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The large d limit of 
turbulence

(to appear shortly)







• The large d limit of hydrodynamics

• The large d limit of holography

• Turbulent behavior of large d fluids



Hydrodynamics



Hydrodynamics

ℓmfp



Hydrodynamics

ℓmfp

L ≫ ℓmfp



Hydrodynamics

L ≫ ℓmfp



Hydrodynamics

L ≫ ℓmfp



Hydrodynamics

L ≫ ℓmfp

Variables:

T (xµ)



Hydrodynamics

L ≫ ℓmfp

Temperature

Variables:

T (xµ)



Hydrodynamics

L ≫ ℓmfp

u
ν(xµ)

Temperature

Velocity field (uµu
µ = −1)

Variables:

T (xµ)



Hydrodynamics

L ≫ ℓmfp

u
ν(xµ)

Temperature

Velocity field (uµu
µ = −1)

Constitutive relations:

Variables:

Tµ⌫ [T, u↵]

T (xµ)



Hydrodynamics

L ≫ ℓmfp

u
ν(xµ)

Temperature

Velocity field (uµu
µ = −1)

Constitutive relations:

Variables:

Kinematic equations:

∂µT
µν = 0

Tµ⌫ [T, u↵]

T (xµ)



Hydrodynamics

L ≫ ℓmfp

u
ν(xµ) Velocity field (uµu

µ = −1)

Constitutive relations:

Variables:

Kinematic equations:

∂µT
µν = 0

Tµ⌫ [T, u↵]

Temperature
T (xµ)



Hydrodynamics

L ≫ ℓmfp

u
ν(xµ) Velocity field (uµu

µ = −1)

Constitutive relations:

Variables:

Kinematic equations:

∂µT
µν = 0

Tµ⌫ = ✏(T )uµu⌫ + P (T ) (⌘µ⌫ + uµu⌫)+O(@)

Temperature
T (xµ)



Hydrodynamics

L ≫ ℓmfp

u
ν(xµ) Velocity field (uµu

µ = −1)

Constitutive relations:

Variables:

Kinematic equations:

∂µT
µν = 0

Tµ⌫ = ✏(T )uµu⌫ + P (T ) (⌘µ⌫ + uµu⌫)+O(@)

✏ = (d� 1)P

Temperature
T (xµ)



Hydrodynamics

L ≫ ℓmfp

u
ν(xµ) Velocity field (uµu

µ = −1)

Constitutive relations:

Variables:

Kinematic equations:

∂µT
µν = 0

+O(@)Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Temperature
T (xµ)



Hydrodynamics

L ≫ ℓmfp

Constitutive relations:

Kinematic equations:

∂µT
µν = 0

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)



Hydrodynamics

L ≫ ℓmfp

Constitutive relations:

Kinematic equations:

∂µT
µν = 0

+O(@2)

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)�2⌘(T )�µ⌫



Hydrodynamics

L ≫ ℓmfp

Constitutive relations:

Kinematic equations:

∂µT
µν = 0

+O(@2)

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)�2⌘(T )�µ⌫

�µ⌫ = h@µu⌫i



Hydrodynamics

L ≫ ℓmfp

Constitutive relations:

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)�2⌘(T )�µ⌫

+
⇥
�1u

�D��
µ⌫

+�2

✓
��µ� ⌫

� � �↵��↵�

d� 1
Pµ⌫

◆

+�3

�
!µ�� ⌫

� + !⌫�� µ
�

�

+�4

✓
1

2

�
!µ�!⌫

� + !⌫�!µ
�

�
� !↵�!↵�

d� 1
Pµ⌫

◆�

+O(@3)



Hydrodynamics
Constitutive relations:

L ≫ ℓmfp

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)�2⌘(T )�µ⌫

+
⇥
�1u

�D��
µ⌫

+�2

✓
��µ� ⌫

� � �↵��↵�

d� 1
Pµ⌫

◆

+�3

�
!µ�� ⌫

� + !⌫�� µ
�

�

+�4

✓
1

2

�
!µ�!⌫

� + !⌫�!µ
�

�
� !↵�!↵�

d� 1
Pµ⌫

◆�

+O(@3)



