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In ref. [1℄ the author gave a proof asserting that the list of rational 
onformal �eld theories,given in [2℄ was 
omplete. The �rst ingredient of the proof was showing that all possible modularinvariants are toroidal partition fun
tions. The se
ond ingredient was in 
onstru
ting all possiblelinear 
ombinations of invariants that are partition fun
tions in Conformal Field Theory (CFT).Con
erning the se
ond part, a series of propositions were put forth in [1℄ without proof. Theidea of this line of reasoning is due to ref. [3℄. We present the proofs here for 
ompleteness andto make the arguments in [1℄ and [3℄ more transparent. We will employ the notation of ref. [1℄.The toroidal partition fun
tions are de�ned as:Z(R) = 1��� Xm;n�Z q 12P 2L �q 12P 2R (1)with PL = mR + nR2 ; PR = mR � nR2 ; R > 0 is the radius.The partition fun
tion (1) is modular invariant, and is also invariant under the dualitytransformation R ! 2R . Thus we will restri
t ourselves for the rest of this paper to R � 2.De�ne also ZN � Z(R = Np2). In order to have rational 
riti
al indi
es, R = pq ; q 2 Q.In [1℄ it was shown that all possible modular invariants at 
 = 1 are linear 
ombinations oftoroidal partition fun
tions. Thus a general partition fun
tion 
an be written as a �nite linear
ombination: Z =PNi=1 
iZ(Ri), where 
i are some real 
oeÆ
ients. Z is automati
ally modularinvariant. There are two extra 
onstraints on Z though. First there should be a unique (0; 0)operator and se
ond all the multipli
ities have to be non-negative integerszWe will now try to �nd all su
h linear 
ombinations satisfying the above requirements.We will introdu
e the Virasoro 
hara
ters at 
 = 1 sin
e they will be important in our proof.The 
hara
ters are: � 6= n24 ; n 2 Z ; �� = q��� = n24 ; ; n 2 Z ; �n24 = q n24 (1 � qn+1)� (2)z There is an extra 
onstraint but we will 
ome ba
k to it at the end.1



and if � = n24 ; n 2 Z then, q n24� = 1Xk=0� (n+2k)24As usual q = e2�i� and �(� ) is the Dedekind �-fun
tion. Then we 
an express the toroidalpartition fun
tions (1) as sesquilinear 
ombinations of Virasoro 
hara
ters. The relevant formulasare as follows: Z1 = 1Xm=0n=0 (m+ 1)(n + 1)�m24 ��n24 (3a)ZN = 2N�1X�=0 8<:[ 1Xm=0k=0 � (2Nm+2k+�)24 + 1Xm=1k=0 � (2Nm+2k��)24 ℄ ��[ 1Xm=0`=0 �� (2Nn+2`+�)24 + 1Xn=1`=0 �� (2Nn+2`��)24 ℄9=;+ Xm;n�Zm6=0mod(N) � (m+nN2)24N2 �� (m�nN2)24N2 (3b)Let p; q 2 Z ; (p; q) = 1.Z(R = p2 pq ) = q�1X�=1 p�1X�=18<:[ 1Xn=0k=0 � (2mpq+�q+�p+2k)24 + 1Xm=1k=0 � (2mpq��q��p+2k)24 ℄�[ 1Xn=0`=0 �� (2npq+�q��p+2`)24 + 1Xn=1`=0 �� (2npq��q+�p+2`)24 ℄�[ 1Xm=0k=0 � (2mpq+�q+�p+2k+pq )24 + 1Xm=1k=0 � (2mpq��q��p�pq+2k)24 ℄� [ 1Xn=0ell=0 �� (2npq+�q��p+2`)24 + �� (2npq��q+�p�pq+2`)24 ℄9=;2



