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Introduction: topological order

There are interesting systems in 2+1 dimensions whose phases are
not distinguished by local order parameters.

The ground state might have topological order: long range
correlations in the fields. These properties are reflected in the
degeneracy of the ground state as a function of genus.

One way to distinguish phases/measure topological order it to
compute topological entanglement entropy (TEE). (Levin, Wen; Kitaev,

Preskill) Can we have this in holography?
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Entanglement entropy

Divide the system into subsystems A and B. Consider state
descibed by a density matrix ρ. Let ρA = trBρ. Entanglement
entropy = Van Neumann entropy SA = −trAρA log ρA. Example:

|ψ〉 =
1√
2

(|1〉A|1〉B + |2〉A|2〉B)

For this state entanglement entropy SA = log 2. Measures
entanglement between A and B.
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Topological entanglement entropy

Consider a QFT in 2+1 dimensions with finite correlation length.

The value of topological entropy γ can be computed via the
constant term in the entanglement entropy of a disk whose radius
R →∞:

S = R/ε− γ + . . .

γ measures topological order. Nonvanishing in e.g. Chern-Simons
theories (see below).
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Entanglement entropy in holography

According to Ryu and Takayanagi, the value of entanglement
entropy between a region and its complement is obtained by
evaluating the volume of the minimal codimension-2 hypersurface
t = const which asymptotes to the border between the region and
its complement at z = 0.
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Compactified N=4

Consider N D3 branes on a circle of radius R3 at large t’Hooft
coupling λ = g2

YMN. The metric of the gravity dual

ds2 = L2
[

dz2

z2h(z)
+

dxµdx
µ

z2
+ h(z)

dx23
z2

+ dΩ2
5

]
where µ = 0, 1, 2, h(z) = 1− (z/2R3)4, L4 ∼ λ. Finite R3 gives

rise to strongly coupled 2+1 dimensional theory with confinement
and a mass gap (equivalently, finite correlation length whose scale
is set by R3)
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D3 branes: conformal case

Consider, as a warm-up exersise, conformal case: R3 →∞,
h(z) = 1.
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z(r). Red curve [z ′(r = 0) = 0] corresponds to the cylinder
x21 + x22 = R2 on the boundary at z = 0. Blue curve gives rise to
two concentric cylinders at z = 0.
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D3 branes: conformal case

Action with parameterization z(r):

S =
4N2

c l

15π

∫
dr

r

z3

√
1 + (z ′)2

Equation of motion:

d

dr

(
rz ′

z3
√

1 + (z ′)2

)
= −

3r
√

1 + (z ′)2

z4

Near the boundary

z ' 2
√
R
√
R − r
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D3 branes: conformal case

To compute entanglement entropy for the cylinder x21 + x22 ≤ R2

we need to subtract the divergent part. Solve equations of motion,
and evaluate the action. The integral is cut off at z = ε.

S =
2N2

c

15π

(
lR

ε2
+

l

4R
log

ε

R

)
− 4N2

c l

15πR
γ̃

where l is the length of the cylinder. This gives γ̃ = 0.305. This is

similar to topological entanglement entropy, but is computed in the
theory with infinite correlation length.
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D3 branes on a circle

Consider finite correlation length R3. rescale coordinates
z → z/2R3
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The space ends at z = 1. There are two solutions which asymptote
to the circle at z = 0: disk topology (blue) and cylinder topology
(red), where Kaluza-Klein circle shrinks to zero size.
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D3 branes on a circle

Action

S =
4N2

c

15

∫ R
z0

0
dr

r

z3

√
1− z4 + (z ′)2

Equation of motion

d

dr

(
rz ′

z3
√

1− z4 + (z ′)2

)
=

r(z4 − 3[1 + (z ′)2])

z4
√

1− z4 + (z ′)2

Same small z behavior as in the conformal case
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D3 branes on a circle

There are also other solutions, which asymptote to the annulus at
z = 0. For R � R3 the structure is similar to the conformal case.
To compute entanglement entropy, we need to extract the

UV-divergent part:

S =
4N2

c

15

(
RR3

ε2
+

R3

4R
log

ε

R

)
+

4N2
c

15
S̃

Note that topological entropy is encoded in S̃ . In the conformal
case hypersurface of disk topology gave non-vanishing S̃
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D3 branes on a circle
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S̃(R). Disk (cylinder) topology– blue (red) curve. For small (large)
R disk-type (cylinder-type) solutions dominate the computation of
entanglement entropy. For large R, S̃ = −R/4R3 +O(R−1) which
implies vanishing topological entropy!
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Holographic Gauss-Bonnet gravity
Holographic entanglement entropy in soft-wall models