Constitutive relations:

Large d Hydrodynamics

L ≫ ℓmfp

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)�2⌘(T )�µ⌫

+
⇥
�1u

�D��
µ⌫

+�2

✓
��µ� ⌫

� � �↵��↵�

d� 1
Pµ⌫

◆

+�3

�
!µ�� ⌫

� + !⌫�� µ
�

�

+�4

✓
1

2

�
!µ�!⌫

� + !⌫�!µ
�

�
� !↵�!↵�

d� 1
Pµ⌫

◆�

+O(@3)



Constitutive relations:

L ≫ ℓmfp

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)�2⌘(T )�µ⌫

+
⇥
�1u

�D��
µ⌫

+�2

✓
��µ� ⌫

� � �↵��↵�

d� 1
Pµ⌫

◆

+�3

�
!µ�� ⌫

� + !⌫�� µ
�

�

+�4

✓
1

2

�
!µ�!⌫

� + !⌫�!µ
�

�
� !↵�!↵�

d� 1
Pµ⌫

◆�

+O(@3)

Large d Thermodynamics



Equilibrium

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Large d Thermodynamics



Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

ds

2 = �dt

2 + d~x

2

Use:

Equilibrium



Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

uµ = (1, 0, . . .)
ds

2 = �dt

2 + d~x

2

Use:

Equilibrium



Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

uµ = (1, 0, . . .) ✏ = O(d0)
ds

2 = �dt

2 + d~x

2

Use:

Equilibrium



Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Tµ⌫ =

0

BBBBB@

✏
✏

d�1
✏

d�1
✏

d�1
. . .

1

CCCCCA

uµ = (1, 0, . . .) ✏ = O(d0)
ds

2 = �dt

2 + d~x

2

Use:

So that:

Equilibrium



Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Tµ⌫ =

0

BBBBB@

✏
✏

d�1
✏

d�1
✏

d�1
. . .

1

CCCCCA

uµ = (1, 0, . . .) ✏ = O(d0)
ds

2 = �dt

2 + d~x

2

Use:

So that:
~x =

~�p
d

Equilibrium



Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

ds2 = �dt2 + d

✓
~�p
d

◆2

Tµ⌫ =

0

BBBBB@

✏
✏

d�1
✏

d�1
✏

d�1
. . .

1

CCCCCA

uµ = (1, 0, . . .) ✏ = O(d0)

Use:

So that:

Equilibrium



Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Tµ⌫ =

0

BBBBB@

✏
d ✏
d�1

d ✏
d�1

d ✏
d�1

. . .

1

CCCCCA

ds2 = �dt2 + d

✓
~�p
d

◆2

uµ = (1, 0, . . .) ✏ = O(d0)

Use:

So that:

Equilibrium



ds2 = �dt2 + d

✓
~�p
d

◆2

uµ = (1, 0, . . .)

✏ = O(d0)

Use:

Equilibrium

Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)



ds2 = �dt2 + d

✓
~�p
d

◆2

✏ = O(d0)

Use:

Equilibrium

uµ =

⇣
1, ~�

⌘

q
1� ~�·~�

d

Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)



ds2 = �dt2 + d

✓
~�p
d

◆2

✏ = O(d0)

Use:

Equilibrium

uµ =
⇣
1, ~�

⌘
+O(d�1)

Large d Thermodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)



ds2 = �dt2 + d

✓
~�p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

Equilibrium

uµ =
⇣
1, ~�

⌘
+O(d�1)



ds2 = �dt2 + d

✓
~�p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

Equilibrium

uµ =
⇣
1, ~�

⌘
+O(d�1)



ds2 = �dt2 + d

✓
~�p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

uµ =
⇣
1, ~�

⌘
+O(d�1)

Constitutive relations

+O(@)



ds2 = �dt2 + d

✓
~�p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

uµ =
⇣
1, ~�

⌘
+O(d�1)

@µT
µ⌫ = 0

Dynamics:

Constitutive relations

+O(@)



d equations for 
d unknowns:     
and        

uµ(t, ~�)
✏(t, ~�)

ds2 = �dt2 + d

✓
~�p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

uµ =
⇣
1, ~�

⌘
+O(d�1)

