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Symplectic space of asymptotic data & holography

m Given our limited understanding of quantum gravity and of strongly coupled QFTs,
a pragmatic approach to gauge gravity dualities has become popular. Namely, one
is trying to model a given strongly coupled QFT of interest using a gravitational
theory, based e.g. on symmetries or the spectrum of observables, and the hope is
that the gravity description captures certain universal features of the dual strongly
coupled QFT.

m Typical examples are holographic models of QCD, high temperature
superconductors or other strongly correlated condensed matter systems exhibiting
quantum critical transitions.

m Within this approach to gauge/gravity duality, the holographic dictionary can be
derived systematically starting from the gravity side by i) providing a theory that
supports the desired backgrounds, ii) identifying the radial coordinate emanating
from the boundary of these geometries with the RG scale of the dual QFT iii)
constructing the symplectic space of asymptotic data.



Lifshitz & hyperscaling violating Lifshitz holography

m Holographic description of quantum critical points and QFTs exhibiting
hyperscaling violation

m Geometries suffer from IR pathologies — not relevant here

m These backgrounds can emerge in the IR or some intermediate energy scale
starting with some other UV completion — e.g. AdS in the same or higher
dimensions

m Here we will focus on the case where these geometries are considered as the UV.
Otherwise we can develop the holographic dictionary in whatever UV completion
these geometries emerge from
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Lifshitz & hyperscaling violating Lifshitz solutions



Lifshitz

m The Lifshitz (Lif) metric is
dsg+2 =(2y=? (du2 — 2D g2 4 dz“dx“)
with dynamical exponent z # 1
m This metric is invariant under the scaling transformation
% = Xz, t— Nt , u— du

m The conformal boundary is located at u = 0
m The null energy condition
Tk kY >0, kfk, =0

requires
z>1



Hyperscaling violating Lifshitz

m Hyperscaling refers to the property that the free energy and other thermodynamic
quantities scale with temperature by their naive dimension. e.g. S ~ 7(2=9)/z
where 6 is the hyperscaling violating parameter

m The Hyperscaling violating Lifshitz (hvLf) metric is [Huijse, Sachdev & Swingle '11]
d53+2 = (2~ 2(d=0)/d (du2 — 2D g2 4 dx“dx“)
with dynamical exponent z # 1 and hyperscaling violation exponent 6 # 0
m This metric has the scaling property that under
% = Xz, t— Nt , u— du

the metric transforms as
ds3 o — X2/4ds?

m The boundary is located at « = 0 for all values of 6 (seen by going to the "dual
frame" where the metric is asymptotically Lifshitz)



m The null energy condition requires
(d=0)(d(z—1)—0)>0, (d—0+2)(z—1)>0

m The solutions of the null energy condition are:

| 2<0 0>d

1] 0<z<1 0>d+z
Ma 7<dz—1)
Mo | 1=%=2 d<0<d+=
IVa 2d 0<d
b | 2<FS T 4z—1)<6<d+z
v 2> 2L 6<d

m For 6 > d + = the on-shell action does not diverge and hence there is no well
defined asymptotic expansion/holographic dictionary (cf. D6 branes)

m We therefore exclude cases | and Il and consider all cases with z > 1



The model

m We consider a generic bottom up model of the form

1
5= 5z [ 42 eV=0 (Rla] = 00,600 — Z(6)F* — W()4* = V(4))
m Preserve U(1) gauge symmetry via the Stlickelberg mechanism:
Ay — By = A, —dw
such that under a U(1) transformation
Ay > Ap+ 0N, w—w+A

m Go to generic Weyl frame in order to accommodate both Lifshitz and hyperscaling
violating backgrounds:
g — e2§¢g
1

Se =53 |, 4" eV=9e? (Rlg) — 00,00 — Ze()F? — We(9)B* ~ Vi (9))

ag = a—d(d+1)€?,  Ze(9) = e 20Z(9), We(o) =W(9), Ve(d) =e*?V(9)



Lifshitz solutions

m This model admit Lif or hvLf solutions at least asymptotically provided the
potentials are of the form

Ve = Voe2(Pt09 7o = Z,e 20w = We?0?
m The parameters are related to the parameters of the Lif solutions

Q

ds? = dr? — e2*"dt? + e2"d7?, A= 76”(11&7 ¢ = pur, w = const.
€Zo
as

€—2 z—¢€

P = _57 v = _E + ) o= )
N ©
d?¢?)u? —d -1 1
6:(a§+ & 1M§+z(z )7 Q2:§Z0(z—1)e,
o —

Wo =2Zoe(d+ z+dpé —e), Vo= —d(1+ p&)(d+z+duf) — (2 — 1)e.



