Introduction to Cosmology

Teacher: H�IA� KYPIT�H�

February 1999

Text: E. Linder: First Principles of

Cosmology

Cosmology, E. Kiritsis

Plan of the Course

• Introduction

• General: Units, General Theory of Relativity, Equivalence Principle Metric, Homogeneity and Isotropy, Energy-Momentum tensor, Riemannian Geeometry.

• The Dynamics of the Universe: Friedman equations, equation of state, temporal evolution, the end of the universe.

• Cosmological models and cosmological tests.

• The history of the universe: the physics. The Planck era, baryogenesis, neutrino background, inflation.

• The three main characteristics: Hubble expansion, Nucleosynthesis and Cosmic Microwave Background Radiation (CMBR)

• Structure Formation

Cosmology, E. Kiritsis

Introduction

• Cosmology: The study of the universe at large scales.

• We will see that we need the physics of the very little (particle physics) • The physics is mostly classical. We will still need some quantum physics (mostly for radiation and nucleosynthesis) • The Physics: High Energy and Elementary particles, Nuclear physics, atomic physics, thermodynamics and statistical mechanics, electromagnetism and last but not least gravity.

Simple books and WWW sites:

▲ T. Ferris (1997) : “The whole Shebang” ▲ S. Weinberg (1993): “The first three minutes” ▲ T. Davis (1977): “ Space and Time in the MOdern Universe”

◀ A simple introduction:

http://leandros.physics.uch.gr/cosmology/index.html

◀ New measurements:

http://leandros.physics.uch.gr/CosmoStatus99/index.html

Cosmology, E. Kiritsis

Basic numbers and Units

Size of observable universe 10^{26} m Total mass 10^{22} M_O Baryon Number 10^{79} Density 10^{−29} gr cm^{−3} CMBR temperature 2.7^oK Age of the universe 10^{10} years Entropy per baryon 10^{10} × k Pressure 10^{−19} atm

Units of length

• 1 Mpc (megaparsec) =10^6 pc ≃ 3 × 10^{22} m.

• 1 pc=3.3 light years

• Hubble length: H^{−1}_0 ≃ 3000 Mpc ≃ 10^{26} m.

Units of mass

▷ Solar mass M_O = 2 × 10^{33} gr

▷ Proton mass m_p = 1.67 × 10^{−24} gr

Units of time

◀ 1 year ≃ 10^{7.5} sec (e^x ≃ 10^{0.43x})

◀ 1 Hubble time H^{−1}_0 ≃ 10^{10} years ≃ 3 × 10^{17} sec

Cosmology, E. Kiritsis

Special Units

Geometrical Units: chosen so that G = c = k = 1 ⇒ all quantities have dimensions of length only (choosing the units of time, mass and temperature).

c ∼ [L] [T ] , G ∼ [L]^3 [M][T ]^2

In high energy physics ℏ = c = 1.

We can make combinations of the fundamental constants so that we make a length, a time and a mass (and temperature) all of them known as Planck ...

M^2_P =^ℏ c G , l^2_p = Gℏ c^3

, t^2_P = Gℏ c^5

, T_P = 1 k √_ℏ c^5 G M_P ≃ 2×10^{−5} gr ≃ 10^{19} GeV c^2 , l_P ≃ 4×10^{−33} cm , t_P ≃ 10^{−43} sec , T_P ≃ 10^{32 o}K

• Mass: [M] = [L]^{c2}_G −→ 1M_O ∼ (1.48 × ) 1 km • Time: [T ] = [L]/c −→ 1 year∼ 1 light year≃ 10^{18} cm • Temperature: [T emp] =^{[E]}_k = [L]^{c4}_{kG} −→ 300^oK ≃ 1/40 eV 10^{10 o}K ≃ 0.86 MeV , Nuclear length≃ 1 fm ∼ 10^{−13} cm ∼ 200 MeV

Cosmology, E. Kiritsis

Order of Magnitude Calculations

Important in Physics and especially in Cosmology. ▷ Ex1: How often we have a supernova in our Universe?

Most recent observable SN→ SN1987A in 1987. Previous in 1604 (Kepler, Tycho Brahe) We see 1 in 10 (due to dust, stars etc). ⇒ 1/40 per year in the galaxy. The observable Universe has ∼ 10^9 galaxies. ⇒ 1/40 × 10^9 per year∼ 1/sec.

▷ Ex1: How many CMBR photons pass through your palm per second?

Rate = (density)×(velocity)×(palm area) density: n = n_0 T^3 because the total energy is proportional to T^4 and the energy per degree of freedom is kT .

Normalize: n = l^{−3}_P for T = T_P ⇒ n_0 ∼ 10cm^{−3}K^{−3} and n = n_0(3^oK)^3 = 270 cm^{−3}.

So: Rate =270 cm^{−3} × 3 10^{10 m}_{sec} × 100 cm^2 ∼ 10^{15} sec^{−1} ▷ Ex3: Luminosity:^{Energy}_{Time} We can make a combination of universal constants with the same dimensions: c^5/G ∼ 4 × 10^{59}erg/sec. (The luminosity of a body of Planckian mass transforming all the mass to radiation in a Planck time

Cosmology, E. Kiritsis

General Relativity

The Equivalence Principle is in the heart of General Relativity (GR).

Simplest version:^{Minertial}_{Mgravitational} = universal constant

Weak Equivalence Principle (WEP): The trajectory of a freely falling (small) body without gravitational slf-interaction is independent of its internal structure and composition.

Einstein Equivalence Principle (SEP): It is always possible to pick a coordinate system so that all the laws of physics are the same locally as those in a nonaccelerating system in the absence of gravity. (So special relativity is enough locally)

Or better: ▲ (i) WEP is true.

▲ (ii) The outcome of any local non-gravitational experiment is independent of the velocity of the freely falling reference frame in which it is performed (LLI).

