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Anomalous transport in a chiral plasma
• A relativistic chiral plasmae.g QCD withT ≫ mu,d or Weyl

semimetalwith velocity~u(x) with non-trivial

magnetic field ~B = ~∇× ~A and vorticity ~ω = 〈~∇× ~u〉 .

• As a result of the chiral anomaly

∂µJ
5µ = a1 F ∧ F + a2R ∧R+ a3Tr(G ∧G) ,

Anomalouselectriccurrents are produced:
~J = σB ~B + σV ~w .

with σB ∼ a1, a3 andσV ∼ a2.
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• A relativistic chiral plasmae.g QCD withT ≫ mu,d or Weyl

semimetalwith velocity~u(x) with non-trivial

magnetic field ~B = ~∇× ~A and vorticity ~ω = 〈~∇× ~u〉 .

• As a result of the chiral anomaly

∂µJ
5µ = a1 F ∧ F + a2R ∧R+ a3Tr(G ∧G) ,

Anomalouselectriccurrents are produced:
~J = σB ~B + σV ~w .

with σB ∼ a1, a3 andσV ∼ a2.

• Coefficientsa1, a2 , a3 are one-loop exactAdler, Bardeen, ’69

• Do σB andσV receive radiative corrections or not?

• We answer this question withAdS/CFT.
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Not just an academic question:

B

• A time dependent magnetic
field eB ≈ 5− 15×m2

π

RHIC (LHC).

• Similarly ~w 6= 0 because of
the conservation of angular
momentum.

• Anomalous electric currents
J have observable effects in
charged hadron production.

• The Chiral magneticand the
chiral vorticaleffects.
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B

• A time dependent magnetic
field eB ≈ 5− 15×m2

π

RHIC (LHC).

• Similarly ~w 6= 0 because of
the conservation of angular
momentum.

• Anomalous electric currents
J have observable effects in
charged hadron production.

• The Chiral magneticand the
chiral vorticaleffects.

• Electric currents generated inWeyl semimetalswith
observables effects.
Kharzeev and Yee ’12
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Chiral Magnetic Current in QCD
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Chiral Magnetic Current in QCD

• UnderB spin degeneracy of quarks lifted dueH ∼ −q~s · ~B:

• Anomalous chirality:Qw = g2

32π2

∫

d4xTr(G ∧G)
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Chiral Magnetic Current in QCD

• UnderB spin degeneracy of quarks lifted dueH ∼ −q~s · ~B:

• Anomalous chirality:Qw = g2

32π2

∫

d4xTr(G ∧G)

• Macroscopic manifestation of the chiral anomaly

• Anomalous magnetohydrodynamics:~J = e2

2π2 µ5
~B

Kharzeev et al ’07

• µ5 encodes the imbalanceNL 6= NR (Non)renormalization of anomalous conductivities – p.4



First consider no dynamical gluons:a3 = 0
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Hydrodynamic description

A plasma with velocityuµ, energyǫ, pressureP , charge densityn,
axial charge densityn5, chemical potentialµ, axial chemical
potentialµ5, magnetic fieldBµ and vorticityωµ and no gluonic
anomalya3 = 0 (no gluonic contribution):

• Constitutive relations:

Tµν = (ǫ+ P )uµuν + Pgµν + τµν

Jµ = nuµ + νµ , νµ = σBB
µ + σV ω

µ

J5µ = n5 u
µ + ν

µ
5 , ν

µ
5 = σB,5B

µ + σV,5ω
µ

with τµν andνµ the anomalous contributions.