HvLf solutions

m HvLf solutions take the form

ds? = dr? — r?v=dt? + P2 dz?, A= gredt, ¢ =plogr, w = const.
€4o
where 4 4 )
z d
l/zil—?, vy =1 2’ u7|d‘7‘7, 0#0
with
Vv, —€ v, —e—1 1
pE+p)=—1, v=-t—-—"—, o="——, Q’=-Zo(v: -1
Iz W 2
B (g +d?&) p? —dé(v1 + D —vi(d+ vz — 1) + vz (vz — 1)

»
Vz — V1

Wo = 2eZo(d(v1 + p€) + v — 1 —e),
Vo = e(v1 — v2) — d(vr + ) (d(vs + ) + vz — 1).

m For £ = 0 these are identical to the solutions of [Gouteraux, Kiritsis *12]



Relation between Lif & HvLf

m The hvLf metric is conformal to a Lif metric with the same exponent z. Namely, the
coordinate transformation

a:@fa

d

the hvLf solution becomes

0\? —20r . . 0
ds2:(&> . (df2fe2zrdfz+e2rd§2), (b:,uhlogr:fg,uhfz;;y?

m It follows that the hvLf metric can be written as

_ 20
gn=e WL L =—6un/d, €y =10|t,/d

m This allows us to express any hvLf solution as a Lif solution in a different Weyl
frame — cf. “dual frame” for Dp branes with p # 3. Namely, if g;, = e?¢%g; is a
hvLf metric in the Einstein frame, then g, is a Lif metric in a Weyl frame with

0 1

dur,  pn



Radial Hamiltonian formalism and the
Hamilton-Jacobi equation



Radial Hamiltonian formalism for massive
vector-scalar theory

m ADM decomposition
ds* = (N? + N;N")dr? + 2N;drdz® + ~;jdz* da?
= Radial ADM Lagrangian:

i 2d& iy
L= ZHQ/dd“w Ned5¢{R[~y}+K2 KYEij+ =2 K(¢— N'0:¢)

— (¢> - Niamﬁ) — ey 0;00;¢
—Z¢(¢) ( ~2 1 (Fri = N¥F) (Frj — N'Fij) + v%“FikFﬂ)

~We(9) (ﬁ (Ar = NA; — & + N'9w)” + ’yijBiBJ) - v£(¢)}



First class constraints

m Hamiltonian:
H = /dd+1.’l (’)/.L]ﬂ'”—‘rAlﬂ'l—l-QSﬂ'(ﬁ —‘rd}ﬂ'w) — L

= /dd“x (NH + N;H' + A F)

m where
K2 _ 2 1 o 1 __4 1.1 o
H = 7\/_776 d§o (27r ij - gﬂ'Q + % (7r¢ — 2§7T) + ZZg T 4 5W£ ﬂw)
Vo s (_R 0 ¢0;6 + Ze(§)F Fij + We(9)B' B, + Ve (9))
+ 052 e (_ [v] + 0" 90ip + Ze (0) ij T We(d i+ Ve

H' = —2D;m + F'jnd + 1,0°¢p — B'm,,

F=—-Din’ + 7,



Canonical momenta

m From off-shell Lagrangian:

oL odE
iJ dég K ij _ K 4+ = ij _ Nka ) ,
™ 5 252\/ ve ( v N7 <¢> k¢>
i oL
i _ _ S~ edEP . _ NFk .
TTSA 2142 Ve Ze(0 )N 7 (Frs = N
(5L d¢d ( 2045 7. )
= —=— 2dEK — N*0;
=53 2’{2 V—e 3 (- )
T = i—L Fedsd’WE( ) (w— N"9;w — Ar + N'A;)
w

m From on-shell action:

ij 6S i 6S oS oS
=

viy " sA T s T




Flow equations

m Combining the two expressions for the momenta:

4k? ag +d%¢? 5 13 5
——e % (('Yik'le - ’Yij’Ykl) o ) S,

Vg = V= do P zvij%
A; = f%QV%e—deglwm %s,

¢ = —%2\/%—76_‘154) (% — 28ij %) S,

W= —\/'f—;e*dwwgl(@%s



Recursive solution of the Hamilton-Jacobi
equation



Zero derivative solution

m The zero order solution of the HJ equation contains no transverse derivatives:
1 )
S = 5 [ ey, A

m Inserting this ansatz into the Hamiltonian constraint yields a PDE for U(X,Y'),
where X := ¢, Y := B; B* = A; A* (cf. superpotential equation)

1

5o (Ux —€(d+1)U + 2YUy)? + 2. H(X)Y U

- i (d+1U+2(d—-1)YUy) (U —-2YUy) = %eQde (We(X)Y + Ve(X))

m This equation for the ‘superpotential’ U (X, Y") determines the zero derivative
solution of the Hamilton-Jacobi equation: It can be used to holographically
renormalize any homogeneous background of the equations of motion and any
exact solution of this PDE leads to exact solutions of the equations of motion via
the flow equations.



Constraints from Lifshtiz asymptotics

m Imposing Lifshitz boundary conditions requires that asymptotically the gauge
invariant vector field behaves as

z—1 __
Bi ~ Boi = \| —— 27 Y*(¢)n;
2e 3

where n; is the unit normal to the constant ¢ surfaces
m This in turn implies that the superpotential U(X,Y") must satisfy

U(X,Yo(X)) ~ e®X (d(1+ pé) + 2z - 1)
Uy (X, Yo(X)) ~ —ce®X Z:(X)
Ux (X, Yo(X)) ~ e®X (—pag + dé(d + 2))

m Hence, the asymptotic form of the zero order solution of the HJ equation is

1 1 ;
Sy ~ ﬁ/ dH g/ rede? (d(l + p€) + 5(z —1) - eZ§(¢>)BiB’)
pars



Taylor expansion of the superpotential

m Since Lifshitz boundary conditions require that B; ~ B,; asymptotically, the
solution of the HJ equation can be expressed as a Taylor series in B; — B,;

m The zero derivative solution S can be Taylor expanded in
Y — Y, = 2BY(B; — Boi) + O(B — B,)?

where Y, = B! B,;, as

U = el4T18 (ug(¢) + Yy ur (0)(Y — Yo(0)) + Yy 2ua(d) (Y — Yo(d))2 + -+

m Inserting this expansion in the superpotential equation for U(X,Y") leads to a
tower of equations for the functions w,, (¢)



= An additional relation between the functions u(¢) and w1 (¢) is imposed by the
consistency of the Taylor expansion, i.e. requiring that

Y —Y,=0(Y —-Y,)

= In a bottom up approach these equations can be used to define the potentials
V(¢), Z(¢) and W (¢) in terms of ug(¢) and ui(¢), with all u, (¢) for n > 2 being
determined in terms of these functions.

m Lifshitz boundary conditions require

ug(¢) ~ (z — 1+ d(1 + pg)) e~

u(@) ~ 5(z = D0

m The function u2(¢) satisfies a quadratic (Riccati) equation and determines the
scaling behavior of the independent mode Y — Y, while u,, (¢) with n > 3 satisfy
linear equations.



Recursive solution of the HJ equation

m To summarize the above analysis, we have shown that the most general zero
derivative solution of the HJ equation takes the form

1
S0 =13 /Z AT ley=U (4, B)

where for Lifshitz boundary conditions the superpotential U (X, Y') admits a Taylor
expansion in Y — Y,. Moreover, this zero derivative solution is the asymptotically
leading one, with derivative terms entering only in asymptotically subleading
orders.

