This is the gauge condition

where 6,; is the adjacency matrix of the corresponding labelled (unsigned) graph. Then,
the permutation automorphism (6.11)

0 = On(iyny) = (WO ™1)ij,  w € SO(n)y (8.7)

14



shows that graph relabellings are automorphically equivalent [24] as well. The complete
gauge fixing is

signed labelled graphs — graphs (unsigned, unlabelled) (8.8)
g

auge fix

so the physically distinct solutions of the ansatz (SO(n)giqy X SO(dim SO(n)),)n=1 are
constructed on the set of graphs of order n. As shown in the example of Fiig. 1, the signed
labelled complete graphs of (SO(3)giag X SO(3)2)n=1 are gauge fixed to the complete
graph of order 3.

kk

In order to identify their graphs **, we have computed the high-level form of the
relevant known constructions in Appendix B, and the deformation in (6.13):

1. The N=1 affine-Sugawara construction (B.1) on SO(n), x SO(dim SO(n)). lives
on the complete graph K, with

tO@jl)y = =1, Vi1 . (8.9)

2. The N=1 KS coset constructions (B.5) on

SO(n), x SO(dim SO(n)),
h(SO(n)diag) X5 x SO(dim h(SO(n)giag))

(8.10)

live on the fundamental coset graphs [24], or complete M-partite graphs of order
n, shown in Fig. 2, with

—1 when 17, 7,[ are in distinct lacunae

£l = { 0 otherwise (8.11)

3. The N=1 affine-Sugawara constructions (B.1) on the subgroups SO(n)giqe X SO(dim A(SO(n) giag))
live on the subgroup graphs [24] UM, K,,.. For example, the construction SO(m) x
SO(dim SO(m)),,m < n lives on the graph K, U (K;)™ ", with

. —1 when 7, 4,1l are points in K,
0) (57 — I p m
1) { 0 otherwise (8.12)

4. The KS N=1 subgroup construction (B.4) on the KS subgroups SO(n)%5 x SO(dim h(SO(n)giay))

diag

also live on the subgroup graphs. For example, the construction SO(m)% x
SO(dim SO(m)),,m < n lives on the graph K, U (K;)™ ", with
—1 when at least two of the points ¢, 7,1 are in K
0) (54 — p s m
il { 0 otherwise (8.13)

5. Other known constructions, which are tensor products of the constructions above,
live on the unions of their corresponding graphs.

6. The quadratic deformation Cartan(SO(3), x SO(3)2)%_, in (6.13), which contains
the subgroup constructions SO(2) x (one free fermion) and hS = SO(2), also lives
on the subgroup graph K, U K; with continuous ¢ = ¢,

**Curiously, the relevant known constructions in Appendix B are in the gauge (8.6), and we have chosen
the deformation representative (6.13) in this gauge as well. Automorphic copies of these constructions
are easily generated with (6.9).
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Since the generic construction is irrational, we may be certain that other constructions
on these graphs, and the constructions that live on other graphs, are generally new.

This classification parallels that of SO(n)gi.g, With the following differences:

a. Except for the complete graphs and the fundamental coset graphs, the constructions
on affine-Sugawara nested graphs [24] are not identifiable as known superconformal
constructions because the SME is not generally K-conjugation covariant. Similarly,
the constructions on the affine-Virasoro nested graphs [24] are not related by K-
conjugation, except at high level.

b. The reduced 3-form ¢(ijl), which lives on graph triplets of points (ijl), can take
multiple values on the same graph, as seen for the subgroup graphs above.

For further information on the reduced 3-form, we turn to its leading gauge-fixed
equation

tO 501 = (055 + O + 0;1)] = 20,5040, (8.14)
The solutions of this equation
—]_ Eijl - 3
iy 0 E;; =2
(0) _ ijl
CD) arbitrary FEjj; =1 (8.15)
0 Eijl == 0

depend on the number of edges E;; in each graph triplet of points (ijl), and the list
shows the third case with E;; = 1 as the source of multiple 3-forms on a given graph.
In fact, the generic graph contains at least one triplet with E;; = 1: We believe that
the only graphs with all E;; # 1, and hence unique high-level 3-forms, are the complete
graph (N=1 affine-Sugawara construction) and the fundamental coset graphs (KS N=1
cosets).

