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Abstract

Some detailed proofs are presented which complete the classification of rational conformal

field theories with ¢ = 1.
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In ref. [1] the author gave a proof asserting that the list of rational conformal field theories,
given in [2] was complete. The first ingredient of the proof was showing that all possible modular
invariants are toroidal partition functions. The second ingredient was in constructing all possible
linear combinations of invariants that are partition functions in Conformal Field Theory (CFT).
Concerning the second part, a series of propositions were put forth in [1] without proof. The
idea of this line of reasoning is due to ref. [3]. We present the proofs here for completeness and

to make the arguments in [1] and [3] more transparent. We will employ the notation of ref. [1].

The toroidal partition functions are defined as:
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withPL:%—l—% , PR:%—% , R >0 1s the radius.

The partition function (1) is modular invariant, and is also invariant under the duality
transformation R — % Thus we will restrict ourselves for the rest of this paper to B > 2.
Define also Zy = Z(R = Nv/2). In order to have rational critical indices, R = Vi o, q€Q.
In [1] it was shown that all possible modular invariants at ¢ = 1 are linear combinations of
toroidal partition functions. Thus a general partition function can be written as a finite linear
combination: Z = ElNzl ¢ Z(R;), where ¢; are some real coefficients. Z is automatically modular
invariant. There are two extra constraints on Z though. First there should be a unique (0,0)

.
operator and second all the multiplicities have to be non-negative integers”

We will now try to find all such linear combinations satisfying the above requirements.

We will introduce the Virasoro characters at ¢ = 1 since they will be important in our proof.

The characters are:
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1 There is an extra constraint but we will come back to it at the end.
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As usual ¢ = €™ and 7(7) is the Dedekind 7-function. Then we can express the toroidal
partition functions (1) as sesquilinear combinations of Virasoro characters. The relevant formulas

are as follows:
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If R¢+/2Q then:

Z(R) = Z XP% (3d)
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The characters of a 2/(1) algebra are always given by
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where @) is the ¢(1) charge. They are the same as the Virasoro characters if the representation
is not degenerate (it is degenerate if A = ’2—2, n € 7). Thus a non-degenerate Virasoro represen-
tation contains a single /(1) representation, whereas a ¢/(1) representation with %2 = ’2—2, ne/z
decomposes into an infinite number of Virasoro representations. If a CFT has a (1,0) operator
that generates a (1) affine algebra then the spectrum must be arranged in representations
of this (1) and the partition function must be a sesquilinear form of /(1) characters. If no
(1,0) operator is present, then the partition function must be a sesquilinear form of Virasoro

characters.

We now proceed to the main line of proof.

Lemma 1: Let R > v/2. Then the Virasoro representation (A, A) = (%(%—I—%)z \ %(%—%)2)

is not degenerate and appears exactly twice in Z(R).
1
Proof: Let R = \/g, p,g € Z% . (p,q) =1. Then A = %(2q +p)%.
In order for this to be degenerate, there must exist N € Z7 such that ﬁ(Zg +p)? = NT2 or
(2¢ + p)* = 2pgN?.

(i) Suppose that p = 2p',p’ € Z+, then (¢ + p')? = p'¢N?. This can be true if p' = x2, & €
Zt,qg = M\ € ZT,(k,\) = 1. Then &% + A2 = kAN. Let A > 1 then )\ | «* wrong by
assumption. If A = 1 then & | 1, so k = 1 wrong since R > /2.



(ii) Suppose that 2 does not divide p, then (2¢ + p)? = 2pgN? and a solution exists if
p=r%q=2)\ kA€ ZT (k,A) = 1. Then 4)\? 4+ k2 = 2kAN. If k > 1 then x | 42 = & | A2
wrong by assumption. If k =1 = A |1 = A\ =1 wrong since R > v/2. The same arguments go
through for A. The representation (A, A) appears exactly twice as is obvious from the character

expansions in (3).