= In order to systematically determine these asymptotically subleading derivative
terms of the solution of the HJ equation, we expand S in a covariant expansion in
eigenfunctions of a suitable operator.

m For backgrounds with asymptotic scaling invariance one can use the dilatation
operator [I. P. & Skenderis 2004] but in the presence of an asymptotically running
dilaton, meaning that asymptotic scale invariance is broken, this is not sufficient.

m Instead we need an operator such that S is an eigenfunction for any
superpotential U (¢, B?).



m In fact there are two mutually commuting such operators:

~ g 5 5 : 5 5
5:= [ d¥ 1z (2v;; B; ) 5p = /dd+1 (2Y’1B,~Br B; )
/ P\, TPSE B * 5y, B,

which satisfy
SS(O) =(@d+1)Sw), BS0) = S0, [6,05] =0

m This allows us to seek a solution of the HJ equation in the form of a graded
covariant expansion in simultaneous eigenfunctions of both § and §:

]

%) k o k
S=) S =22 Sek2w =) Z/dd“zﬁ(zk,ze)
k=0

k=04£=0 k=0¢=0

where
68 (ak,00) = (d+1-2k)Sap.00),  BS(ak,00) = (1=20)S(2p20, 0< < k+1

m The operator & counts derivatives

m The operator § annihilates the projection operator o := 6% — Y ~! B*B; and
counts derivatives contracted with B;, which asymptotically become time
derivatives since B; ~ B,; o n;



Linear recursion equations

m Inserting the covariant expansion of S in simultaneous eigenfunctions of Sand ép
in the Hamilton-Jacobi equation (Hamiltonian constraint) results in a system of
recursive first order functional /inear equations for the higher derivative terms:

1 5
= Ux = @+ DU+ 26YVy) = [ Lonae+
a d¢
- 1 5
((21/ + 2 YUy + o (0eU — 2(ce + d*€*)YUy + ngX)> Bisy /L@,c,w—

1
(@ (eU — 2(¢ + d*€2)Y Uy +deUx) (d+ 1 — 2k) + 2Y Uy (1 — 2@)) Lok 20) =
€d§¢/R,(2;‘._2/)

m The inhomogeneous term R (3, 2¢) iNvolves derivatives of lower order terms as
well as the 2-derivative sources from the Hamiltonian constraint



Lifshitz boundary conditions

m The covariant expansion of S in simultaneous eigenfunctions of 5 and &3, and
hence the above recursion relations, is independent of the specific choice of
boundary conditions

= In order to impose Lifshitz boundary conditions we must additionally expand
S(2k,2¢) IN B; — By, at each order of the covariant expansion as

Lok = Liogonh(®),6()]
+/dd+11,(31(90/) — Boi(@')L {3y, 20y 1(@), $(2);2'] + O (B = B,)?

m Inserting this Taylor expansion in the above recursion relations eliminates the
derivative with respect to B;, resulting in first order linear functional differential
equations in ¢ only. Such functional differential equations appear in the relativistic
case as well, e.g. for non-conformal branes or Improved Holographic QCD, and

they can be solved systematically [I.P. "11].



Solution of the recursion relations up to O(B — B,)

®m The inhomogeneous solution of these linear functional differential equations takes
the form

¢ _ _
E?zk,%) :e—Ck,zA(dﬁ)/ d¢’C(¢)eck’2A(¢)R?2k,2e)v

) 1 ¢ - 1
il _ 72 ,—Cp A T (3 oCh 0 A 35 iplj
jﬁ(ék,u) =72 e Cre (¢>/ d@IC(p)e e (¢5)Zg 3 jR(ng@,

. ¢ 5
1 -1, — (B R1J
Boj (¥)L (34,20) = e C“A(w/ ABR(B)eH A PBo; R 3 0)

where C, o :=d+1—2k+ (z —1)(1 — 2¢),
a 1 ~ 55y
K(¢) = —Fr———c ~——, ) = Z; 2em2) et/
(634 <u6 + 27'1“) H

and the Q(¢) can be expressed in terms of ug, u1 and us.

m If © = 0 (e.g. for Einstein-Proca theory) the corresponding solutions can be
expressed algebraically in terms of the source terms.