▲ (iii) The outcome of any local non-gravitational experiment is independent of where and when in the universe has been performed. (LPI)

Strong Equivalence Principle (WEP): Same as the Einstein principle, with WEP valid for small self-gravitating bodies (ex: stars).

Schiff’s conjecture: WEP ⇒ SEP

Cosmology, E. Kiritsis

Tests of WEP

Parametrization :

M_G = M_I + ∑ I η^I E^I c^2

We measure the Eötvös ratio:

η = 2|a_1 − a_2| |a_1 + a_2| = ∑ I η^I ( E^I_1 M_1c^2 − E^I_2 M_2c^2 )

Tests of LLI

Measurement of δ =^1_{c2} − 1.

Tests of LPI

�ν ν = (1 + α) �U c^2

Cosmology, E. Kiritsis

Selected tests of the Weak Equivalence Principle, Free-fall and Eöt-Wash experiments originally performed to search for fifth force. Hatched line shows current bounds on η for gravitating bodies from lunar laser ranging (LURE).

Cosmology, E. Kiritsis

Michelson-Morley, Joos, and Brillet-Hall experiments test isotropy of round-trip speed of light. Centrifuge, two-photon absorption (TPA) and JPL experiments test isotropy of light speed using one-way propagation. Remaining four experiments test isotropy of nuclear energy levels.

Cosmology, E. Kiritsis

Selected tests of local position invariance via gravitational redshift experiments, showing bounds on α, which measures degree of deviation of redshift from the formula �ν/ν = �U/c^2.

Cosmology, E. Kiritsis

Variation of fundamental constants

Limit on k̇/k Method Constant k 1.2 × 10^{10}yr

E+M 4 × 10^{−4} H-maser vs Hg ion clock α = e^2/ℏc 6 × 10^{−7} Oklo Natural Reactor 6 × 10^{−5} 21-cm vs molecular absorption at Z = 0.7 Weak 1^{187}Re,^{40}K decay rates β = G_f m^2_p c/ℏ^3 0.1 Oklo Natural Reactor 0.06 BB nucleosynthesis M_e/M_p 1 Mass shift in quasar spectra at Z ∼ 2 g_p 10^{−5} 21-cm vs molecular absorption at Z = 0.7

Bounds on cosmological variation of fundamental constants of non-gravitational physics.

References: C. Will, gr-qc/9811036 at xxx.lanl.gov T. Damour, gr-qc/9711060

Cosmology, E. Kiritsis

Gravity and Geometry

The SEP implies a deep description of gravity: Acceleration — Gravity — Geometry (curvature) • Gravity is always attractive (no negative masses) • Contains many strange occurences: black holes with lots of puzzles, strange acausal solutions etc). • Marrying quantum mechanics and general relativity is a formitable task!

Metric Geometry ds^2 = gμνdx^μdx^ν ≡ 3∑ μ,ν=0 gμνdx^μdx^ν

g_{μν} is the covariant metric tensor (symmetric) The contravariant (inverse) metric tensor:

g^{μν}gνρ = δ^μ_ρ ⇔ g^{−1} · g = 1 Under a change of coordinates x_μ = x^μ(y) g_{μν} transforms as a covariant second rank tensor:

g^′_{μν} = g_{ρσ} ∂x^ρ ∂y^μ ∂x^σ ∂y^ν

Cosmology, E. Kiritsis

A covariant vector Aμ or a contravariant vector Bμ transform under the change of coordinates xμ → yμ as A′μ = Aν ∂xν ∂yμ , B′μ = Bν ∂yμ ∂xν In general a mixed tensor transforms as Aμ_1···μ_p,ν^1···ν^q = A′μ′_1···μ′_p,ν^{′1}···ν^{′q} ∂xμ^′1 ∂yμ1 · · · ∂xμ^{′p} ∂yμ^p ×

× ∂yν^′1 ∂xν1 · · · ∂yν^{′q} ∂xν^q Indices are raised and lowered with the metric:

example Aμ = gμνAν , Aμ = gμνAν If in some coordinate system Aμ_1···μ_p = Bμ_1···μ_p then in any coordinate system A′μ_1···μ_p = B′μ_1···μ_p

Cosmology, E. Kiritsis

Covariant derivatives

If A_μ is a tensor then ∂A_μ ∂x^ν ≡ ∂_νA_μ is not a tensor. Christofel symbols: [μν; ρ] = 1 2 (∂μgνρ + ∂νgμρ − ∂ρgμν) �^ρ_{μν} = g^{ρσ}[μν; σ] The covariant derivative is a (symmetric) two-tensor ∇μAν = ∂μAν − �^ρ_{μν}Aρ ∇_μA^ν = ∂_μA^ν + �^ν_{μρ}A^ρ In general ∇_ρA_{μ1···μp}^{ν1···νq} = ∂_ρA_{μ1···μp}^{ν1···νq} − −�^σ_{ρμ1} Aσ···μ_p^{ν1···νq} − · · · − �^σ_{ρμp} Am_1···σ^{ν1···νq} + +�^{ν1}_{ρσ}A_{m1···μp}^{σ···νq} + · · · + �^{νq}_{ρσ}A_{m1···μp}^{ν1···σ} Tensor Densities

det g^′ = det g | det^{∂x′}_{∂x} |_2 so that the volume element ∫ d^nx √ | det g|is invariant.

Cosmology, E. Kiritsis

The Schwarschild Metric

ds^2 = − ( 1 − 2M r ) dt^2 + ( 1 − 2M r )_{−1} dr^2 + r^2d�^2

Solves R_{μν} = 0. In dimensionfull units

1 − 2M r → 1 − 2GM r c^2 • Spherical Symmetry but no homogeneity. Describes the gravitational field outside a spherical body of mass M. • Divergence at r = 2M (horizon) is fake. At r = 0 the singularity is real.

When the surface of a body is inside the horizon, then we talk about a “black hole”.