+ Xm6=0mod(p)n6=0mod(q) � (mq2+np2)24p2q2 �� (mq2�np2)24p2q2 (3
)If R =2 p2Q then: Z(R) = XPL;PR �P2L2 ��P2R2 (3d)The 
hara
ters of a U(1) algebra are always given by
hQ = qQ22� (4)where Q is the U(1) 
harge. They are the same as the Virasoro 
hara
ters if the representationis not degenerate (it is degenerate if � = n24 ; n 2 Z). Thus a non-degenerate Virasoro represen-tation 
ontains a single U(1) representation, whereas a U(1) representation with Q22 = n24 ; n 2 Zde
omposes into an in�nite number of Virasoro representations. If a CFT has a (1; 0) operatorthat generates a U(1) aÆne algebra then the spe
trum must be arranged in representationsof this U(1) and the partition fun
tion must be a sesquilinear form of U(1) 
hara
ters. If no(1; 0) operator is present, then the partition fun
tion must be a sesquilinear form of Virasoro
hara
ters.We now pro
eed to the main line of proof.Lemma 1: Let R > p2. Then the Virasoro representation (�; ��) = (12( 1R+R2 )2 ; 12( 1R�R2 )2)is not degenerate and appears exa
tly twi
e in Z(R).Proof: Let R =qpq ; p; q 2 Z+ ; (p; q) = 1: Then � = 18pq (2q + p)2.In order for this to be degenerate, there must exist N 2 Z+ su
h that 18pq (2q+ p)2 = N24 or(2q + p)2 = 2pqN2.(i) Suppose that p = 2p0; p0 2 Z+, then (q + p0)2 = p0qN2: This 
an be true if p0 = �2; � 2Z+; q = �2; � 2 Z+; (�; �) = 1. Then �2 + �2 = ��N . Let � > 1 then � j �2 wrong byassumption. If � = 1 then � j 1, so � = 1 wrong sin
e R > p2.3



(ii) Suppose that 2 does not divide p, then (2q + p)2 = 2pqN2 and a solution exists ifp = �2; q = 2�2; �; � 2 Z+; (�; �) = 1. Then 4�2 + �2 = 2��N . If � > 1 then � j 4�2 ) � j �2wrong by assumption. If � = 1) � j 1 ) � = 1 wrong sin
e R > p2. The same arguments gothrough for ��. The representation (�; ��) appears exa
tly twi
e as is obvious from the 
hara
terexpansions in (3).Lemma 2: Let R > p2. Then the representation (�; ��) = (12( 1R + R2 )2 ; 12( 1R � R2 )2) whi
hbelongs to Z(R) does not appear in Z(R0) with R 6= R0; R0 � p2.Proof: In order for this representation to appear in Z(R0) there must exist m;n 2 Z su
hthat ( 1R + R2 )2 = (mR0 + nR02 )2 1R + R2 = mR0 + nR02)( 1R � R2 )2 = (mR0 � nR02 )2 1R � R2 = �[mR0 � nR02 ℄(i) Choosing the + sign above, 1R = mR0 ; R = nR0 )j m j= R0R ; j n j= RR0 . But at least oneof RR0 ; R0R is less than one. Thus there is no solution in this 
ase.(ii) Choosing the � sign, 2R = nR0 ; R = 2mR0 )j n j= 2RR0 ; j m j= RR02 sin
e RR0 > 2 )jn j< 1, thus there is also no solution in this 
ase either. Thus the 
laim is proven.Lemma 3: Consider representations with (�; ��) = (s2; 0); s = 0; 1; 2; 3; 4; 5. Then themultipli
ity of su
h representations in ZN is 1 + 2[ sN ℄, whereas it is one for any other Z(R).?Proof: We 
an use the 
hara
ter expansions in (3) to �nd the 
hiral 
ontent (i.e., (�; 0)operators). In parti
ular Z
hiralN = 1Xk=0�k2 ��0 + 2 1Xm=1k=0 �(Nm+k)2 ��0 (5)In this 
ase the multipli
ity of (s2; 0) is 1 + 2[ sN ℄;8s 2 Z+0 by inspe
ting (5). Dire
t inspe
tionin the other 
ases shows that the multipli
ity is one for s � 5.? By [x℄ we mean the integer part of x. 4