Structure of the HJ solution & the holographic
dictionary



Structure of the HJ solution

m The general asymptotic solution of the HJ equation obtained via the above
algorithm takes the form

§= Z /"'/(B*Bo)mszgk,%)+‘§T6n+"'
k,4m | Cp p+0—mA_>0

where Ay =d+ z — 60 — A_ is the scaling dimension of the scalar operator dual
to the mode _
¢ =Y, "B} (Bj — Boy)
and (B — Bo)msggk 20) has dilatation weight Cj, o + 6 — mA _, while Syen has
dilatation weight 0.
m Allterms (B — Bo)msgkw
recursion algorithm.

m ForCr, +6 —mA_ <0 these terms are powerlike divergent in the UV, while
terms with C, » + 0 — mA_ = 0 have a pole which via dimensional regularization
leads to a logarithmic divergence. Such logarithmically divergence terms give rise
to the conformal anomaly when . = 0, but they can be absorbed in the dilaton
when p # 0.

with C, ¢ + 0 — mA_ > 0 are determined by the



m The covariant local counterterms that render the on-shell action finite and the
variational problem with Lifshitz boundary conditions well posed are

T N
k,lym | Cp g+dp&—mA_>0
m The renormalized part of the on-shell action is therefore given by the UV-finite
term Syen, Which corresponds to an independent contribution to the HJ solution
and can be parameterized as
gren = /dd+1x ('Yij%ij + Bz%l + dﬁr\¢)

where 7, 7 and 7, are undetermined integration functions of the HJ equation.



Sources & VEVs

m Inserting this general asymptotic solution of the HJ equation, including the
undetermined term S, in the first order flow equations one can systematically
derive the generalized asymptotic Fefferman-Graham expansions for the bulk
fields, including the sources and 1-point functions of the dual operators.

m The sources generically correspond to integration constants of the flow equations,
while the 1-point functions are related to the integration constants of the HJ

solution in Sy.c,.
m Decomposing the induced fields as

'yz-]-dmid:pj = —(n2—nana)dtZ+2nadtdxa+aabdm“dmb, A;dzt = adt+Aqdz?®,

where the indices a, b run from 1 to d, and introducing the linear combinations

. e—dEs L
T == (27r” LY IBIBIB, )
_ edgh N
045 = \/j’y (7r¢ + (V—f—g)Boiﬂ'L) 5
T
= T = — 7,
v = V=Y

the full set of sources and VEVs is (cf. energy-momentum complex [Ross '09]):



1-point function

source

spatial stress tensor
momentum density
energy density
energy flux
dilaton

composite scalar

fli = § TH ~ e (@20 (o)
Pi— _ 2nl7—kz ~ 67(d+270)r7)i(x)
&= —npn TH ~ e (dH2=0)r g ()

gi ~ e—(d+2z—9)r5i(m)
Oy ~ e~ (dFz+dudro (z)

Oy ~ e 2470, (x)

J(0)ab
n(0)a
(0)
0
(0
P




Holographic Ward identities

m The momentum constraint of the radial Hamiltonian formalism leads to the
diffeomorphism Ward identity

D, 1T} + a;TI + n? D;P; + KP; + KiP; + niq;P7 — Eq; + OgDip + OyDiyp = 0,
N'D;E + KE — KiTl! + D;E" + Oyn' Dy = 0,
Dﬂs\i + 2q1,ﬁi =0,

where D; is the covariant derivative w.r.t. ;;, K;; = D;n; is the extrinsic
curvature of the constant time slices, and q; = n* Dy.n;.

m The transformation of the renormalized action under /ocal anisotropic boundary
Weyl transformations leads to the trace Ward identity

Zé\-‘rﬁz-i-Af’d)@w—u@(t:O, uw#0,
ZE4+ T+ A_pOy = A, w=0,

where A is the conformal anomaly, corresponding to all terms satisfying
Ckyg +60—-mA_ =0.



Concluding remarks



Concluding remarks

m We presented a general prescription for constructing the holographic dictionary for
asymptotically locally Lifshitz and hyperscaling violating Lifshitz backgrounds, with
arbitrary dynamical exponents compatible with the null energy condition.

m The key to the construction of the holographic dictionary is a recursive algorithm
for solving the radial Hamilton-Jacobi equation asymptotically by expanding the
solution in simultaneous eigenfunctions of two commuting operators.

m The full holographic dictionary can be obtained from this asymptotic solution of the
Hamilton-Jacobi equation. Crucially, we have demonstrated that there is no need
for field redefinitions such as using vielbeins in an otherwise second order
formalism for the bulk theory, and there is no need for using the second order
equations to derive the asymptotic expansions.

m Correlation functions are also much more efficiently computed holographically
using Hamilton-Jacobi techniques in order to trade the second order linear
fluctuation equations for first order non-linear (Riccati) equations.
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