Rotating Spherical Body The Kerr metric (at large distance)

ds^2 = − ( 1 − 2M r ) dt^2 + 2M r^2 ( ⃗r + 1 r (⃗j × ⃗r) ) · d⃗rdt+

+ ( δ_{ij} + 2M r^3 ) dx^idx^j wher ⃗j is the angular momentum.

Cosmology, E. Kiritsis

Geodesic Motion

A particle of mass m moving in a gravitational field (metric) follows a path known as a geodesic: The equation defining the path is the geodesic equation:

D^2_τ x^μ ≡ d^2x^μ dτ^2 + �νρ^μ dx^ν dτ dx^ρ dτ = 0 where dt^2 = gμνdx^μdx^ν is the proper time.

It can be obtained by minimizing the legth of the path of the particle:

L = m ∫ ds = m ∫ du √ ds^2 du^2 = m ∫ du √ g_{μν}ẋ^μẋ^ν In flat space �νρ^μ = 0 and the equation is ẍ^u = 0.

Locally we can always choose a coordinate system (freely falling) so that gμν|_0 = ημν, �νρ^μ|_0 = 0 (but the curvature cannot be made to vanish).

Cosmology, E. Kiritsis

Newtonian Limit

Newtonian equations of motion (in a Newtonian potential �): d^2x^i dt^2 + ∂� ∂x^i = 0 Field equation: ∇^2� = 4πρ Rewriting (t = aτ + b):

d^2x^i dt^2 + ( dt dτ )_2 ∂� ∂x^i = 0 , d^2t dτ^2 = 0

Agrees with geodesic equation if �^i_{00} = ∂_i� all others zero. This implies that

g_{00} ≃ −1 + 2� , g_{0i} ≃ 0 , g_{ij} ≃ δ_{ij}

The Riemann tensor is R^i_{0;j0} = ∂_i∂_j� so that the Einstein equation G = 8πT becomes the Newton equation.

Surface � is ∼ 10^{−39} on the proton, 10^{−9} on earth, 10^{−6} on the sun and 10^{−4} on a white dwarf.

Cosmology, E. Kiritsis

Redshift

A freely falling clock reads (proper) time dτ = √ −η_{μν}dx^μdx^ν The equivqlence principle states that the clock works similarly in a gravitational field (η_{μν} → g_{μν}). In a general coordinate system dt = dτ √ −g_{μν}^{dxμ}_{dt}^{dxν}_{dt} For a clock at rest dx^μ/dτ = δ_{μ,0} so dt = dτ (−g_{00})^{−1/2} Consider a (freely falling) source of light (2) and an observer (1).

The period of light at the position of the source is T_2 = T/(−g_{00}(x_2))^{1/2} whereas at the position of the observer T_1 = T/ √ −g_{00}(x_1) For the frequencies

ν_2 ν_1 = √ g_{00}(x_2) g_{00}(x_1) For weak fields g_{00} ≃ −1 − 2� so that �ν ν ≃ � Can be used to resolve the asymetry of the twin story in special relativity

Cosmology, E. Kiritsis

Curvature

The Riemann curvature tensor can be written in terms of the Christofell connections:

R^μ_{ν;ρσ} = ∂_ρ�^μ_{νσ} − ∂_σ�^μ_{νρ} − �^τ_{νρ}�^μ_{τ σ} + �^τ_{νσ}�^μ_{τ ρ} The full covariant tensor Rμν;ρσ = gμμ′ R^{μ′} ν;ρσ has symmetries R_{μν;ρσ} = R_{νμ;ρσ} , R_{μν;ρσ} = R_{ρσ;μν} By tracing in one set of indices we obtain the Ricci tensor,

R_{μν} = R^λ_{μ;λν} , R_{μν} = R_{νμ} Tracing once more we obtain the scalar curvature R = R^μ_ν = g^{μν}R_{μν} Finally the Einstein tensor is given by Gμν = Rμν − 1 2 gμνR Geodesic Deviation

D^2_τ ξ^μ + R^μν;ρσẋ^νξ^ρẋ^σ = 0

Cosmology, E. Kiritsis

The Stress Energy Tensor

We need a tensor to describe energy and momentum (the sources of gravitational fields).

In special relativity the energy and momentum are components of a 4-vector. In field theory we must talk about densities.

Consider the energy density T_{00}. In relativity this is completed by the energy flux in i-direction T_{0i} to a four vector (like the EM case, (ρ,⃗j))

Similarly the momentum density (it is the same as T_{0i}) is completed by the momentum fluxes T_{ij}. The total is the the symmetric stress-energy tensor T_{μν}

Conservation: ∇μTμν = 0 → −∂0T0ν + ∂iTiν = 0

Cosmology, E. Kiritsis

The Einstein Equation

We must relate the sources (charges)→ stress-energy tensor to the effect (curving of spacetime).

Gμν = 8π Tμν Reinstating units 8π → 8π/G.

This equation follows from general arguments of covariance and the strong equivalence principle. (∇^μG_{μν} = 0)

If there is a cosmological constant � then

Tμν → Tμν − � gμν Experimentally, � M^2_P

≤ 10^{−120}

Cosmology, E. Kiritsis

Symmetries of metrics

• A stationary metric→ ∂_0g_{μν} = 0. • A static metric: stationary and g_{0i} = 0 • Isotropy=Invariance under rotations in space.

ds^2 = g_{00}(r, t)dt^2 + f(r, t)dr^2 + g(r, t)d�^2 d�^2 = dθ^2 + sin^2 θdϕ^2 • Homogeneity: invariance under translations (constant curvature). In Cosmology → Isotropy is verified at the 10% level on galaxy distributions and 10^{−5} for CMBR.