Holographic Gauss-Bonnet gravity

Consider holographic gravity with Gauss-Bonnet term:

I =
1

16πG

∫
d4x
√
−g
[
R +

6

L2
+
λL2

2
E4

]
.

where
E4 = R2 − 4RµνR

µν + RµνρσR
µνρσ
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Entropies with Gauss-Bonnet term

GB term does not affect equations of motion or entangling surface.
But it does affect entropies:

SEE =
1

4G

[∫
M
d2y

√
ĥ
(

1 + λL2R̂
)]

while the BH entropy is

S =
1

4GN

∫
horizon

d2y
√
h(1 + λL2R).
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Holographic Gauss-Bonnet gravity
Holographic entanglement entropy in soft-wall models

Holographic entropies from the GB term are topological

For the minimum entangling surface with the disc topology, S
(1)
EE

can be written as

S
(1)
EE =

λL2

4G

∫
d2y

√
ĥR̂ =

πλL2

G

On the other hand, Riemann surface of genus g can be obtained
by identifying the hyperbolic space H2 by a finite subgroup of
SL(2,Z ). The Gauss-Bonnet term contributes a topological
number to the ground state entropy exp(Sg ) = # of states on
surface of genus g .

S
(1)
g =

λL2

4G
(4πχg ) =

2πλL2

G
(1− g)
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Holographic Gauss-Bonnet

So, provided the entangling surface has a disk topology and there’s
no contribution from the Einstein-Hilbert sector, we have the
relation between TEE and the degeneracy of the ground state:

2(g − 1)γ = Sg

Turns out, soft-wall confinement works well for TEE (disk
topology, no Einstein-Hilbert contribution to γ). It is harder to
deal with the ground state degeneracy.
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TEE in holographic soft wall models

Soft-wall confinement geometry

ds2 =
e−(µz)

ν

z2
(
−dt2 + dz2 + dx2 + dy2

)
High energy glueball spectrum is mn ∼ n2−2/ν . ν = 1 is the
”maximally soft” regime, where there is continuum above a gap.
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TEE in holographic soft wall models

Entangling surface parameterized by z(r); the boundary condition
is z(r)→0 as r→R. It must satisfy(

2 + z

z

)
r(1 + (z ′)2) + z ′(1 + (z ′)2) + z ′′r = 0

Cylinder topology implies z ′→−∞ as z→∞, hence the leading
terms become

(z ′)3 + z ′′r = 0

and z ′ =' 1√
R−r which is incompatible with z→∞ as r→R.

The entangling surface necessarily has disk topology for ν < 2 and
the area of the entangling surface does not contain O(R0) term as
R →∞.
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Holographic Gauss-Bonnet gravity
Holographic entanglement entropy in soft-wall models

TEE and degeneracy in soft wall models: summary

So the contribution to the TEE comes entirely from the
Gauss-Bonnet term.

Harder to find holographic duals of theories living on surfaces of
genus g > 1. Want to have vanishing ground state entropy from
the EH degrees of freedom.

Andrei Parnachev Holographic topological entanglement entropy and ground state degeneracy



Entanglement entropy and topological entanglement entropy
Topological entanglement entropy in (EH) holography
TEE in holographic models with Gauss-Bonnet term

Topological entanglement entropy and ground state degeneracy

TEE and ground state degeneracy in Chern-Simons theory

U(1)k Chern-Simons

TEE is given by

γ =
1

2
log(k)

The ground state degeneracy is given by

Sg = g log k

So we have a relation
2gγ = Sg
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TEE and ground state degeneracy in Chern-Simons theory

SU(N)k Chern-Simons

One can compute

γ =
k2

2
logN

and

Sg = g log(N/k) + (g − 1)(k2 − 1) logN + O(N0)

Hence, in the limit N � k � 1 we have

2(g − 1)γ = Sg

The same as holographic relation!
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TEE and ground state degeneracy in Chern-Simons theory

Summary

I Soft wall holographic models with GB term have nonvanishing
topological entanglement entropy

I Relation between TEE and degeneracy of states is similar to
that of CS theory

I Need better understanding of soft wall models with hyperbolic
horizons
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TEE and ground state degeneracy in Chern-Simons theory

THE END

Thank you!
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