Lemma 4: Let Z = PNi=1 
iZ(Ri). Then if Ri 6= p2, we must have 2
i 2 Z in order tohave integral multipli
ities.Proof: Let 2
i =2 Z. By Lemma 1 and Lemma 2 there is a representation in Z(Ri) with mul-tipli
ity 2
i whi
h does not appear in any other Z(Ri); j 6= i. Thus if 2
i 6= 0 this representationwill not have an integral multipli
ity.Lemma 5: Let Ns be the number of (s2; 0) representations present in Z = PNi=1 
iZ(Ri).If N1 = 0 then Z1 has to appear with 
oeÆ
ient 
1 = �12 and all other 
i have to be positive orzero.Proof: Sin
e N1 = 0 we must express the partition fun
tion in terms of Virasoro 
hara
ters.If 
i < 0 for some i > 1 then by Lemma 2 there exists at least one Virasoro representation whi
hhas a negative multipli
ity. In Z there must be only one (0; 0) operator; thus PNi=1 
i = 1. Byassumption the number of (1; 0) operators is zero. Sin
e Z1 
ontains three of them and anyother partition fun
tion only one (see Lemma 3), 3
1 +PNi=2 
i = 0. The two equations imply
1 = �12 .Theorem 1: If N1 = 0 then the following possibilities exist for a partition fun
tion Z =PNi=1Z(Ri) su
h that it 
ontains only one (0; 0) operator and all multipli
ities are non-negativeintegers: (a) Zorb(R) = 12(Z(R) + 2Z2 � Z1)(b) ZT = 12(2Z3 + Z2 � Z1)(
) ZO = 12(Z4 + Z3 + Z2 � Z1)(d) ZI = 12(Z5 + Z3 + Z2 � Z1)Proof: Let's write Z = �12Z1 +P5i=2 
iZi +PNi=6 
iZ(Ri) . By Lemma 5 
i � 0 ; 1 =2; 3 : : : ; N and by Lemma 4 2
i 2 Z+0 . By Lemma 3 we obtain the following equations amongthe 
i and the multipli
ities Ns; s � 5 5



�12 + 
2 + 
3 + 
4 + 
5 + NXi=6 
i = 1�32 + 
2 + 
3 + 
4 + 
5 + NXi=6 
i = N1 = 0�52 + 3
2 + 
3 + 
4 + 
5 + NXi=6 
i = N2 (6)�72 + 3
2 + 3
3 + 
4 + 
5 + NXi=6 
i = N3�92 + 5
2 + 3
3 + 3
4 + 
5 + NXi=6 = N4�112 + 5
2 + 3
3 + 3
4 + 3
5 + NXi=6 
i = N5where Ns 2 Z+0 The solution to (6) is:
2 = N2 + 12 ; 
3 = N3 �N2 + 12 ; 
4 = N4 �N3 �N22 ;
5 = N5 �N4 + 12 ; NXi=6 
i = �N5 �N22 (7)It is obvious thatPNi=2 
i = 32 and sin
e 
i � 0; i � 2;) 
2 � 32 ) N2+1 � 3) 0 � N2 � 2:Thus we need to 
onsider the three 
ases, N2 = 0; 1; 2.(I) N2 = 0: Then, 
2 = 12 ; 
3 = N3+12 ; 
4 = N4�N32 ; 
5 = N5�N4+12 ; PNi=6 
i = �N52In this 
ase PNi=3 
i = 1, thus either one of the 
i is 1 or two of them are 12 .(Ia) 
3 = 1. This implies N3 = 1; 
4 = 
5 = 0; 
i = 0 i � 6) N4 = 1; N5 = 0. This solution
orresponds to 
ase (b) of Theorem 1. Sin
e 
3 = N3+12 � 12 no other 
i 
an be equal to 1.6



