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N=2 superconformal-invariant theories are studied and their general structure is analyzed. The
geometry of N=2 complex superspace is developed as a tool to study the correlation functions of
the theories above. The Ward identities of the global N=2 superconformal symmetry are solved,
to restrict the form of correlation functions. Advantage is taken of the existence of the degenerate
operators to derive the “fusion” rules for the unitary minimal systems with ¢< 1. In particular,

the closure of the operator algebra for such systems is shown. The ¢=

1

5 minimal system is ana-

lyzed and its two-, three-, and four-point functions as well as its operator algebra are calculated

explicitly.

I. INTRODUCTION

Recently there has been a lot of progress in under-
standing two-dimensional (2D) critical phenomena from
the quantum-field-theory point of view.! A statistical
system at the critical point is scale invariant and, in two
dimensions, it has been proven that, under mild assump-
tions, it is invariant under the full conformal group
which is infinite dimensional.> Belavin, Polyakov, and
Zamolodchikov laid the foundation of 2D conformal
field theory. Their techniques have been proven very
powerful in analyzing the structure of conformal field
theories, and in answering questions such as the follow-
ing. What is the representation content of a given
theory? What is its operator algebra? How can one cal-
culate exactly correlation functions?

Conformal theory in two dimensions also attracted a
lot of interest because it gives a nice natural framework
in formulating (super)string theories, which are supposed
to be candidates for a unified theory of nature.’

Conformal invariance puts severe constraints on the
structure of a theory. By restricting the unitary repre-
sentations of the conformal group, one can classify all
possible anomalous dimensions that can appear in two-
dimensional critical systems. In particular, for ¢ <1 (c is
the anomaly of the conformal algebra), there exists only
a discrete list of values of ¢ corresponding to theories
which are unitary (i.e., theories that do not have
negative-norm states in their Hilbert space*). The first
few of these theories have been identified as well-known
statistical systems, without continuous symmetries, the
Ising model (¢ =1), the Z; Potts model (¢ =%), the tri-
critical Ising model (¢ =), and the tricritical Z; Potts
model (¢ =%). Knowledge of the structure of these
theories allows one to understand better the universality
classes of critical behavior.

This subset of conformal two-dimensional field
theories contains some special representations (the so-
called degenerate representations), the presence of which
renders the theory exactly solvable, in the sense that all
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correlation functions satisfy linear differential equations,
so that, in the worst case, it is up to a reasonable com-
puter to evaluate them.

A natural extension of conformal invariance, inspired
by attempts to construct fermionic string theories, has
been its extension to include supersymmetry. Supersym-
metry, so far, although having appealing theoretical ad-
vantages, has been elusive, despite a lot of both theoreti-
cal and experimental efforts to give some clues support-
ing its existence.

It was surprising that the first example of supersym-
metry observed in nature came from a two-dimensional
critical system, the tricritical Ising model,’ realized ex-
perimentally by adsorbing helium on krypton-plated
graphite.®

Superconformal invariance proves to be very fruitful
also in the formulation of (super)string theories, where
superconformal techniques are indeed valuable, making
a lot of problems, which otherwise are difficult to tackle,
almost elementary.>"#

A natural extension of N =1 superconformal invari-
ance is to include an extended supersymmetry, thus giv-
ing rise to N =2 superconformal invariance. There has
been considerable activity recently on this subject.” 13
The Kac determinant has been calculated by several au-
thors and it was used to study the irreducible unitary
representations of the N =2 superconformal algebra.'®!?
The characters of the algebra have also been calculat-
ed.!?

One might wonder about the utility of an extended su-
perconformal algebra. There are various reasons ex-
plaining why there is such an interest.

First, the N =2 superconformal algebra is the gauge
algebra of the U(1) string,'* which, despite its phenome-
nological insignificance, is a good toy model to try tech-
niques pertinent in string theories, both first and second
quantized. From the point of view of superstring
theories there is a need for N =2 superconformal invari-
ance in the associated nonlinear 0 model on a compact
Ricci-flat manifold, to ensure N =1 supersymmetry in
four dimensions.!> We need supersymmetry to be exact
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after compactification and nonperturbatively stable.
There is a serious hope that N =2 superconformal tech-
niques will provide useful tools in disentangling various
questions pertaining to the nature of different possible
compactifications.

Another reason is that N =2 invariance might be
relevant in some critical statistical systems. Such an ex-
ample has been given in Ref. 16, where it was shown
that the O(2) Gaussian model (XY model) is N =2 super-
conformal invariant for a specific value of the radius (see
also Ref. 17). A specific radius corresponds to a specific
point on the critical line in the phase diagram of the
generalized Gaussian model.