• Equations of motion:

∂µT
µν = F ναJα , ∂µJ

µ = 0

∂µJ
5µ = a1 ǫ

µναβFµνFαβ + a2 ǫ
µναβRκ

τµνR
τ
καβ .
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Anomalous conductivities

• Require positivity of the entropy current:∂µ(suµ) ≥ 0:
Son, Surowka ’09

σB = a1 µ5 , σB,5 = a1 µ

σV = a1 µµ5 , σV,5 =
a1
2 (µ

2 + µ2
5) + CT 2

• C is due to themixed axial-gravitational anomaly, thusC = 0

whena2 = 0

• Value ofC is undetermined.Neimann, Oz ’09
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Anomalous conductivities

• Require positivity of the entropy current:∂µ(suµ) ≥ 0:
Son, Surowka ’09

σB = a1 µ5 , σB,5 = a1 µ

σV = a1 µµ5 , σV,5 =
a1
2 (µ

2 + µ2
5) + CT 2

• C is due to themixed axial-gravitational anomaly, thusC = 0

whena2 = 0

• Value ofC is undetermined.Neimann, Oz ’09

• σB, σB,5 andσV is unrenormalized

• σV,5 may or may not be renormalized depending onC.
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Field theory arguments
Kubo formulae:

• ~B and~ω in thex-direction

• Electric current in thex-direction:

σB = lim
ky→0

i

ky
〈JxJz〉 ,

σV = lim
ky→0

i

ky
〈JxT 0z〉 ,

• Axial current in thex-direction:

σB,5 = lim
ky→0

i

ky
〈J5xJz〉 ,

σV,5 = lim
ky→0

i

ky
〈J5xT 0z〉 .

• Use these formulae in the field theory and holographic
calculations. (Non)renormalization of anomalous conductivities – p.8



• Anomalous two-point functions’s can be related to the
anomalous three point functionsΓV V A.

• ΓV V A is strongly constrained by the vector and axialWard
identities

• Anomalous conductivities fixed completely up toC.

• Complete agreement with hydrodynamics

(Non)renormalization of anomalous conductivities – p.9



• Anomalous two-point functions’s can be related to the
anomalous three point functionsΓV V A.

• ΓV V A is strongly constrained by the vector and axialWard
identities

• Anomalous conductivities fixed completely up toC.

• Complete agreement with hydrodynamics

• Effective field theory on the coneJensen et al ’13:

• Generic anomalous 4D theory on a cone×R2

• Construct an EFT action⇒ demand continuity as thedeficit
angle vanishes:

• C = −8π2a2 fixed completely!
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• Anomalous two-point functions’s can be related to the
anomalous three point functionsΓV V A.

• ΓV V A is strongly constrained by the vector and axialWard
identities

• Anomalous conductivities fixed completely up toC.

• Complete agreement with hydrodynamics

• Effective field theory on the coneJensen et al ’13:

• Generic anomalous 4D theory on a cone×R2

• Construct an EFT action⇒ demand continuity as thedeficit
angle vanishes:

• C = −8π2a2 fixed completely!

• Assumpstions may break down in theories with phase
transitions⇒ desirable to check in holography
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Holographic approach Landsteiner et al ’11

• Let’s illustrate the calculation in theconformal plasma:

• First weignore dynamical gluei.e. seta3 = 0.

• The action:

S =
1

16πG

∫

M

√−g

[

R+ 2Λ− 1

4
F 2

]

+a1A∧F∧F+a2A∧R∧R+· · ·

• Solution: AdS-RN blackhole with gauge fieldA
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• Let’s illustrate the calculation in theconformal plasma:

• First weignore dynamical gluei.e. seta3 = 0.

• The action:

S =
1

16πG

∫

M

√−g

[

R+ 2Λ− 1

4
F 2

]

+a1A∧F∧F+a2A∧R∧R+· · ·

• Solution: AdS-RN blackhole with gauge fieldA

• FluctuateΦI
k
(r) =

(

Ax(r), hx
t(r), Az(r), hz

t(r)

)

, with k = ky.

• Calculate the two-pfsGIJ(k), in the limit k → 0

σB =
µ

4π2
, σV =

µ2

8π2
+

T 2

24
.
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• Let’s illustrate the calculation in theconformal plasma:

• First weignore dynamical gluei.e. seta3 = 0.