Lemma 2: Let R > /2. Then the representation (A, A) = (%(% + g)z \ %(% — g)z) which
belongs to Z(R) does not appear in Z(R') with R # R', R’ > /2.
Proof: In order for this representation to appear in Z(R') there must exist m,n € Z such

that
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(i) Choosing the + sign above, & = %, R =nRk' =|m |= %, | n|= % But at least one
of %, % is less than one. Thus there is no solution in this case.
(ii) Choosing the — sign, % =nR', R = ZR—"f =|n|= %J m |= RTR/ since RR' > 2 =|

n |< 1, thus there is also no solution in this case either. Thus the claim is proven.

Lemma 3: Consider representations with (A, A) = (s2,0),s = 0,1,2,3,4,5. Then the

multiplicity of such representations in Zy is 1 4 2[#], whereas it is one for any other Z(R).*

Proof: We can use the character expansions in (3) to find the chiral content (i.e., (A,0)

operators). In particular

(0.0] (0.0]
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In this case the multiplicity of (s2,0)is 1 + 2[y). Vs € 7 by inspecting (5). Direct inspection

in the other cases shows that the multiplicity is one for s < 5.

* By [¢] we mean the integer part of x.



Lemma 4: Let Z = ZlNzl GZ(R;). Then if R; # V2, we must have 2¢; € Z in order to

have integral multiplicities.

Proof: Let 2¢; ¢ 7. By Lemma 1 and Lemma 2 there is a representation in Z(R;) with mul-
tiplicity 2¢; which does not appear in any other Z(R;),j # ¢. Thus if 2¢; # 0 this representation

will not have an integral multiplicity.

Lemma 5: Let Ny be the number of (s2,0) representations present in Z = ElNzl GZ(R;).
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5 and all other ¢; have to be positive or

If N1 = 0 then Z; has to appear with coefficient ¢; =

Z€TOo.

Proof: Since N1 = 0 we must express the partition function in terms of Virasoro characters.
If ¢; < 0 for some ¢z > 1 then by Lemma 2 there exists at least one Virasoro representation which
has a negative multiplicity. In Z there must be only one (0,0) operator; thus ElNzl ¢; = 1. By
assumption the number of (1,0) operators is zero. Since Zj contains three of them and any
other partition function only one (see Lemma 3), 3¢; + EZN:2 ¢; = 0. The two equations imply

1
]l = — 5

Theorem 1: If N; = 0 then the following possibilities exist for a partition function Z =
EiNzl Z(R;) such that it contains only one (0,0) operator and all multiplicities are non-negative

integers:

(4) Bonn(R) = 5(B(R) +22; — )
(b) Zr = %(2Z3 + Zo — Zl)
() Zo= %(Z4+Z3—|—Z2 — Z)

1
(d) Zr= §(Z5 +Zs + Zy — Z)

Proof: Let’s write Z = —%Zl + 2?22 'l + EiNze GZ(R;). By Lemma 5 ¢, > 0,1 =
2,3...,N and by Lemma 4 2¢; € Zd'. By Lemma 3 we obtain the following equations among
the ¢; and the multiplicities N, s <5
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where N, € Z(;" The solution to (6) is:
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It 1s obvious that EZN:2 c = %and since¢; > 0,2 > 2,= 3 < % = No+1<3=0< Ny <2,
Thus we need to consider the three cases, Ny = 0,1, 2.
— — N
(I) N2 = 0. Then, Ccy = %763 = —N32+1 , C4 = 7N42N3 , C5 = 7]\]5 é\h—l—l R Ei:ﬁ C; = —%

In this case EZN:?) ¢; = 1, thus either one of the ¢; is 1 or two of them are %

(Ia) ¢c3 = 1. This implies N3 =1,¢4 = ¢5 =0,¢;, =01¢ > 6 = Ny =1, N5 = 0. This solution

corresponds to case (b) of Theorem 1. Since ¢z = % > % no other ¢; can be equal to 1.