(Ib) 
3 = 
4 = 12 ; 
5 = 0 = 
i i � 6 ; ) N3 = 0 ; N4 = 1 ; N5 = 0: This solution 
orrespondsto 
ase (
).(I
) 
3 = 
5 = 12 ; 
4 = 
i = 0 ; i � 6 ; ) N3 = 0 ; N4 = 0 ; N5 = 0. This solution
orresponds to 
ase (d).(Id) 
3 = 
i = 12 for some i � 6; 
4 = 
5 = 0. The �rst three equalities implies N3 = N4 =N5 = 0 but 
5 6= 0. Thus no solution exists. The above exhaust all possibilities when N2 = 0.(II) N2 = 1. Then, 
2 = 1 ; 
3 = N32 ; 
4 = N4�N3�12 ; 
5 = N5�N4+12 ; PNi=6 
i = �N5�12 . Inthis 
ase PNi=3 
i = 12 ) 
3 � 12 ) N3 = 0; 1. Thus the solution is of the form, one 
i being 12and the rest being zero.(IIa) 
3 = 12 ; 
4 = 
5 = 
i = 0 ; i � 6 ; ) N3 = 1 ; N4 = 2 ; N5 = 1. This 
orresponds to
ase (a) with Z(R) = Z3.(IIb) 
4 = 12 ; 
3 = 
5 = 
i = 0 ; i � 6 ; ) N3 = 0 ; N4 = 0 ; N5 = 1. This solution
orresponds to 
ase (a) with Z(R) = Z4.(II
) 
5 = 12 ; 
3 = 
4 = 
i ; i � 6 ; ) N3 = 0 ; N4 = N5 = 1: This solution 
orresponds to
ase (a) with Z(R) = Z5.(IId) 
i = 12 for some i � 6 ; 
3 = 
4 = 
5 = 0 ; ) N3 = N5 = 0 ; N4 = 1. This solution
orresponds to 
ase (a) with Z(R) other than Z3;Z4;Z5. The above exhaust all possibilitieswith N2 = 1. The last 
ase to 
onsider is N2 = 2.(III) N2 = 2. Then 
2 = 32 ; 
3 = N3�12 ; 
4 = N4�N3�22 ; 
5 = N5�N4+12 ; PNi=6 
i = 2�N52 :Sin
e 
i � 0 ; i � 2 ; the only solution in this 
ase is: 
3 = 
4 = 
5 = 
i = 0 ; i � 6) N3 =1 ; N4 = 3 ; N5 = 2. This 
orresponds to 
ase (a) with Z(R) = Z2. The proof of Theorem 1 isnow 
omplete.When N1 > 0, sin
e there is a U(1) symmetry in the theory one needs to 
onsider thepartition fun
tions as sesquilinear forms of the aÆne U(1) 
hara
ters.Lemma 6: Let N1 > 0. The 
oeÆ
ients 
i of Z = PNi=1 
iZ(Ri) have the followingproperties: (1) 
i � 0 8 i (2) 2
i 2 Z.Proof: From Lemma 5 using the same arguments it follows that 
i � 0; i � 2 (that is forany R ex
eptR = p2). The value of 
1 is given by (6) and is 
1 = N1�12 . Sin
e N1 � 1) 
1 � 0.7



Thus (1) is proven. It is also obvious that 2
1 = N1 � 1 2 Z. The proof that for i � 2 2
i 2 Zis exa
tly the same as the one in Lemma 4.Theorem 2: When N1 > 0 the only a

eptable partition fun
tions Z =PNi=1 
iZ(Ri) haveone of the following two forms.(a) Zt = Z(R) ; (b) Zw = 12(Z(R) + Z(R0)) ; R 6= R0Proof: Sin
e 
i are non-negative the only solution to PNi=1 
i = 1 is either 
i = 1; 
j =0; j 6= i (
ase (a)) or 
i = 
j = 12 ; 
k = 0 ; k 6= i 6= j 6= k (
ase (b)) q.e.d.The above 
omplete all the proofs.There is an extra 
onstraint on partition fun
tions. The operator 
ontent must have a
onsistent operator algebra. In all the partition fun
tions above ex
ept Zw this is true. It iseasy to see that U(1) invarian
e implies that Zw is una

eptable. There is no operator algebra
onsistent with additively 
onserved U(1) 
harges. Thus Zw does not des
ribe a CFT.I would like to thank R. Dijkgraaf for lots of dis
ussions.Referen
es[1℄ E. Kiritsis, Phys. Lett. B217 (1989) 427.[2℄ P. Ginspang, Nu
l. Phys. B295[FS21℄ (1988) 153.[3℄ R. Dijkgraaf, E. Verlinde, H. Verlinde, Utre
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