• The action:

S =
1

16πG

∫

M

√−g

[

R+ 2Λ− 1

4
F 2

]

+a1A∧F∧F+a2A∧R∧R+· · ·

• Solution: AdS-RN blackhole with gauge fieldA

• FluctuateΦI
k
(r) =

(

Ax(r), hx
t(r), Az(r), hz

t(r)

)

, with k = ky.

• Calculate the two-pfsGIJ(k), in the limit k → 0

σB =
µ

4π2
, σV =

µ2

8π2
+

T 2

24
.

• Confirms the generic form derived in FT and hydro above!

• FixesC = 1
24 and agrees with the EFT resultC = −8π2a2 !
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An example with phase transition
U.G., A. Jansen ’14

• Want to check validity of the EFT arguments in a theory with
conf/deconf. transition

• In flat space this requires an intrinsic scale“ΛQCD”

• Break conformality by〈O〉 6= 0 ⇒ non-trivial bulk scalarΦ

• S = − 1
16πG

∫

d5x
√−g

(

R− 4
3(∇Φ)2 − V (Φ)− Z(Φ)F 2

)

+ · · ·
Gao, Zhang ’06

• V (Φ) = − 3
(2+α2)2







4α2(α2 − 1)e−
8Φ
3α + 4(4− α2)e

4αΦ
3 + 24α2e−

2(2−α
2)Φ

3α







,

Z(Φ) = e−
4
3
αΦ .

• Forα = 0 reduces to conformal plasma.

• ExpandV near minimumΦ = 0 ⇒ m2 = −32
3 .

• Deformation ofN = 4 〈O〉 with ∆O = 2 regardless ofα

• Analytic, dilatonic and charged, asymptotically AdS BH
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• Thermodynamics:U.G., A. Jansen ’14

• Correspondingthermal gasobtained analytically

• Hawking-Page transitionbetween BH and TG atfinite Tc

only for α = 2:

• ∆G = M − µQ− TS ≈ −2π3V3
3G T 3

c (T − Tc), T → Tc
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only for α = 2:

• ∆G = M − µQ− TS ≈ −2π3V3
3G T 3

c (T − Tc), T → Tc

• Anomalous conductivitiesU.G., A. Jansen ’14

〈JxJz〉 = − iκkρh√
2πG

√

1− ξv
(

1− v2
)ξ

,

〈JxTt
z〉 =

iκkv2ρ2
h

2πG
(1− ξ)

(

1− v2
)2ξ

+
2ikλρ2

h

πG

(

1− v2
)2ξ−1 (

(ξ − 1)v2 + 1
)2

, etc.

with ρh horizon location,v ∼ ΛQCD, ξ = α2−1
α2+2
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)2ξ−1 (
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, etc.

with ρh horizon location,v ∼ ΛQCD, ξ = α2−1
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• Yet, when expressed inT = T (ρh, v, α) andµ = µ(ρh, v, α):

σB =
µ

4π2
, σV =

µ2

8π2
+

T 2

24
.
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.

• A non-trivial check on the EFT and hydro arguments
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Now consider dynamical gluons:a3 6= 0

(Non)renormalization of anomalous conductivities – p.13



Anomalous conductivities with glue
• In QCD-like theories
∂µJ

5µ = a1Tr(F ∧ F ) + a3Tr(G ∧G) + a2R ∧R ,

• So far we only considereda3 = 0
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Anomalous conductivities with glue
• In QCD-like theories
∂µJ

5µ = a1Tr(F ∧ F ) + a3Tr(G ∧G) + a2R ∧R ,

• So far we only considereda3 = 0

• Non of the non-renormalization arguments above apply when
a3 6= 0

• Direct FT calculation⇒ σV,5 receivesperturbative corrections
from dynamical glue loopsGolkar, Son ’12; Hou et al ’12

• Lattice-QCD: bothσB andσV,5 receive huge corrections
Yamamoto ’12, Braguta et al. ’13