→ Homogeneity is a principle (plaussible yes, but an assumption) The universe looks homogeneous at ≥ 10^8lys.

stars galaxies galactic clusters ∼ 1ly 10^6 lys 3 × 10^7 lys < v_{galactic} >∼ 10^{−3} →< E_{kin} ρ >= 1 2 < v^2 >∼ 10^{−6} p ρ = 1 3 < v^2 >∼ 10^{−6} ρ_{CMBR} = 3 p_{CMBR} ≃ 4 × 10^{−34}gr/cm^3 ∼ T^4

Cosmology, E. Kiritsis

Robertson-Walker metric

The most general metric satisfying homogeneity and isotropy (Robertson-Walker):

ds^2 = −dt^2 + a(t)^2 dr^2 + r^2d�^2 (1 + kr^2/4)^2

k is a constant that can be rescaled to (0, ±1) It determines the curvature.

• Comoving Coordinates

ds^2 = −dt^2 + a^2(t) ( dr^2 + χ^2(r)d�^2 ) χ_{k=0} = r , χ_{k=1} = sin r , χ_{k=−1} = sinh r

• Standard Coordinates

ds^2 = −dt^2 + a^2(t) ( dr^2 1 − kr^2 + r^2d�^2 )

• Conformal coordinates

ds^2 = a^2(η) ( −dη^2 + dr^2 + r^2d�^2 (1 + kr^2/4)^2 )

What are the dimensions of a(t) and k?

Cosmology, E. Kiritsis

Stress-Energy tensor of an ideal fluid

Consider an ideal fluid filling the spacetime which is homogeneous and isotropic, with metric g_{μν}. The four-velocity tensor is given by

u^μ = dx^μ dτ , u^μu_μ = −1 In the frame of reference that is at rest with fluid, u^i = 0 and u^0 = 1 when g_{00} = −1.

The stress tensor can be the most general tensor constructed out of u^μ and gμν

Tμν = (ρ + p)uμuν + p gμν Go to rest frame, (u^i = 0, u^0 = 1): Then

T_{00} = ρ , T_{ij} = p g_{ij} This identifies ρ ≡ density and p ≡ pressure.

Cosmology, E. Kiritsis

Microscopic Considerations

r an ideal fluid made out of non − interacting particles with coordinates ⃗x_a(t). The four-momentum density is given by

T^{μ0} = ∑ a p^μ_aδ^{(3)}(⃗x − ⃗xa(t))

The current is

T^{μi} = ∑ a p^μ_a dx^i_a dt δ^{(3)}(⃗x − ⃗x_a(t))

for all x^0_a = t so that the covariant expression is

T^{μν} = ∑ a p^μ_a U^ν_a δ^{(3)}(⃗x − ⃗xa(t)) with U^0 = 1, U^i = ẋ^i. Use the relativistic expression ⃗p = E ⃗v → U^μ = p^μ/E we can write the covariant expression

T^{μν} = ∑ a p^μ_a p^ν_a E_a δ^{(3)}(⃗x − ⃗xa(t))

ρ = T^{00} = ∑ a E_a δ^{(3)}(⃗x−⃗x_a(t)) , n = ∑ a δ^{(3)}(⃗x−⃗x_a(t))

p = 1 3 ∑ i T^{ii} = 1 3 ∑ a |⃗pa|^2 E_a δ^{(3)}(⃗x − ⃗xa(t)) Radiation → ρ ≃ 3p non − relativistic matter → ρ = m_0 n + 3 2 p

Cosmology, E. Kiritsis

Friedmann Equations

Putting the most general homogeneous and isotropic metric and stress tensor in the Einstein equation we obtain the Friedman equations:

ä a = − 4π 3 (ρ + 3p) ( ȧ a )_2 = 8π 3 ρ − k a^2

Together they imply energy conservation

ρ̇ = −3 ȧ a (ρ + p)

Using basic Newtonian theory the Friedman equations can be derived (except for the pressure and curvature dependence).

Cosmology, E. Kiritsis

History of Cosmology

1915 General Relativity 1917 De Sitter Solution (static universe) 1922 Friedmann Equations 1927 Lemaitre universe (with pressure) 1929 Confirmation of Hubble expansion 1931 Einstein accepts expanding universe 1935 Robertson-Walker metric 1965 Discovery of CMBR 1980 Inflation from Guth-Kazanas 1992 Observation of anisotropies in CMBR 1998 Observation of acceleration of Hubble expansion

Cosmology, E. Kiritsis

Equation of State

Matter has equation of state in the form p = f(ρ). This, plus the Friedmann equations determine the evolution of the universe.

In the case of dilute matter the relation is linear p = w ρ , ρ ∼ a^{−3(1+w)} w Type of Energy 0 Non-relativistic matter 1/3 Ultra-relativistic matter (photons, ν’s etc) 1 Massless Scalars -1/3 Curvature energy (cosmic string networks) -2/3 Domain wall energy -1 Cosmological constant Causality: c_s ≡ √| |dp_{dρ}| ≤ 1 A given type of energy dominates at any given time the evolution of the universe. In between there are transition regions.

Cosmology, E. Kiritsis

When the universe evolves adiabatically (compared to decay rates) N ∼ constant.

Consider a non-relativistic particle X decaying to relativistic products C. Let the decay width be �

ρ̇_X = −3 ȧ a ρ_X − �ρ_X ρ̇_C = −4 ȧ a ρ_C + �ρ_X

Set ȧ = 0 ⇒ ρ_X ∼ e^{−�t}. The solution is

ρ_X (t) = ρ_X (t_0) a(t)^3 e^{−�t}

ρ_C (t) = 1 a(t)^4 [ ρ_C (t_0)a^4_0 + �ρ_X (t_0) ∫_t t_0 du e^{−�u} a^3(u) ]

ρ_i = e_iN_i V N_X = N_0e^{−�t}, N_C = N_R(0) + N_0(1 − e^{−�t}).

w_{eff} = − 1 3 ∑ i [ ∂ log e_i ∂ log a + ∂ log N_i ∂ log a ]

Cosmology, E. Kiritsis

Evolution of the Universe

Define a new time variable: the redshift (dimensionless) z = a_0 a(t) − 1 where a_0 = a(now). z < 0 in the future.