@µT
µ⌫ = 0

Dynamics:

Constitutive relations

+O(@)



d equations for 
d unknowns:     
and        

uµ(t, ~�)
✏(t, ~�)

ds2 = �dt2 +
pX

a=1

d⇣ad⇣a

d
+ d

✓
~�?p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

uµ =
⇣
1, ~�

⌘
+O(d�1)

@µT
µ⌫ = 0

Dynamics:

Constitutive relations

+O(@)



d equations for 
d unknowns:     
and        

uµ(t, ~�)
✏(t, ~�)

ds2 = �dt2 +
pX

a=1

d⇣ad⇣a

d
+ d

✓
~�?p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

uµ =
⇣
1, ~�

⌘
+O(d�1)

@µT
µ⌫ = 0

Dynamics:

n

Constitutive relations

+O(@)



d equations for 
d unknowns:     
and        

uµ(t, ~�)
✏(t, ~�)

ds2 = �dt2 +
pX

a=1

d⇣ad⇣a

d
+ d

✓
~�?p
d

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

uµ =
⇣
1, ~�

⌘
+O(d�1)

@µT
µ⌫ = 0

Dynamics:

1 p n

Constitutive relations

+O(@)



d equations for 
d unknowns:     
and        

uµ(t, ~�)
✏(t, ~�)

ds2 = �dt2 +
pX

a=1

d⇣ad⇣a

n
+ d

✓
~�?p
n

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

✏ = O(d0)

Use:

uµ =
⇣
1, ~�

⌘
+O(d�1)

@µT
µ⌫ = 0

Dynamics:

1 p n

Constitutive relations

+O(@)



d equations for 
d unknowns:     
and        

uµ(t, ~�)
✏(t, ~�)

ds2 = �dt2 +
pX

a=1

d⇣ad⇣a

n
+ d

✓
~�?p
n

◆2

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Use:

@µT
µ⌫ = 0

Dynamics:

1 p n

uµ =
⇣
1,�b(t, ⇣a),~0

⌘
+O(n�1)

✏ = ✏(t, ⇣a) +O(n�1)

Constitutive relations

+O(@)



ds2 = �dt2 +
pX

a=1

d⇣ad⇣a

n
+ d

✓
~�?p
n

◆2

✏(t, ⇣a)

p+1 equations for 
p+1 unknowns:     
and        

�b(t, ⇣a)

Large d Hydrodynamics

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Use:

@µT
µ⌫ = 0

Dynamics:

1 p n

uµ =
⇣
1,�b(t, ⇣a),~0

⌘
+O(n�1)

✏ = ✏(t, ⇣a) +O(n�1)

Constitutive relations

+O(@)



Large d Hydrodynamics
Constitutive relations

uµ =
⇣
1,�b(t, ⇣a),~0

⌘
+O(n�1)ds2 = �dt2 +

pX

a=1

d⇣ad⇣a

n
+ d

✓
~�?p
n

◆2

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)

Use:

✏ = ✏(t, ⇣a) +O(n�1)



Large d Hydrodynamics
Constitutive relations

Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)� 2⌘�µ⌫

uµ =
⇣
1,�b(t, ⇣a),~0

⌘
+O(n�1)ds2 = �dt2 +

pX

a=1

d⇣ad⇣a

n
+ d

✓
~�?p
n

◆2
Use:

✏ = ✏(t, ⇣a) +O(n�1)

+
⇥
�1u

�D��
µ⌫

+�2

✓
��µ� ⌫

� � �↵��↵�

d� 1
Pµ⌫

◆

+�3

�
!µ�� ⌫

� + !⌫�� µ
�

�

+�4

✓
1

2

�
!µ�!⌫

� + !⌫�!µ
�

�
� !↵�!↵�

d� 1
Pµ⌫

◆�



Tµ⌫ =
✏

d� 1
(duµu⌫ + ⌘µ⌫)� 2⌘�µ⌫

uµ =
⇣
1,�b(t, ⇣a),~0

⌘
+O(n�1)ds2 = �dt2 +

pX

a=1

d⇣ad⇣a

n
+ d

✓
~�?p
n

◆2

Large d Hydrodynamics

✏ = ✏(t, ⇣a) +O(n�1) ⌘ =
h0

n
✏+O(n0)