In this paper we pursue our aim toward understanding
the N =2 superconformal field theory. We develop some
tools for doing complex analysis in N =2 superspace,
and we use them to solve the Ward identities for the glo-
bal N =2 symmetry, and find the general structure of
the correlation functions. The two- and three-point
functions in particular, are almost fixed. We derive the
“fusion” rules for the degenerate representations of the
N =2 algebra with ¢ < 1, and we prove the closure of the
degenerate representation content of the unitary
“minimal” theories. The simplest minimal system, with
¢=1, is analyzed in detail. We calculate the four-point
function and we derive its operator algebra.

The structure of this paper is the following. In Sec. II
we introduce N =2 supersymmetry and we develop the
local analytic geometry of N =2 complex superspace.
We characterize the global N =2 superconformal group
OSp(2]2) and we give the explicit form of a general glo-
bal supertransformation. In Sec. III we analyze the gen-
eral structure of N =2 superconformal-invariant
theories. Section IV is devoted to the analysis of the
structure of the correlation functions, implied by global
N =2 superconformal invariance, and in the derivation
of “fusion” rules for the operator-product expansion of
the minimal theories and in particular the unitary
minimal models with ¢<1. In Sec. V we discuss the
operator formalism in the Ramond sector and derive the
corresponding fusion rules. In Sec. VI the simplest
N =2 superconformal-invariant system with ¢ =1 is ana-
lyzed. We compute its operator algebra and the four-
point function. Section VII contains our conclusions.
In Appendix A we give a justification of the ‘“fusion”
rules, through the construction of the unitary degenerate
representations with ¢ <1 using free fermions. In Ap-
pendix B we construct the primary fields of the ¢=1

J

theory as vertex operators in the Gaussian model, and
we explicitly check some of the results of Secs. V and
VI

II. N =2 SUPERSYMMETRY AND
THE ANALYTIC GEOMETRY OF N =2
COMPLEX SUPERSPACE

N =2 supersymmetry is a natural extension of N =1
supersymmetry. In this case we have two different su-
persymmetry generators (supercharges), as well as an
0O(2) [or U(1)] current which manifests the symmetry of
the theory under an O(2) rotation of the two supersym-
metries. The natural space to define the fields of the
theory is N =2 superspace [or more precisely (2,0) super-
space]. In a theory with (super)conformal invariance the
left and right sectors of the theory completely decouple,
so that the structure of the theory is that of a tensor
product of the left and right sectors. From now on we
will restrict ourselves to the left sector only, keeping in
mind the previous remarks.

(2,0) superspace includes, apart from the complex ana-
lytic coordinate z, two other fermionic coordinates, 6
and 0 corresponding to the two supersymmetries:

0*=0%=1{6,6}=0. 2.1)

A point in superspace will be denoted by z=(z,6,8).

A superfield is an analytic function in z defined
through its power-series expansion in the fermionic coor-
dinates:

D(z)=¢(2)+0P(z)+O(z)+600g (z) . 2.2)

The two supersymmetry transformations can be written
as

(2,0,0)—(z —€0,0+¢€,0) , (2.3a)

(2,6,0)—(z —€0,6,60+¢) , (2.3b)
where €,€ are anticommuting variables which are the pa-
rameters of the transformation. Under the two super-
symmetry transformations [(2.3a),(2.3b)], a superfield
transforms as

D(2,0,0)>D(z —€0,0+¢€,0)=¢(z —€B)+(0+€)h(z —eB)+OY(z —eB)+(0+€)0g (z —eh)

=¢(z)+ed(z)+0[€d,d(z)

—€g (2)+Y(2)]+0P(z)+00[g (z)+€d,¥(2)] ,

(2.4a)

D(2,0,0) > D(z —6,6,0+€)=¢(z —€0)+0Y(z —&0)+(8+&)(z —e€0)+0(0+&)g (z —&P)

=¢(z)+EY(2)+O[P(2)+E0,¢(z)+ & (2)]+O1h(z) +00[g (z) —&d,9(2)]

(2.4b)
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which implies the following transformation laws for the
component fields:

dp(z)=€ylz), Sp(z)=FY(z),
dp(z)=€[d,4(2)—g(2)], S 4(z)=0,

- - - (2.5)
8ap(2)=0, d(z)=€[0,4(z)+g(2)],
8.8 (z2)=€d,9(z), 5g(z)=—&d,¥(z) .
It is easy to verify the global supersymmetry algebra:
[ae,sg]zzez-%, [80,5.]1=[5,5.]1=0 . 2.6)
The covariant derivatives in superspace are defined by
d 0 _ 0 d
=—40—, D=—+46—— 7
D-86+982’ D a§+eaz, (2.7a)
D?=D2=0, {D,E}:z% . (2.7b)

We introduce here the notion of a chiral N =2
superfield, as a superfield satisfying one of the following
conditions:

DO(z)=0=>D(z)=¢(2)+20(z)—603,4(z) ,
DO(z)=0=>DP(z)=¢(z)+26%(z) +600,¢(z) .