Dust dominates over radiation when z ≃ 2 × 10^4 (estimate it!). ( ȧ a )_2 = 8π 3 ρ − k a^2 Define the critical density ρc = 3 8π H^2 = 3 8π ( ȧ a )_2

Define also the normalized densities

�_i(t) = ρ_i(t) ρ_c(t) , �_i(0) ≡ �_i so k = [�(z) − 1] a^2H^2 = [� − 1] a^2_0H^2_0 a a_0

∼ (t − t_0)^{23(1+w)}

t_0 ∼ 2 3(1 + w)

H^{−1}_0

Cosmology, E. Kiritsis

The fate of the Universe

Cosmology, E. Kiritsis

Cosmology, E. Kiritsis

Cosmological Parameters

From the variables entering the Friedman equations we can make the following combinations that are useful in the analysis of observational data.

H_0 = ( ȧ a ) 0 Hubble constant

�_0 = ( ρ ρc ) 0 Density parameter

q_0 = − ( 1 H^2 ä a ) 0 Deceleration parameter

H_0 has dimensions [T^{−1}] while �_0, q_0 are dimensionless.

Taylor expanding the Friedman equations around t_0 = today we obtain q_0 = 1 2 �_0 + 3 2 ∑ w w �w(0)

The second Friedman equation can also be written as H(z) ≡ ȧ a = H_0 y √∑ w �w(0)y^{1+3w} − �_0 + 1

where y = 1 + z =^{a0}_a .

Cosmology, E. Kiritsis

Cosmology, E. Kiritsis

Standard Cosmological Tests

Lookback time

�t(z_1, z_2) =

∫_{1+z2}

1+z_1 dy y 1 H(y) For a single component we obtain the age of the universe as

t_0 = 2 3(1 + w) 1 H_0 f_w(�) = ∫_{a0} 0 da a [ 8πρ_0 3 (a_0 a )_{3(1+w)} − k a^2 ]_{−1/2}

with f_w(�) being unity for � = 1 otherwise being a slowly decreasing function. Distance Tests Comoving distance r_c traveled by a photon: ∫_{rc} 0 dr √ 1 − kr^2 = ∫_{t0} t(r_c) dt a(t) Proper distance: it is given by the photon proper time times the speed of light (=1). The photon proper time is the same as comoving time (dr=0 etc). Thus t = ∫ dt = ∫ da ȧ = ∫_{1+z} 1 dy yH(y) Angular distance r_a = d/θ where d is the size of the source and θ is the observation angle.

Cosmology, E. Kiritsis

Cosmology, E. Kiritsis

Proper Motion distance

r_m = v θ̇ where v is the velocity of the source transverse to the line of sight and θ̇ is the angular velocity. Luminosity Distance

r_l = √ L 4πl where L is the intrinsic luminosity while l is the apparent luminosity.

In general r_a = r_m 1 + z = r_l (1 + z)^2

Cosmology, E. Kiritsis

Cosmology, E. Kiritsis

Cosmology, E. Kiritsis

VOLUME TEST Extension of the concept of distance: volume

dV = dA dptr = r^2_a d� dptr In physical units V = �

∫_{1+z} 1 dy y^2 H(y) r^2_a

NUMBER TEST This amounts to measuring the number of objects above a certain luminosity (given by the distribution �(L)) N = n(z) ∫_∞ L_0 dL �(L) where n(z) is the comoving density.

N(z) = �

∫_{1+z} 1 dy y^2 H(y) r^2_a n(z) ∫_∞ L_0 dL �(L) gives the number of a “survey complete out to z”.

Cosmology, E. Kiritsis

Cosmology, E. Kiritsis

Scaling

L∼ a v_{pec} ∼ 1/a

ρmatter ∼ 1/a^3 ρ_{rad} ∼ 1/a^4

λ ∼ a ν ∼ 1/a

T_{rad} ∼ 1/a n ∼ 1/a^3

s ∼ T^3/n ∼ constant Hubble’s law: v = dr dt = d(ar_0) dt = r_0 ȧ = ȧ a r = H r modulo peculiar velocities.

Cosmology, E. Kiritsis

Since T ∼ 1/a we obtain T (z) = T_0(1+z) = 2.73(1+z)^oK = 2.4×10^{−4}(1+z) eV The temperature, especially measured in units of energy is very useful since it alludes to the type of physics that is relevant for a given period in the evolution of the universe.

For z < z_{eq} ≃ 2.3 × 10^4 �_0h^2 non-relativistic matter dominates. This corresponds to t_{eq} ≃ 1500(�_0h^2)^{−3/2}yr. The timescale is given by

t = t_{eq}(z_{eq}/z)^2 ≃ 10^{12} z^{−2}(�_0h^2)^{1/2}yr , z > z_{eq}

t = t_0(1 + z)^{−3/2} ≃ 10^{10}(1 + z)^{−3/2}yr , z < zeq

Combining the temperature and time relations we can write T ≃ ( t 1 sec )_{−1/2} MeV , T > Teq ≃ 10 eV , t < teq ≃ 4×10^{10} sec T = 2.73(t/t_0)^{−2/3 o}K , T < T_{eq} ≃ 10^{5 o}K , t > t_{eq} ≃ 1500 yr

Cosmology, E. Kiritsis

From Weinberg’s book ”Gravitation and Cosmology”

Cosmology, E. Kiritsis

the history

• At T ∼ 10^{19} GeV quantum gravity effects cease to be important ( around t ∼ 10^{−43} sec). The graviton gas decouples here. Today it has T ≃ 1^oK and relative density �_{gr} ≃ 10^{−6.5}.

• GUT phase transition (?) Around 10^{16} GeV. • Inflation. Around 10^{15} GeV • Baryogenesis. WE need one baryon per 10^8 photons. The 3 Sakharov postulates must concur for it to happen:(1) CP violation (2) Baryon number violation (3) Out of thermal equlibrium (phase transition). • Quark confinement phase transition. Temperature uncertain.