Although the solutions (8.15) suggest continuous 3-forms on the generic graph, it
is known that continuous high-level solutions may or may not quantize at higher order
[23]. This indicates a formidable program since each graph with continuous 3-forms
must be studied separately for possible quantization. As an example, the 3-form of the
graph K, U K does not quantize, since the graph is the deformation (6.13), but the five
quantized 3-forms

t0(124) =t (134) = 0

t0(123) = t©(234) =0, { t©(124) =tO(134) =41 , c¢=
t0(124) = —t©(134) = +1

+O(x7%) (8.16)

N ©
SHE=)

are obtained at the next highest order for the path graph P, in Fig. 3. It is likely that
the central charge degeneracy of these five constructions will be lifted in the following
order.
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9 Conclusions

We have studied the general superconformal construction on affine g x fermionic SO(p, q)-.
A priori, the system is described by the Virasoro master equation on this manifold, plus
a set of superconformal constraints. In fact, however, the constraints imply the Virasoro
master equation, so that the set of constraints is the superconformal master equation
(SME), which is itself an unconstrained system.

The simple form of the general superconformal system allowed us to obtain the as-
sociated super C-function and super C-theorem, and to count the generically-expected
number of superconformal constructions. A high-level expansion of the superconformal
ansatz (SO(n)giag X SO(dim SO(n)),)n=1 showed a large class of new, generically irra-
tional superconformal constructions on the signed graphs of order n.

Although it contains only a subset of the solutions of the Virasoro master equation,
the SME promises a comparably vast array of new constructions.
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Appendix A. N=1 stress tensor in the current-current basis

The superconformal stress tensor 7'(z) in (3.9) on g, x SO(p,q), is given in the
fermionic basis. Here we obtain the coefficients L®(e,t) = L%®(e,t) of the stress tensor

T(Z) = Z LAB(e,t)JAJB + 2 Z LA’IJ(e,t)JAJ[J + Z LIJ’KL(G,t)J]JJKL )

AB 1<) i (A1)

!
_ {LAB(e, OaTs + LY (e ) I dpy + LN t)JUJKL] .

in the current-current basis T'(z) = L% *J,J, * of the Virasoro master equation (3.15).
Our notation is J, = (Ja, Jry) with A=1,--- dimg and I,J = 1,---, F, where J4 and
Jry are respectively the “bosonic” currents in (3.7a) and the fermionic currents in (3.5).
Our normal-ordering is symmetric [15], and we have adopted the natural antisymmetriza-
tion conventions

[IJKL _ _[JIKL _ _IJLK  [AI] _ _ [ AJI (A.2)

?

in the second line of (A.1) in order to freely sum over the fermionic indices.
It is clear on inspection of the stress tensor in the two bases (3.9), (A.1) that
2
T)?

but some algebra is needed to obtain the form of the fermion bilinear and quartic terms
in the current-current basis.

LAP(e,t) = LA%(e,t) | LA (e,8) = | = M A(e, ) (A3)

The normal-ordered SO(p, q), current bilinear is

) G
r(w)Jgp(w) § = lim [Jr;(2) Jgp(w) — ﬁ
X X (A.da)
ifriKL (z ~w + 28w> Jrs(w)]
T2
GIJ,KL = T(WIKUJL - 77[L77JK> (A-4b)
/T 2
fIJ,KLRS = ;ﬁ(mxéﬁﬁéﬁ] - 77JL5BR5IS<] - 771K5[JR5§] + nILé[JRéf]) (A-4C)

where n;; and f; JJ{LRS are, respectively, the metric on the vector representation and
the structure constants of SO(p, q). The properties (6.3) of the text are obtained from
(A.4c) with nyy =675 and I, J — i, 7. It follows from (A.4) that

2
1
il = T i8Sk S~ LKy — (T D)} (ASa)
KIJ(Z) = Slgsj - % . (A-5b)
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and the relations
2
f”(e t) = _ELIK,JL

1 (e, )KL

2
RIJKL<€’ t) = _TSZLI[J,KL}(e’t)

4 QRIJKL—|— 1

LIWKL(p 4y — &
(&) == F—2

1
_ n[[K nL]J FMN

71 nun]| (€, 1)

(" FH — (1 )

(A.6a)

(A.6D)

(A.6¢)

are obtained by comparing the two bases (3.9) and (A.1) with (A.5). The results (3.15),
(4.7), (4.8) and (4.10) of the text may be verified from the functional form L®(e,t) in

(A.3) and (A.6).
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Appendix B. Standard N=1 constructions

For reference, we give a partial list of known solutions of the SME (3.16). In these
solutions, the fermions are in the adjoint of simple compact ¢g so that F' =dimg, [ = A =
1,---,dimg and n;; = nap, which is the Killing metric on g.

