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(4,1) and (4,0)
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φi : Σ→ T : xµ 7→ φi(x)

d= 2, The number of supersymmetries (left , right) = (p,q)
restrict the target space geometry (g,H = dB, J(A), ...)

Typically (hyper)Kähler with torsion.
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(4,4) in (2,2) in Gates, Hull and Roček 1984

(p,q) Susy in Hull and Witten 1985

(1,0) superspace discussion of the geometry in
Howe and Papadopoulos 1988.
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The action we consider in (2,1) superspace is

S =

∫
d2xd3θ

(
kαD−ϕ

α + k̄ᾱD−ϕ̄
ᾱ
)
.

The fields ϕα are (2,1) chiral

D̄+ϕ
α = 0 ,

and ϕ̄ᾱ = (ϕα)∗.
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The 1-form potential kα(ϕ, ϕ̄) with k̄ᾱ = (kα)∗, is defined up to

kα(ϕ, ϕ̄)→ kα(ϕ, ϕ̄) + ∂αh(ϕ, ϕ̄) + fα(ϕ) .

The metric g and B field are

gαβ̄ = i(∂αk̄β̄ − ∂β̄kα)

B(2,0)
αβ = i(∂αkβ − ∂βkα)

B = B(2,0) + B(0,2)
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(4,1) Susy:

δϕα = ε̄+D̄+fα(ϕ, ϕ̄)

δϕ̄ᾱ = ε+D+ f̄ ᾱ(ϕ, ϕ̄)

Off-shell closure of the algebra,

[δ1, δ2]ϕα = 2iε+
[2ε̄

+
1]∂++ϕ

α
,

implies

fα
β̄
f̄ γ̄α = −δγ̄

β̄
, f̄ ᾱβf γᾱ = −δγβ ,

fα[ᾱf β
β̄]α

= 0 , f̄ ᾱ[α f̄ β̄β]ᾱ = 0 .

U. Lindström (4, q)



Invariance of the action gives

f β(ᾱgγ̄)β = 0 , ⇒ f βᾱgγ̄β = ωγ̄ᾱ ,

and

∇(+)

β̄
ωᾱγ̄ = 0 , ∇(+)

β ωᾱγ̄ = 0 ,

Γ(+) := Γ(0) + 1
2g−1H , H = dB.
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In terms of the complex structures

J(1) =

(
i11 0
0 −i11

)
, J(2) =

(
0 fα

β̄

f̄ ᾱβ 0

)
, J(3) =

(
0 ifα

β̄

−i f̄ ᾱβ 0

)

we have

Jt(A)gJ(A) = g , ∇(+)J(A) = 0 , N (J(A)) = 0 ,

and

J(A)J(B) = −δAB + εABCJ(C) .
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The (4,1) algebra is

{D+a, D̄b
+} = 2iδb

a∂++ , a,b,= 1,2.

(D−)2 = i∂= .

The (4,1) multiplet obtained by truncating the (4,4) multiplet of
GHR is

D̄1
+φ = 0 = D+2φ , D̄1

+χ = 0 = D+2χ ,

D̄2
+χ = −iD̄1

+φ̄ , D̄2
+φ = iD̄1

+χ̄ .
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This is an off shell multiplet and gives a geometry with

J(A) = I(A) ⊗ 11d×d

where

I(1) =

(
i11 0
0 −i11

)
, I(2) =

(
0 iσ2

iσ2 0

)
, I(3) =

(
0 −σ2
σ2 0

)
.
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The metric and torsion arise from and action. A convenient
formulation is via projective superspace.
ζ ∈ CP1

∇+ := D+1 + ζD+2 ,

∇̆+ := D̄1
+ − ζ−1D̄2

+ ,

η =
∑

ηmζ
m , ∇+η = ∇̆+η = 0 ,

where

S = i
∫

d2x
∮

C

dζ
2πiζ

D+D̄+︷ ︸︸ ︷
∆+∆̆+ D−

(
λi(η, η̆; ζ)D−η

i − λ̆i(η, η̆; ζ)D−η̆
i
)
.
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For the multiplet introduced,

ηi = φ̄i + ζχi

η̆i = φi − ζ−1χ̄i .

From the action we read off the one form potential

kφi = −
∮

C

dζ
2πiζ

λ̆i , k̄φ̄i =

∮
C

dζ
2πiζ

λi

kχi =

∮
C

dζ
2πiζ

ζλi , k̄χ̄i =

∮
C

dζ
2πiζ

ζ−1λ̆i .

The geometry is hyperkähler with torsion.
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When the model has (4,2) susy, there is a scalar potential K
such that the one forms are

ki = K,i

Ex:

iλ = −iλ̆ =
1
3!

(η + η̆)3

gives

gφφ̄ = gχχ̄ = (φ+ φ̄)2 − 2χχ̄

Bφχ = −2(φ+ φ̄)χ̄ ,

Bφ̄χ̄ = −2(φ+ φ̄)χ .
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The (4,0) action in (2,0) superspace is

S =

∫
d2xd2θ

(
kα∂=ϕ

α + k̄ᾱ∂=ϕ̄
ᾱ

+eµνΛµ−Λν− + Gµν̄Λµ−Λ̄ν̄− + eµ̄ν̄ Λ̄µ̄−Λ̄ν̄−

)
,

(2,0) chiral scalar and fermion superfields

D̄+ϕ
α = 0 , D̄+Λµ− = 0 .