• Electroweak phase transition. Decoupling of neutrinos.

• Nucleosynthesis. T ≃ 1 MeV.

• Decoupling of neutrinos. Today T_ν ≃ 2^oK. • Positrons fall out of equilibrium and disappear. • Nuclei capture electrons to form atoms. • Electromagnetic radiation decouples from atoms. Today Tγ ≃ 2.73^oK.

• Large scale structure starts forming.

Cosmology, E. Kiritsis

Inflation

The particle horizon (physical distance) is

r_H (t) = a(t) ∫_t 0 dt a(t) It is finite provided w > −1/3. The angular extend of the particle horizon at recombination (z ≃ 10^3) is θ_{hor} = r_H r_a = 2^o √ � 10^3 z and is much smaller than the homogeneity we observe. This is the horizon problem. Also

1 − �(z) ≃ (1 − �_0)(1 + z)^{−(1+3w)}�w(0) since �(0) today is close to one, it has been 1 − � ∼ 10^{−61} , at the Planck time (z_P ∼ 10^{32}) We need fine tuning. This is the flatness problem.

Monopole/defect problem: During GUT phase transitions too many topological defects are produced. These have not been observed.

All of the above can be solved provided there was a fast expansion of the universe somewhere in the past.

We assume that a scalar field drives a phase transition (Figure) When in the false vaccum the evolution of the scale factor is dominated by the vaccum energy (cosmological constant). During this period the universe expands exponentially. Then the field relaxes to the true vaccum. During relaxation its oscillations reheat the universe.

Cosmology, E. Kiritsis

Inflation solves the horizon problem by expanding distances superluminally (exponential expansion).

Inflation solves the flattness problem since it brings � arbitrarily close to one with eponentiall acuracy

Inflation sdoves the topological defect problem by diluting their density to the point that they are not observable

It turns out we need Inflation to produced around 60 e-foldings.

Cosmology, E. Kiritsis

The Hubble Expansion

Based on simple physics: atomic transitions and general relativity.

Predicted by General Relativity (assuming symmetry)

1912 Slipher observed a source with^{�λ}_λ = −0.001 1922 30 redshifts measured 1982 ∼ 3 × 10^3 redshifts measured 1992 ∼ 10^5 redshifts measured (∼ 10 negative) 1999 ∼ 10^6 redshifts (Sloan Digital Sky Survey)

Cosmology, E. Kiritsis

Examples of spectra

Cosmology, E. Kiritsis

Properties • Positivity: Almost all z > 0. A few negative come from local Virgo cluster.

• Frequency independence: The same redshift is measured from radio frequencies to γ-rays, over a range 10^{12} in frequency. This is impressive. • Linearity: In some case the distance can be measured by independent means. Measurements then indicate that z ∼ r with a 10% accuracy.

• Isotropy: Once the distance dependence is removed, then redshifts are isotropic. Potential explanations:

• Movement of the source relative to the observer This is also known as the Doppler effect. • Time dependent gravitational phenomena This com from the geometry. The expansion of the universe is the prime example.

• Static gravitational phenomena This comes from static gravitational fields. The redshift due to static fields is the prime example.

• Interactions (scattering, absorption etc) This is an envirionmental explanation and relies on particle physics processes.

Cosmology, E. Kiritsis

Galilean Doppler Shift

A source is moving with velocity ⃗v with respect to an observer ⃗x = ⃗x_0 + ⃗vt.

A pulse is emitted at time t_e and moves (isotropically) with velocity v_s. It is observed at time to = te + d v_s , d = n̂ · ⃗x = n̂ · ⃗v te so that �t_o �t_e = 1 + n̂ · ⃗v v_s , �ν ν = n̂ · ⃗v v_s = v_{radial} v_s For electromagnetic waves v_s = 1. If the sources is receding v_{radial} > 0 and z > 0

Cosmology, E. Kiritsis

Relativistic Doppler Shift

There is no transverse Doppler shift in galilean physics.

There is however in special relativity. The previous relations are modified

t_o = γ ( t_e + d vs )

�t_o �t_e = γ ( 1 + v_{radial} v_s )

⇒ z = −1 +

1 +^{vradial}_{vs} √ 1 − v^2 For vr = 0

z = −1 + 1 √ 1 − v^2_t ≃ 1 2 v^2_t + ... which is quadratic in velocity.

Cosmology, E. Kiritsis

Kinematic redshift

The Hubble relation is due to kinematics only.

Weyl: Homogeneity+Isotropy→ FRW metric → expansion and redshift

ds^2 = −dt^2 + a(t)^2F^2(r)(dr^2 + r^2d�^2) a photon path is given by ds = 0 dt a(t) = drF (r) Consider light emitted at t_e with period T_e and received at t_o with period T_o: ∫_{to+NTo} t_e+NT_e dt a(t) = ∫_R 0 drF (r) This should be independent of N so that: ∫_{to+To} t_e+T_e dt a(t) = ∫_{to} t_e dt a(t) take T_e, T_o small To a_o = Te a_e with T_i a_i << 1. This is good for all observations.

z = ao a_e − 1 as advertised.

Cosmology, E. Kiritsis

Expansion → z > 0

At small distances, a(te) ≃ a(to) − (to − te)ȧ(to) + ... Use r = t_o − t_e and H_o = ȧ(t_o)/a(t_o)

z = H_0 r

If we think in terms of Doppler shift, z = v_r and then v_r ≃ H_0 r. At larger distances, ther are different types of distances with different relations to redshift.

If the source is local then it can also have a “peculiar” velocity and

z = H_0 r + v^{peculiar}_r

Typically |v^{peculiar}_r | ∼ 10^{−3} so they do not contribute to the redshift for objects further than a few Mpc.