(Ib) 3 = ¢4 = %, c5=0=¢;1>6,= N3=0, Ny=1, N5 = 0. This solution corresponds
to case (c).

(Ie) ¢35 = ¢5 = %,04 =¢ =0,2>6,= N3 =0, Ny =0, N; = 0. This solution
corresponds to case (d).

(Id) ¢3 = ¢; = % for some ¢ > 6,¢c4 = ¢5 = 0. The first three equalities implies N3 = Ny =
N5 = 0 but ¢5 # 0. Thus no solution exists. The above exhaust all possibilities when Ny = 0.

N, Ny—N3;—1 Ns—Nyg+1 N Ns—1
(IT) Ny = 1. Then,02:1,03:73,04:%,05:%,21»:6@:— . In

this case EZN:?) G = % = c3 < % = N3 = 0,1. Thus the solution is of the form, one ¢; being %

and the rest being zero.

(ITa) ¢35 = %, g =cs=¢;=0,1>6,= N3 =1, Ny =2, N5 = 1. This corresponds to
case (a) with Z(R) = Zs.

(Ib) ¢4 = %,03 =¢ =¢ =0,2>6,= N3 =0, Ny =0, N5 = 1. This solution
corresponds to case (a) with Z(R) = Zy.

(Ilc) ¢5 = %, cg =c4 =¢,t>6,= N3 =0, Ny = N5 = 1. This solution corresponds to

case (a) with Z(R) = Zs.

(IId) ¢; = % for some 1 > 6,¢c3 =c4 =¢5 =0, = N3 = N5 =0, Ny = 1. This solution
corresponds to case (a) with Z(R) other than Zs,Z4,Z5. The above exhaust all possibilities
with No = 1. The last case to consider is N9 = 2.

(ITII) Na = 2. Then ¢y = %, cg = M=l , Cq = 7N4_§3_2 = No=Notl \ EN 2= N5

€5 2 i=6 Ci — T

Since ¢; > 0, ¢ > 2, the only solution in this caseis: cs =c4s = ¢c5 =¢;=0,1> 6 = N3 =
1, Ny =3, N5 = 2. This corresponds to case (a) with Z(R) = Zs. The proof of Theorem 1 is

now complete.

When N; > 0, since there is a (1) symmetry in the theory one needs to consider the

partition functions as sesquilinear forms of the affine /(1) characters.

Lemma 6: Let N7 > 0. The coefficients ¢; of Z = ElNzl ¢Z(R;) have the following
properties: (1) ¢; > 0Vi (2) 2¢; € Z.
Proof: From Lemma 5 using the same arguments it follows that ¢; > 0,7 > 2 (that is for

any R except R = \/i) The value of ¢ is given by (6) and is ¢; = le_l. Since N1 > 1= ¢; > 0.




Thus (1) is proven. It is also obvious that 2¢; = N3 —1 € Z. The proof that for ¢ > 2 2¢; € 7

is exactly the same as the one in Lemma 4.

Theorem 2: When N; > 0 the only acceptable partition functions Z = ElNzl ¢ Z(R;) have

one of the following two forms.

() Z=Z(R) . (b) Zu= (B8R +UR)), R£ R

Proof: Since ¢; are non-negative the only solution to ElNzl ¢; = 1is either ¢; = 1,¢; =
0,7 #t (case (a)) or ¢; = ¢j = %,ck =0, k#1i#j#k (case (b)) q.e.d.
The above complete all the proofs.

There is an extra constraint on partition functions. The operator content must have a
consistent operator algebra. In all the partition functions above except Z,, this is true. It is
easy to see that /(1) invariance implies that Z,, is unacceptable. There is no operator algebra

consistent with additively conserved ¢(1) charges. Thus Z,, does not describe a CFT.

I would like to thank R. Dijkgraaf for lots of discussions.
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