+
⇥
�1u

�D��
µ⌫

+�2

✓
��µ� ⌫

� � �↵��↵�

d� 1
Pµ⌫

◆

+�3

�
!µ�� ⌫

� + !⌫�� µ
�

�

+�4

✓
1

2

�
!µ�!⌫

� + !⌫�!µ
�

�
� !↵�!↵�

d� 1
Pµ⌫

◆�

�i =
2`i
n

✏+O(n0)

Constitutive relations



Large d Hydrodynamics
Constitutive relations

Tµ⌫ = ✏

✓
1 �b

�a �a�b + �ab + T ab
(1) + T ab

(2) +O �
@3

�
◆
+O �

n�1
�

T ab
(1) = �h0

�
@a�b + @b�a

�

T ab
(2) =`1 (@t + �c@c)

�
@a�b + @b�a

�

+
`2
2
(@a�c + @c�a)

�
@b�c + @c�

b
�

+ `3
�
(@a�c � @c�a)

�
@b�c + @c�

b
�
+ (a $ b)

�

+
`4
2
(@a�c � @c�a)

�
@b�c � @c�

b
�



Tµ⌫ = ✏

✓
1 �b

�a �a�b + �ab + T ab
(1) + T ab

(2) +O �
@3

�
◆
+O �

n�1
�

Large d Hydrodynamics
Constitutive relations

T ab
(1) = �h0

�
@a�b + @b�a

�

T ab
(2) =`1 (@t + �c@c)

�
@a�b + @b�a

�

+
`2
2
(@a�c + @c�a)

�
@b�c + @c�

b
�

+ `3
�
(@a�c � @c�a)

�
@b�c + @c�

b
�
+ (a $ b)

�

+
`4
2
(@a�c � @c�a)

�
@b�c � @c�

b
�

⌘ =
h0

n
✏



Tµ⌫ = ✏

✓
1 �b

�a �a�b + �ab + T ab
(1) + T ab

(2) +O �
@3

�
◆
+O �

n�1
�

Large d Hydrodynamics
Constitutive relations

T ab
(1) = �h0

�
@a�b + @b�a

�

T ab
(2) =`1 (@t + �c@c)

�
@a�b + @b�a

�

+
`2
2
(@a�c + @c�a)

�
@b�c + @c�

b
�

+ `3
�
(@a�c � @c�a)

�
@b�c + @c�

b
�
+ (a $ b)

�

+
`4
2
(@a�c � @c�a)

�
@b�c � @c�

b
�

⌘ =
h0

n
✏

�i =
2`i
n

✏



Tµ⌫ = ✏

✓
1 �b

�a �a�b + �ab + T ab
(1) + T ab

(2) +O �
@3

�
◆
+O �

n�1
�

Large d Hydrodynamics
Constitutive relations

T ab
(1) = �h0

�
@a�b + @b�a

�

T ab
(2) =`1 (@t + �c@c)

�
@a�b + @b�a

�

+
`2
2
(@a�c + @c�a)

�
@b�c + @c�

b
�

+ `3
�
(@a�c � @c�a)

�
@b�c + @c�

b
�
+ (a $ b)

�

+
`4
2
(@a�c � @c�a)

�
@b�c � @c�

b
�



Tµ⌫ = ✏

✓
1 �b

�a �a�b + �ab + T ab
(1) + T ab

(2) +O �
@3

�
◆
+O �

n�1
�

Large d Hydrodynamics
Constitutive relations

Use a field redefinition to simplify the EOM:

✏ ! ✏+ k1✏@b�
b + k2@b@

b✏+ k3✏
�
@b�

b
�2

+ k4✏@b�
c@c�

b + k5
@b✏@b✏

✏
+ k6✏@b�c@

b�c

�a ! �a + c1
@a✏

✏
+ c2@b�

b @
a✏

✏
+ c3@

a�b @b✏

✏
+ c4@

a@b�
b + c5

@b✏

✏
@b�a + c6@b@

b�a



Tµ⌫ = ✏

✓
1 �b

�a �a�b + �ab + T ab
(1) + T ab

(2) +O �
@3

�
◆
+O �

n�1
�

Large d Hydrodynamics
Constitutive relations

Use a field redefinition to simplify the EOM:

✏ ! ✏+ k1✏@b�
b + k2@b@

b✏+ k3✏
�
@b�

b
�2

+ k4✏@b�
c@c�

b + k5
@b✏@b✏

✏
+ k6✏@b�c@

b�c

�a ! �a + c1
@a✏

✏
+ c2@b�

b @
a✏

✏
+ c3@

a�b @b✏

✏
+ c4@

a@b�
b + c5

@b✏

✏
@b�a + c6@b@

b�a



Tµ⌫ = ✏

✓
1 �b

�a �a�b + �ab + T ab
(1) + T ab

(2) +O �
@3

�
◆
+O �

n�1
�

Large d Hydrodynamics
Constitutive relations

Use a field redefinition to simplify the EOM:

✏ ! ✏+ k1✏@b�
b + k2@b@

b✏+ k3✏
�
@b�

b
�2

+ k4✏@b�
c@c�

b + k5
@b✏@b✏

✏
+ k6✏@b�c@

b�c

�a ! �a + c1
@a✏

✏
+ c2@b�

b @
a✏

✏
+ c3@

a�b @b✏

✏
+ c4@

a@b�
b + c5

@b✏

✏
@b�a + c6@b@

b�a

Compute @µT
µ⌫ = 0 and tune the ci‘s ki’s so that the and

equations of motion are 2nd order in derivatives.



Large d Hydrodynamics
Use a field redefinition to simplify the EOM:

✏ ! ✏+ k1✏@b�
b + k2@b@

b✏+ k3✏
�
@b�

b
�2

+ k4✏@b�
c@c�

b + k5
@b✏@b✏

✏
+ k6✏@b�c@

b�c

�a ! �a + c1
@a✏

✏
+ c2@b�

b @
a✏

✏
+ c3@

a�b @b✏

✏
+ c4@

a@b�
b + c5

@b✏

✏
@b�a + c6@b@

b�a

If we set all
k2 = `1 + `4 � 2c1h0 = c21 + 2`1 c5 = 2(`1 + `4) c6 = `1 + `4

ci‘s ki’s to zero, except and



Large d Hydrodynamics
Use a field redefinition to simplify the EOM:

✏ ! ✏+ k1✏@b�
b + k2@b@

b✏+ k3✏
�
@b�

b
�2

+ k4✏@b�
c@c�

b + k5
@b✏@b✏

✏
+ k6✏@b�c@

b�c

�a ! �a + c1
@a✏

✏
+ c2@b�

b @
a✏

✏
+ c3@

a�b @b✏

✏
+ c4@

a@b�
b + c5

@b✏

✏
@b�a + c6@b@

b�a

If we set all
k2 = `1 + `4 � 2c1h0 = c21 + 2`1 c5 = 2(`1 + `4) c6 = `1 + `4

ci‘s ki’s to zero, except and

and if
`2 + 2`3 + `4 = 0 `1 � `2 � `3 = 0



Large d Hydrodynamics
Use a field redefinition to simplify the EOM:

✏ ! ✏+ k1✏@b�
b + k2@b@

b✏+ k3✏
�
@b�

b
�2

+ k4✏@b�
c@c�

b + k5
@b✏@b✏

✏
+ k6✏@b�c@

b�c

�a ! �a + c1
@a✏

✏
+ c2@b�

b @
a✏

✏
+ c3@

a�b @b✏

✏
+ c4@

a@b�
b + c5

@b✏

✏
@b�a + c6@b@

b�a

If we set all
k2 = `1 + `4 � 2c1h0 = c21 + 2`1 c5 = 2(`1 + `4) c6 = `1 + `4

ci‘s ki’s to zero, except and

and if
`2 + 2`3 + `4 = 0 `1 � `2 � `3 = 0

then the equations of motion become

@t✏+ c1@a@
a✏ = �@aj

a

@tj
a � h0 @b@

bja = �@a✏� @b

✓
jajb

✏

◆
�

✓
c1
2

� `1
c1

◆✓
�✏@a

✓
@bjb

✏

◆
+ jb@a

✓
@b✏

✏

◆
+ @b

✓
ja@b✏

✏

◆◆



Large d Hydrodynamics
Use a field redefinition to simplify the EOM:

✏ ! ✏+ k1✏@b�
b + k2@b@

b✏+ k3✏
�
@b�

b
�2

+ k4✏@b�
c@c�

b + k5
@b✏@b✏

✏
+ k6✏@b�c@

b�c

�a ! �a + c1
@a✏

✏
+ c2@b�

b @
a✏

✏
+ c3@

a�b @b✏

✏
+ c4@

a@b�
b + c5

@b✏

✏
@b�a + c6@b@

b�a

If we set all
k2 = `1 + `4 � 2c1h0 = c21 + 2`1 c5 = 2(`1 + `4) c6 = `1 + `4

ci‘s ki’s to zero, except and

and if
`2 + 2`3 + `4 = 0 `1 � `2 � `3 = 0

then the equations of motion become

@t✏+ c1@a@
a✏ = �@aj

a

@tj
a � h0 @b@

bja = �@a✏� @b

✓
jajb

✏

◆
�

✓
c1
2

� `1
c1

◆✓
�✏@a

✓
@bjb

✏

◆
+ jb@a

✓
@b✏

✏

◆
+ @b

✓
ja@b✏

✏

◆◆

ja = �a ✏



Large d Hydrodynamics
then the equations of motion become

@t✏+ c1@a@
a✏ = �@aj

a

@tj
a � h0 @b@

bja = �@a✏� @b

✓
jajb

✏

◆
�

✓
c1
2

� `1
c1

◆✓
�✏@a

✓
@bjb

✏

◆
+ jb@a

✓
@b✏

✏

◆
+ @b

✓
ja@b✏

✏

◆◆



Large d Hydrodynamics

@t✏+ c1@a@
a✏ = �@aj

a

@tj
a � h0 @b@

bja = �@a✏� @b

✓
jajb

✏

◆
�

✓
c1
2

� `1
c1

◆✓
�✏@a

✓
@bjb

✏

◆
+ jb@a

✓
@b✏

✏

◆
+ @b

✓
ja@b✏

✏

◆◆

The equations of motion:



Large d Hydrodynamics

@t✏+ c1@a@
a✏ = �@aj

a

@tj
a � h0 @b@

bja = �@a✏� @b

✓
jajb

✏

◆
�

✓
c1
2

� `1
c1

◆✓
�✏@a

✓
@bjb

✏

◆
+ jb@a

✓
@b✏

✏

◆
+ @b

✓
ja@b✏

✏

◆◆

The equations of motion:

+O(@4)

+O(@4)

?

?



Large d Hydrodynamics

@t✏+ c1@a@
a✏ = �@aj

a

@tj
a � h0 @b@

bja = �@a✏� @b

✓
jajb

✏

◆
�

✓
c1
2

� `1
c1

◆✓
�✏@a

✓
@bjb

✏

◆
+ jb@a

✓
@b✏

✏

◆
+ @b

✓
ja@b✏

✏

◆◆

The equations of motion:

+O(@4)

+O(@4)

?

?

⌘ =
h0

n
✏�i =

2`i
n

✏
?



Large d Hydrodynamics

@t✏+ c1@a@
a✏ = �@aj

a

@tj
a � h0 @b@

bja = �@a✏� @b

✓
jajb

✏

◆
�

✓
c1
2

� `1
c1

◆✓
�✏@a

✓
@bjb

✏

◆
+ jb@a

✓
@b✏

✏

◆
+ @b

✓
ja@b✏

✏

◆◆

The equations of motion:

+O(@4)

+O(@4)

?

?

⌘ =
h0

n
✏�i =

2`i
n

✏
?

?
�1 � �2 � �3 = 0�2 + 2�3 + �4 = 0



Large d AdS/CFT

S =

Z p
�g

✓
R+

(d� 1)(d� 2)

L

2

◆
d

d
x

Consider:

with

ds2 = 2dt(�Adt+ dr � Fad⇣
a) +Gabd⇣

ad⇣b +G?d~�
2
?