General Redshift Expression

z = −1 + (k · u)_e (k · u)o where k is the photon 4-momentum and u is the emitter 4-velocity, and k · u ≡ gμνk^μu^ν .

Cosmology, E. Kiritsis

Special Cases

Special Relativity: g_{μν} ∼ diag(-1,1,1,1) k · u = −k^0u^0 + ⃗k · ⃗u, k^2 = 0 → ⃗k = −k^0n̂ In general u = (γ, γ⃗v) so that uo = (1, ⃗0).

z = −1+ k · u_e k · uo = −1+ k^0γ(−1 − n̂ · ⃗v) −k^0 = −1+γ(1+n̂·⃗v) FRW: From mass-shell condition k^0 = a(t)|⃗k| and both emitter and observer are comoving u = (1, 0). Thus,

z = −1 +

(k^0)e (k^0)_o = ao a_e In general redshifts appear because one component in u · k = gμνk^μu^ν changes: • u changes → Doppler.

• g changes → gravitational redshift. • k changes → interactions.

Cosmology, E. Kiritsis

Gravitational lensing

Imagine there is a gravitating body in-between source and observer. Then,

z = −1 + (u · k)_e (u · k)_d (u · k)_d (u · k)_o If the system is static there is no effect!

If not then �p = F �t, F =^{GM}_{b2}^p_c , �t = b/c. The (small) angular deflevtion δ is then given by δ ≃ �p p = GM bc^2 = � c^2

1 + z = (u · k)_e (u · k)_{d+} (u · k)_{d+} (u · k)_{d−} (u · k)_{d−} (u · k)o = (u · k)_{d+} (u · k)_{d−} In our case, u = γ(1, ⃗v), k− = (|⃗k|, ⃗k), k_+ = k− + �k, �k = (0, �⃗k) (�E = O(�k^2)) so that

1+z = 1− �k · u k_− · u = 1− �⃗k · ⃗v −⃗k + ⃗k · ⃗v ≃ 1+ �⃗k · ⃗v ⃗k ≃ 1+|⃗v|δ

z ≃ v �

Cosmology, E. Kiritsis

Fitting the Hubble expansion

• z > 0 Naturally explained by expansion. • Frequency independence. Always true if geometric optics approximation is valid → “small” wavelegths. • Linearity. Arises naturaly from taylor expansion without the use of equations of motion. (only homogeneity+isotropy)

⃗v_{rel} = H_0 �⃗r A shift of coordinates does not affect the relation. WE can imagine the most general linear relation v^i = H^ijx_j H can be decomposed into the trace H_{ij} = Hδ_{ij} , symmetric traceless and antisymmetric parts. • The trace is uniform expansion.

• The antisymmetric piece is rotation (experimentally ω < 10^{−3}) • The tensor piece is shear (experimentally ω < 10^{−6}). Non-trivial O(3) reps break rotation invariance.

Cosmology, E. Kiritsis

The Hubble Constant

This is one of the most important cosmological paran-

meters. Its value H0 = (70 ± 10) Km/sec/Mpc is known to a 15 % accuracy. Measuring it is no trivial feat:

• At klarge distances we cannot measure distance accurately

• At small distances data are tainted from peculiar velocities.

This is the only dimensionful cosmological parameter → sets the scale.

Agrees well with other “dating” methods (using radioisotopes and nuclear energy production). (see exercize).

Cosmology, E. Kiritsis

Redshift Tests

• Microwave background temperatures: Test T ∼ 1/a or

s ∼ T^3 n ∼ constant or

T_o = T_e(1 + z)^{−1}

Look at rotational energy transition in CN or other molecules. The lines are in the microwave part of the spectrum and can be excited by the CMBR. ▷ From CI we obtain T = 7.4 ± 0.8^oK at z = 1.78 agreeing well with theory T = 7.6^oK.

▷ From CII we obtain T < 13.5^oK at z = 2.9 agreeing with T = 10.7^oK. • Surface Brightness Iν=energy/(area · time · frequency · solid angle)

I_o = I_e(1 + z)^{−4}

Iν ∼ ν^3 ⇒ I = ∫ Iνdν ∼ ν^4

Cosmology, E. Kiritsis

Olbers Paradox

If the universe is filled with stars sp that every lines meets a star the sky would be as bright as the surface of a star.

The energy flux of an emitter dies off as L ∼ 1/r^2 but the number of sources grows as ∼ r^2 so that the enrgy flux scales like constant. Integrating over r from zero to infinity gives an infinte result.

Flaw: there is a cosmological horizon.

alternative theories for redshift

• Doppler shifts (incompatible with z almopst always positive).

• Tired light. Interactions must be postulated abnd from dE/dr = −kE we obtain z = e^{kr} − 1 linear only for small z.

• Photon mass: mγ < 10^{−27} eV.

• Wolf shift. Correlation of light from sources that can cause shifting of frequencies. Redistributes the number of photons in the frequency range.

• Static gravitational redshift. Fails isotropy and size.

Cosmology, E. Kiritsis

Cosmology, E. Kiritsis

Nucleosynthesis

Nucleosynthesis probes times scales a few minutes after the Big Bang far earlierr than CMBE (t > 10^5yrs) or Hubble expansion data (t > 10^9 yrs). It rests on well founded high energy nuclear and statistical physics.

He^4 must be synthesized during the hot early stage of the universe. The luminoscity of a typical galaxy is L ≃ 10^{11}L_⊙ = 2.5 × 10^{56} eV/sec. Over a Hubble time the total energy output is E = L×10^{10}yrs ≃ 7.5×10^{73} eV. There are M/m_p ∼ 10^{12}M_⊙/m_p ∼ 10^{69} nucleons in a galaxy. So the total energy produced per nucleon is 0.06 MeV. This well below the one (7 MeV produced for H → He conversion.

Nuclei starting with^{12}C or heavier are synthesized in stars via the triple α process. The nuclear density during nucleosynthesis is 10^{20}/cm^3 while in stellar cores it is 10^{29}/cm^3.