(2.8a)
(2.8b)

The Grassmann integration is defined through the usual
standard rules:

[ d0d6=[d0d6= [ d0dGb=0, [d0dFoo=1.
(2.9)

If we call the generators of the two supersymmetries

G _1,, G_,, then Eq. (2.6) is translated into
{G_1,2,G_1}={G_,,,,G_,,}=0,
{G—1/2’6~1/2}:2L~1 ’

L _, being the usual translation operator on the complex
plane. The full superconformal symmetry is generated
by the usual Virasoro generators L, , the supersymmetry
generators

(2.10)

2
=—-—[L
Gr fl+1[ n’G~—l/2] ’
5 (2.11)
rEn+1[LnyG~1/2]’ r_—_n—% ’

and the U(1) current generators J,, which implement the
U(1) symmetry, under which the two supercurrents are
in complex-conjugate representations. The full ¥ =2 su-
perconformal algebra then takes the form

(Lo Ly =(m =)Ly g+ g (m> =m0

m
——r

2

G

m
——r

[I‘mr(;r]= )

Gm +r9[Lm’67]:

m+r

[Jm’JnlzamSm +n,0 [Jm’Gr]sz +r’[Jm’§r]=Gm “+r
[Gr’Gs]:{én(—;s]:Or [Lm’Jn]:—nJm+n ’ (2.12)
{G,,G,}=2L, ,  +(r —s)W, . +c(r’*—1)8, s .
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It is the generating algebra of N =2 superanalytic trans-
formations in N =2 superspace. We should, at this
point, define what we mean by an extended superanalytic
transformation. The most general coordinate transfor-
mation in N =2 superspace has the form
(fo,f2,81,81,h1,h, are commuting functions, whereas
f1,f1,80,82,h0,h, are anticommuting ones)

2'=fo(z)+6f (2)+0F (z2)+00f,(z) ,
0'=go(z)+6g,(2)+0g,(z)+600g,(z) ,
0'=ho(z)+06h,(z)+0h (z)+00h,(z) .

(2.13)

A natural definition for an extended superanalytic trans-
formation is one under which the covariant derivatives
transform homogeneously. Under (2.13) the covariant
derivatives transform as

D=(D9')D’+(D§’)i_—+—[Dz'—(D9’)§’] a,
a0’ az
(2.14a)

5 BENE B B (BN
D=(D6')D'+(DO')— +[Dz'—(DO")0'] —;
a0 az

(2.14b)

Consequently the conditions for (2.13) to be a superana-
lytic transformation are

DO0'=D6'=Dz'—(DO')0'=Dz'—(DO")0'=0. (2.15)

[In fact, even if we demand that D transforms in general
as D =(DO')D +(D8')D ' we end up at (2.15). There is
a dual requirement, D =(D#6 "D ' which gives conditions
conjugate to (2.15).] Solving (2.15) we arrive at the most
general form of an extended superanalytic transforma-
tion,

z'= fol2)+0g(2)ho(2)+ Ok (2)g,(2)
+60[go(2)ho(2)],

0'=go(z)+60g,(z)+608gy(z) , (2.16)
0'=ho(z)+0h(2)—00h(z),

along with the supplementary condition
folz)=g0(2)ho(2)—go(2)ho(2)+g,(2)h,(2) ,  (2.17)

where in (2.17) and on the left-hand side of (2.16) a
prime means differentiation with respect to z.

In particular, the global supersymmetry transforma-
tions are special cases of (2.16) with f(z)=z, gy(z)=g¢,
ho(z)=0, g,(z)=h,(z)=1, and fo(z)=2z, go(z)=0,
ho(z)=F, g,(z)=h,(z)=1, respectively.

We define the two Abelian N =2 superdifferentials
through their transformation properties under analytic
superconformal transformations:
dz'=(D8")dz .

dz'=(D6')dz, (2.18)

(The bar over dZ should not be confused with the an-
tiholomorphic coordinate Z; it denotes an independent
Abelian differential.)

The superconformal tensor fields are defined by the
















