Such that at large r the metric is given by

ds2 ���!
r!1

r2
✓
�dt2 +

�ab
n

d⇣ad⇣b +
d~�2

?
n

◆



Large d AdS/CFT
Consider:

ds2 = 2dt(�Adt+ dr � Fad⇣
a) +Gabd⇣

ad⇣b +G?d~�
2
?

Such that at large r the metric is given by

ds2 ���!
r!1

r2
✓
�dt2 +

�ab
n

d⇣ad⇣b +
d~�2

?
n

◆

An expansion in r implies

A ���!
r!1

r2 +O(r�n) Fa ���!
r!1

O(r�n)

Gab ���!
r!1

�abr
2 +O(r�n) G? ���!

r!1
�r2 +O(r�n)



Large d AdS/CFT
Consider:

ds2 = 2dt(�Adt+ dr � Fad⇣
a) +Gabd⇣

ad⇣b +G?d~�
2
?

An expansion in r implies

A ���!
r!1

r2 +O(r�n) Fa ���!
r!1

O(r�n)

Gab ���!
r!1

�abr
2 +O(r�n) G? ���!

r!1
�r2 +O(r�n)

n ! 1Setting rand keeping fixed gives AdS space.



Large d AdS/CFT
Consider:

ds2 = 2dt(�Adt+ dr � Fad⇣
a) +Gabd⇣

ad⇣b +G?d~�
2
?

An expansion in r implies

A ���!
r!1

r2 +O(r�n) Fa ���!
r!1

O(r�n)

Gab ���!
r!1

�abr
2 +O(r�n) G? ���!

r!1
�r2 +O(r�n)

n ! 1Setting rand keeping fixed gives AdS space.

and keeping fixed gives nonR = rnn ! 1Setting
 trivial dynamics.
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|û(t,~k0)|2 dpk

(2⇡)k

û(t,~k) =

Z
~u(t, ~⇣)e�i~k·~⇣dp⇣



Quantifying turbulence

@tp+
⇣
~u · ~r

⌘
p+ p~r · ~u =

1

Re
r2p

@t~u+
⇣
~u · ~r

⌘
~u+

~rp

M2p
=

1

Re
r2~u+

2

Re

 
~rp

p
· ~r
!
~u

Starting from: 



Quantifying turbulence

@tp+
⇣
~u · ~r

⌘
p+ p~r · ~u =

1

Re
r2p

@t~u+
⇣
~u · ~r

⌘
~u+

~rp

M2p
=

1

Re
r2~u+

2

Re

 
~rp

p
· ~r
!
~u

Starting from: 

One defines:

E(t, k) =
@

@k

Z

|~k0|k
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û✏(t,~k) =

Z p
✏(t, ~⇣)~u(t, ~⇣)e�i~k·~⇣dp⇣



Quantifying turbulence

Turbulent behavior should be characterized by

E(t, k) / k�
5
3

@tp+
⇣
~u · ~r

⌘
p+ p~r · ~u =

1

Re
r2p

@t~u+
⇣
~u · ~r

⌘
~u+

~rp

M2p
=

1

Re
r2~u+

2

Re

 
~rp

p
· ~r
!
~u

Starting from: 

One defines:

E(t, k) =
@

@k

Z

|~k0|k
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û✏(t,~k) =

Z p
✏(t, ~⇣)~u(t, ~⇣)e�i~k·~⇣dp⇣

(Adams, Chesler, Liu)



Starting from: 

⇥MN = ⇧P
M⇧Q

NrPnQ

✓IJ =

p
�



✓
⇥I

J � 1

d� 2
⇥N

N�IJ

◆

Starting from: 

One defines:

E(t, k) ⇠ k�
5
3

Turbulence is characterized by

@tp+
⇣
~u · ~r

⌘
p+ p~r · ~u =

1

Re
r2p

@t~u+
⇣
~u · ~r

⌘
~u+

~rp

M2p
=

1

Re
r2~u+

2

Re

 
~rp

p
· ~r
!
~u

E(t, k) =
@

@k

Z

|~k0|k
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• The mapping simplifies and provides an analytic handle over 
geometric quantities

A/E = C0k
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