Important concepts in nucleosythesis are statistical equilibrium and its breakdown: freezout

• At T > 1 GeV there are baryon-antibaryon pairs in equilibrium (hadron era). Below that temperature antibaryons dissappear and we are left with baryons only (baryogenesis).

• The lepton era: pairs of leptons and antileptons (e^+ − e^−) dominate the soup. Below T = 1 MeV positrons dissappear.

• We enter the photon era. Nucleosynthesis takes place here.

Cosmology, E. Kiritsis

Nucleosynthesis

The simplest nucleus H^2 has binding energy 2.2 MeV. Synthesis starts when the nuclear reactions fall out of equlibrium.

A reaction timescale is given by � = 1/t_{reac} = n < σv > where n is the density, σ is the cross section and v is the velocity.

If there is no expansion the temperature remains constant and the reactions X → Y and Y → X remain at equilibrium (detailed balance ot time reversal).

Expansion provides another time scale H. If � >> H the interaction remains in equilibrium. If � << H the expansion is fast and interactions are not relevant (freezeout).

Consider the interactions after time t: N_{int}(> t) = ∫_∞ t dt^′�(t^′)

. � ∼ T^n and for radiation domination T ∼ t^{−1/2} and H ∼ 1/(2t). So that N_{int} = (n − 2)^{−1}�/H. For n > 2 N_{int} < 1 if � < H (freezeout).

From the definition � ∼ T^3 σ for relativistic particles. For weak interactions σ ∼ T^2 while for electromagnetic σ ∼ 1/T^2.

Cosmology, E. Kiritsis

Interactions and Timescales

Cosmology, E. Kiritsis

Statistical expressions and kinetics

Using

ρ_i(T_i) = 1 (2π)^3 g_i ∫ d^3⃗p f(⃗p) E(⃗p) with the standard distribution function f = 1/(exp(E − μ)/T_i ± 1) we obtain the energy density of radiation as ρ = π^2 30 g_∗ T^4 g∗ = ∑ bosons g_i(T_i/T )^4 + 7 8 ∑ fermions g_i(T_i/T )^4

where T is the photon temperature.

So, t(sec) ≃ [T (MeV )]^{−2} to a very good accuracy. For 1MeV < T < 100MeV the species that contribute are photons, electrons and positrons (each with g=2) and as many neutrinos are relativistic. This gives g_∗ ≃ 10.75 during that period.

If Q is the nuclear binding energy, because of the high entropy,

T_{freezeout} ≃ Q/20 The ration of forward to reverse reactions is η^{−1}e^{−Q/T} where η is the entropy per baryon.

Cosmology, E. Kiritsis

Entropy

From thermodynamics we have S ∼ ρV/T and ρ ∼ T^4 ⇐ S ∼ V T^3 → s ∼ n_γ ∼ T^3 The exact expression is s = 2π^2 45 g_∗T^3 Today s = 7.04 n_γ and

η = n_b/n_γ = 7.04(n_b/s) = 2.7 × 10^{−8} �_bh^2 so the entropy per baryton is huge s/n_b ≃ 10^{10} k for �_b ≃ 0.01 (During stellar nucleosynthesis s/n_b ≃ k.) From adiabatic expansion we get g∗T^3a^3 = constant so T ∼ 1/a when no decoupling occurs. During decoupling g_∗ chnages.

For example after the neutrinos have decoupled Tγ/Tν = (g^{before}_∗ /g^{after}_∗ )^{1/3} = (5.5/2)^{1/3} = 1.4 .

Cosmology, E. Kiritsis

Calculation of abundances

The basic building blocks are protons and neutrons and the relevant reactions n ↔ p + e^− + ν̄ , n + ν ↔ p + e^− , n + e^+ ↔ p + ν̄ Use the notation: c/d = n_c/n_d, X_A = An_A/n_N where A is the atomic mass and n_N = nn + np + ∑ A A n_A ≃ n_n + n_p.

Heuristic derivation of He abundance Before freezeout the reactions are in equilibrium and the abundance of n/p is determined by Boltzman factors: n p = Xn X_p = e^{−Q/T} with Q = m_n − m_p = 1.29 MeV. After freezeout the only interaction going is free neutron decay. The freezeout condition � = H gives T_f = 0.8 MeV, T_f ∼ τ^{−1/3}_n and (n/p)_f = 0.2 All neutrons make He so

X_4 = 2X_n(t) = 2 e^{(t−tf )/τn} 1 + e^{Q/T} (X_4 = 4He/(n+p) = 2n/(n+p) = 2/(1+e^{Q/T} ) modulo neutron decay). Freezeout of He interactions at t = 180 sec so that X_4 = 27% (exact number is 24%) There are three methods of calculation: • Reaction networks. • Approximate integration. • Quasistatic analysis.

Cosmology, E. Kiritsis

Nuclear Reaction Networks

If in a reaction i + j → k + l then ṅ_i = n_in_j < σv >_{ij→kl} and so on. As an example Ẋ_d = X_nX_p[npdγ]−2X^2_d ([ddpT ]+[ddn3])−X_dX_T [dT nα]− −X_dX_3[d3pα] − X_dX_γ[dγnp] − X_dX_p[dp3γ] (T is tritium, 3 is He^3, and α is He^4)

Cosmology, E. Kiritsis

Methods of Calculation

• Quasistatic analysis.

The equations are of the form Ẋ_i = J − �X_i where J is the source term and �X_i the sink term. The decay becomes quasistatic is X_i = J/� if � >> H. The fixed point solutions is the final abundance.

Cosmology, E. Kiritsis

Observations of abundances

Nuclosynthesis is a accurate cornerstone of the standard theory. There is agreement with observations over a range of 10 orders of magnitude with inputs: t_n = 889 sec, N_ν = 3, η = 4 × 10^{−10}.

Cosmology, E. Kiritsis