Gµν̄ fibre metric, eµν antisymmetric field, both related to a
vector bundle with connection Ai

M
N .
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(4,0) susy:

δ̄ϕα = ε̄+D̄+fα

δ̄Λµ = ε̄+D̄+

(
IµNΛN

−

)
.

Bosonic part: Same as for (4,1).

Fermionic part:
Closure:

Iµµ̄Iµ̄ρ = −δµρ

IµNᾱ f̄ ᾱ,β + Iµµ̄Iµ̄Nβ = 0

IµNα[ᾱfα
,β̄]

+ Iµν[ᾱIνNβ̄]
= 0 ,
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Invariance:

Gρ(µ̄Iρν̄) = 0 ,

eµν,α[β̄fα,ᾱ] + 2eρ[ν,[b̄Iρµ],ᾱ] = 0

fα
,β̄

Gνρ̄,α + 2eρν,̄βIρρ̄ + Gρρ̄I
ρ

νβ̄
= 0

2fα
,β̄

eν̄ρ̄,α + Gρν̄β̄Iρρ̄ + Gρρ̄I
ρ

ν̄β̄
= 0 .
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Complex structures:

Bosonic sector: J(A) as for (4,1).

Fermionic:

I(2) =

(
0 Iµν̄
Īµ̄ν 0

)
, I(3) =

(
0 iIµν̄
−i Īµ̄ν 0

)
.

Again they form an SU(2) algebra together with the canonical
complex structure.
Together they also form complex structures on the bundle
space.
Integrability and hermiticity of the metrics from closure and
invariance.
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The (4,0) algebra is

{D+a, D̄b
+} = 2iδb

a∂++ , a,b,= 1,2.

The (4,0) multiplet, obtained by truncating the (4,1) is

D̄1
+φ = 0 = D+2φ , D̄1

+χ = 0 = D+2χ ,

D̄2
+χ = −iD̄1

+φ̄ , D̄2
+φ = iD̄1

+χ̄ .
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In addition a fermi multiplet Λ− = (ψ−, λ−) is

D̄1
+ψ− = 0 = D+2ψ− , D̄1

+λ− = 0 = D+2λ− ,

D̄2
+λ− = −iD̄1

+ψ̄− , D̄2
+ψ− = iD̄1

+λ̄− .

Off shell system with

I(1) =

(
i 0
0 −i

)
⊗ 11 , I(2) =

(
0 iσ̂2

iσ̂2 0

)
, I(3) =

(
0 −σ̂2
σ̂2 0

)
.(0.1)

where 11 = 11d×d when acting on the bosonic superfields and
11 = 11n×n when acting on the fermionic superfields. Each
satisfy the quaternion algebra

I(I)I(J) = −δIJ + εIJK I(K ) .

Together they define a quaternionic structure on the total space.
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The metrics and torsion and connection arise from and action.
A convenient formulation is again via projective superspace
adapted to (2,0):
ζ ∈ CP1

∇+ := D+1 + ζD+2 ,

∇̆+ := D̄1
+ − ζ−1D̄2

+ ,

We consider (4,0) projective superfields ηi(x , θ, ζ), ρa
−(x , θ, ζ)

satisfying

∇+η
i = 0 , ∇̆+η

i = 0 , ∇+ρ
a
− = 0 , ∇̆+ρ

a
− = 0 ,

The action is

S =

∫
d2x(Lb + Lf )
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with

Lb = i
∮

C

dζ
2πiζ

D+D̄+︷ ︸︸ ︷
∆+∆̆+

(
λi(η, η̆; ζ)∂=η

i − λ̆i(η, η̆; ζ)∂=η̆
i
)

and

Lf = i
∮

C

dζ
2πiζ

D+D̄+︷ ︸︸ ︷
∆+∆̆+

(
ρa
−habρ

b
− + ρa

−hab̄ρ̆
b̄
− + ρ̆ā

−h̆ābρ
b
− + ρ̆ā

−h̆āb̄ρ̆
b̄
−

)
The new multiplet is described by

ηi = φ̄i + ζχi , η̄i := η̆i = φi − ζ−1χ̄i

ρa
− = ψ̄a

− + ζλa
− , ρ̄a

− := ρ̆a
− = ψa

− − ζ−1λ̄a

The formulae for the one forms are identical to the (4,1) case.
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The fibre tensors are

Gψaψ̄b̄ = −
∮

C

dζ
2πiζ

Hāb , Gψaλ̄b̄ = −2
∮

C

dζ
2πiζ

ζ−1hāb̄ ,

Gλaψ̄b̄ = 2
∮

C

dζ
2πiζ

ζhab , Gλaλ̄b̄ = −
∮

C

dζ
2πiζ

Hab̄ ,

eψaψb =

∮
C

dζ
2πiζ

hāb̄ , eλaψb = 1
2

∮
C

dζ
2πiζ ζHab̄ ,

eλaλb =

∮
C

dζ
2πiζ

ζ2hab , eψ̄āψ̄b̄ =

∮
C

dζ
2πiζ

hab

eψ̄āλ̄b̄ = −1
2

∮
C

dζ
2πiζ ζ

−1Hab̄ , eλ̄āλ̄b̄ =
∮

C
dζ

2πiζ ζ
−2hāb̄ .

They satisfy all the conditions for closure and invariance.
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