1) N=1 affine-Sugawara construction on g, x SO(dimg),

AB — fABC

o SN —" - (B.1a)

JE+Qg/2 JE+Q,/2

. :L‘leig_’_dlmg (B.1b)
T+ hy 2

where f4B¢ are the structure constants of g, and the corresponding N=1 affine-Sugawara

constructions on (h x SO(dimh)) C g, x SO(dim g).
2) Non-linear SUSY [30]

AB _ 4ABC _ 1 ABC . _ dim g (B.2)
) Qg/Q ) 9
3) N=1 cosets (g x 9;,)/ 9,5, [31]
GAB Qg/2 gAB, ABC _ k ABC
VQolk + Q) (k + Qy/2)/2 VQolk + Q) (k + Qy/2)/2
) (B.3a)
. x(x + 3hy)dim g (B.3h)

2(x + hy)(z + 2h,)

4) KS N=1 subgroup construction on (h*% x SO(dim h)) C g, x SO(dim g) where
WS = 50y () ooy, X (U(D)? [32]

ab

ui A=a, B=0»
eAB — { Qo /2 “ (B.4a)
0 otherwise
_pABC - - B - .
tABC:{\/W A=a,B=bC=cor A=a,B=1i,C= (B.AD)
0 otherwise
3 g T + iLg - iLh /T‘h, 1 .
c=—p-+ ——= 4+ —| dim h, B.4c
oy [ ol (B.4c)

where A, B € g, a,b € h,4,j € g/h, and 13, = 97 /1, is the embedding index of h, C g.
5) KS N=1 coset construction (g, x SO(dim g))/(h*% x SO(dim h)) [32]

" A=iB=j
{ Veap J (B.5a)

otherwise

_ fijk . .
tABC:{ L A=4,B=35C=k

0 otherwise

(B.5b)
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2(z + hy) T+ hy

(B.5¢)

which is the super K-conjugate partner of the KS subgroup construction (B.4).

For special g/h, there are also N=1 solutions with antisymmetric e? which appear
in the N=2 KS constructions [32].
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Appendix C. Linear terms in the supercurrent

We generalize the discussion of the text to the supercurrent
G(d) = G +2d'0S; (C.1)

where G is defined in (3.8). This is the most general operator with naive dimension
3/2 which can be constructed from the currents and the fermions. The GG OPE (3.2b)
defines the stress tensor and central charge

T(d) =T +D*0Js +iD"0( 2515 2) (C.2a)
DA — Alglp,, | DY = ;t[JKdLnKL (C.20)
c(d) = c — 12d'd”n;; (C.2¢)
with T and ¢ given in (3.9) and (3.11). The generalized SME
EM(e,t) +i(ePTe fpe® + tH K ey YdMny = 0 (C.3a)
THE (e, t) — it N EITEI gM o = 0 (C.3b)
d' = —4F"d%n i = (Ve Gap + ;tIKLtJMN"?KMnLN)dP"?JP (C.3¢)

follows from the TG OPE, where F and 7" are given in (3.16). This system contains all
known c-changing SL(2, R)-preserving linear superconformal deformations [13].

The generalized SME (C.3) collects the superconformal solutions of the generalized
Virasoro master equation [15]

B(L) +if."LY°De =0 | (C.4a)
D (2G L% + fu L f.4°) = D* (C.4b)
¢(D) = 2G4 (L™ — 6D D) (C.4c)

on g, xSO(p, q),, which describes the generalized Virasoro construction T'(D) = L® *.J,J,
D%0J, on this manifold. The translation to the current-current basis is

DA=p4 DI = 1/:2227”, I<J. (C.5)
T

Since it contains an equal number of equations and unknowns, the generalized SME is a
“consistent ansatz” of (C.4). The special case of Mohammedi [27] can be obtained from
the generalized SME by requiring the additional constraints M =R = 0, as in the text.