• Hydro arguments above do not apply⇒ need hydro d.o.f. for
Tr(G · G̃)

• Nor does the EFT argument!
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Anomalous conductivities with glue
• In QCD-like theories
∂µJ

5µ = a1Tr(F ∧ F ) + a3Tr(G ∧G) + a2R ∧R ,

• So far we only considereda3 = 0

• Non of the non-renormalization arguments above apply when
a3 6= 0

• Direct FT calculation⇒ σV,5 receivesperturbative corrections
from dynamical glue loopsGolkar, Son ’12; Hou et al ’12

• Lattice-QCD: bothσB andσV,5 receive huge corrections
Yamamoto ’12, Braguta et al. ’13

• Hydro arguments above do not apply⇒ need hydro d.o.f. for
Tr(G · G̃)

• Nor does the EFT argument!

• Can we find analternative approach through holography?
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Holography with dynamical glue
• How to computeσB, σV at strong coupling?

• First: how to realizea3 6= 0 situation in holography?
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Holography with dynamical glue
• How to computeσB, σV at strong coupling?

• First: how to realizea3 6= 0 situation in holography?
Klebanov, Ouyang, Witten ’02; Casero, Kiritsis, Paredes ’07

• WZ term for the flavor and gauge branes:

Stot =
1

16πG

∫

d5x
√−g

(

R− 4

3
(∂φ)2 − 1

4
Z1(Φ)F

2 − V (φ)

)

+

∫

d5x

(

a1A ∧ F ∧ F + a2A ∧R ∧R

)

,

−
∫

d5x
√−g

(

Z0(Φ)

2
(dC0 −A)2

)

+

∫

d4x
√
−ha3C0Tr(G ∧G)

• The axionC0 ⇔ TrG ∧G

• Generates thecorrect anomaly includinga3
by A → A+ dǫ, C0 → C0 + ǫ
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Application to anomalous conductivities

U.G., A. Jansen ’14
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Application to anomalous conductivities

U.G., A. Jansen ’14

• Now apply the same procedure to compute〈JxJz〉, 〈T0xJz〉 ,
starting from the new action,including the axion term

• Two important differences:

1. Gauge field gets a mass:
∂N

(√−gZ1(Φ)F
MN

)

=
√−g Z0(Φ)A

M .

2. Fluctuation eqs forAx, h
0
z etchasnew terms
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U.G., A. Jansen ’14

• Now apply the same procedure to compute〈JxJz〉, 〈T0xJz〉 ,
starting from the new action,including the axion term

• Two important differences:

1. Gauge field gets a mass:
∂N

(√−gZ1(Φ)F
MN

)

=
√−g Z0(Φ)A

M .

2. Fluctuation eqs forAx, h
0
z etchasnew terms

• These terms change the entire calculation and generate the
radiative corrections whenα3 6= 0 at strong coupling.

• The holographic mechanism to produce the dynamical gluon
contribution to the anomalous conductivities!
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• Summary

• Reviewed EFT and hydro arguments for one-loop
excactness of anomalous conductivities whena3 = 0

• Reproduced this in a non-trivial holographic background
with a conf/deconf transition

• No EFT or hydro arguments fora3 6= 0 ⇒ expect radiative
corrections

• Shown how to reproduce the radiative corrections
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• Summary

• Reviewed EFT and hydro arguments for one-loop
excactness of anomalous conductivities whena3 = 0

• Reproduced this in a non-trivial holographic background
with a conf/deconf transition

• No EFT or hydro arguments fora3 6= 0 ⇒ expect radiative
corrections

• Shown how to reproduce the radiative corrections

• Outlook

• Compute these corrections in a precise setting

• Study what happens to the conductivities in the low T
confined phase, particularly at the transition.

• No non-renormalization argument for the full correlators
〈JxJz(ω, k)〉 ⇒ study them in holography
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THANK YOU !
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