A related superconformal system is

G(d)" =G" 4 ¢’ st (C.6a)

m 1
L(d)™ = L 4+ AT 4D, (8,8, °)m + 54 @ 11560 (C.6b)
c(d)=c (C.6¢)
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with G, T, ¢ defined in (3.8),(3.9),(3.11) and Da, D;; given in (C.2b). This case is de-
scribed by the generalized SME

EM(e,t) =T (e, t) =0, d' = —4F"d"n;x (C.7)

whose solutions include all known c-fixed linear superconformal deformations [13]. The
system (C.6,7) collects the superconformal solutions of the generalized Virasoro master
equation [15]

B(L) =0, D*(2GuL" + fu 'L f.4%) = D¢, (D) =c = 2G4 L™ (C.8)

on g, x SO(p,q),, which describes the generalized Virasoro construction L(D)™ =
LTS 4 DM 4 1 DODYG 36, on this manifold.
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Appendix D. The N=2 superconformal construction

Among the OPE’s of the N=2 superconformal algebra [33], those which involve at
least one supercurrent

2¢/30;; 2 1 ‘ 20, .
Gi(2)Gj(w) = o w;?’ + <(2 ) + = w8w> zeijJ(w)+ﬁT(w)+ﬁmte (D.1a)
3/2 1 .
T(2)Gi(w) = ((2 ) + o w8w> G;(w) + finite (D.1b)
J(2)Gy(w) = Zli”'w G, (w) + finite (D.1c)
are sufficient to guarantee the full symmetry, since the remaining OPE’s
c/2 2 1
T(2)T(w) = Ow | T finit D.2
(2)T(w) (z—w)4+<(z—w)2+z—w ) (w) + finite (D.2a)
1 1 :
T(z)J(w) = G w)? + o waw J(w) + finite (D.2b)
J(2)J (w) = (zc—/?z)u)Q + finite (D.2¢)
follow from (D.1) by Jacobi identities, as in the text. Our notation is i,j = 1,2 and
€12 = —€g1 = 1. We give only results, beginning with the supercurrents
GZ(Z) = 6;41(]14(2)5[(2) + ét{JK ES[(Z)SJ(Z)SK(Z) g, 1= 1, 2 (D?))

which are (eq, 1) and (e, t2) copies of (3.8), and the U(1) current

J(z) = A Ja(2) +iB" 25,(2)Ss(2) ¢ (D.4a)
1
AA 561 ngfBC nry (D4b)
1 1
BY = — (e e! — e1ef)Gap — SN — I N ey (DAo)

which follows from the OPE (D.1a). The coefficients (3.11) of the stress tensor in (3.9)
may be written in terms of (eq,%1) or (es, t2).

The N=2 system consists of two copies of the SME
EM(esty) =T (e;,t)) =0, i=1,2 (D.5)

and the family of N=2 constraints

( ;416119J — €€ 34]62BJ)7]IJ =0 (D6CL)

1
(€AI€{BJ o €zg€AI BJ)G 4 Q(tIKLtIJMN Ez]tIKLtJMN)T]KMT]LN =0 (D6b)
( zBlelc’J - Ezjeflng)fBCA + (tz‘IJK 114L 62JtIJK L)UKL =0 (DGC)
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(tZIM[JtKL]N l]t]IM[JtKL]N)n V=0 (D.Gd)
1
GUGJAI 56?‘] oK CIfDE fBC NJk + = 5 €; (Gf‘Iegl — 623‘]6? )GBCUJK
1
+Z MMV — MNP ek (D.6e)

1 1
ewt”K (QeQB[thﬂM MG apniy + tM[UtK]QRtLNPULMUNQUPR> —(1<2) (D6f)

on the pair of N=1 constructions. The quadratic constraints (D.6a-d) and the cubic
constraints (D.6e,f) are required by the G;G; and JG; OPE’s respectively. We have
checked that the N=2 KS constructions [32] are solutions of this system.
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Figure Captions

Fig.1 The signed labelled complete graphs of (SO(3)4iag X SO(3)2)N=1-
Fig.2 KS coset constructions = complete M-partite graphs. The case M = 2 is shown.

Fig.3 The path graph of order 4.
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