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Semi-holographyFaulkner, Polchinski ’11

• Consider a QFT atcriticality at zero T.

• Perturb the system⇒ excite an elementary fermionic d.o.f.χ
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Semi-holographyFaulkner, Polchinski ’11

• Consider a QFT atcriticality at zero T.

• Perturb the system⇒ excite an elementary fermionic d.o.f.χ

• In principlesourcesto all CFT operatorsO∆.

• Assume adominant channel:

L = χ/∂χ+ gf (χO∆ +O∆χ) + LCFT (O)

• Dyson series:〈χχ(k)〉 = 1
/k+gf 〈O∆O∆(k)〉

• where〈O∆O∆(k)〉 ∝ /kk2M−1 with ∆± = d
2 ±M mass of the

dual fermionΨ in d+1.

• One should demandM < 1
2 for CFT berelevant in the IR
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• A hybrid formulation,not convenient for higher point functions

• A systematic, completely geometric approach:
Plauschinn, Stoof, Vandoren, U.G. ’11

• RecallSf =
∫

dd+1√gΨ
(

/D −M
)

Ψ+ S∂ , d even.

• Decompose the Dirac fermionΓzΨ± = ±Ψ±

• Ψ+ is the source⇒ Ψ− is the response

• SinceΓz = Γd+1 DiracΨ(z, x) in the bulk⇔ Weyl
χ = Ψ+(z0, x) on the boundary.
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• A hybrid formulation,not convenient for higher point functions

• A systematic, completely geometric approach:
Plauschinn, Stoof, Vandoren, U.G. ’11

• RecallSf =
∫

dd+1√gΨ
(

/D −M
)

Ψ+ S∂ , d even.

• Decompose the Dirac fermionΓzΨ± = ±Ψ±

• Ψ+ is the source⇒ Ψ− is the response

• SinceΓz = Γd+1 DiracΨ(z, x) in the bulk⇔ Weyl
χ = Ψ+(z0, x) on the boundary.

• S∂ from thevariational principle:δΨ+(z0, x) = 0

S∂ =

∫

z=z0

ddx
√
h
(

Ψ+Ψ− + LUV [Ψ+]
)

Contino, Pomarol ’04

• In particular one can chooseLUV [Ψ+] = ZΨ+/∂Ψ+

• A particular finite counter-term making adynamical source

Semi-holography beyond the quadratic level – p. 3



Sf =
∫

dd+1x
√
gΨ

(

/D −M
)

Ψ+
∫

z=z0
ddx

√
h
(

Ψ+Ψ− + ZΨ+/∂Ψ+

)

• On-shell: effective action forχ = Ψ+(z0)

Zeff [χ] =

∫

DχDχe−
∫
ddk

√
hχ(KΨ(z0,k)+Z/k)χ

whereΨ−(z, k) = KΨ(z, k)Ψ+(z, k), solves Dirac in the bulk.
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√
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Ψ+Ψ− + ZΨ+/∂Ψ+

)

• On-shell: effective action forχ = Ψ+(z0)

Zeff [χ] =

∫

DχDχe−
∫
ddk

√
hχ(KΨ(z0,k)+Z/k)χ

whereΨ−(z, k) = KΨ(z, k)Ψ+(z, k), solves Dirac in the bulk.
A semi-holograhic Witten diagram:

χ

χ

• Immediate generalization: multiple fields
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• Consider dynamicalχ in the presence of backgroundAb
µ

Sf =
∫

Ψ
(

/D + gA /A−M
)

Ψ+
∫

∂

(

Ψ+Ψ− + ZΨ+(/∂ + e /A
b
)Ψ+

)

Ψ(z, k) = KΨ,+(z, k)Ψ+(z0, k), AM (z, k) = KA
M,ν(z, k)A

b,ν(z0, k)
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• Consider dynamicalχ in the presence of backgroundAb
µ

Sf =
∫

Ψ
(

/D + gA /A−M
)

Ψ+
∫

∂

(

Ψ+Ψ− + ZΨ+(/∂ + e /A
b
)Ψ+

)

Ψ(z, k) = KΨ,+(z, k)Ψ+(z0, k), AM (z, k) = KA
M,ν(z, k)A

b,ν(z0, k)

A Semi-holographic Witten diagram first order inAb:

A

μ

μ

b

χ

χ

• Presence ofbulk vertexcrucial forboundary Ward Identity
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The Ward identity
• ∂x

µ〈Jµ
CFT (x)O(x1)O(x2)〉 =

iq〈O(x1)O(x2)〉δ(~x− ~x1)− iq〈O(x1)O(x2)〉δ(~x− ~x2)
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The Ward identity
• ∂x

µ〈Jµ
CFT (x)O(x1)O(x2)〉 =

iq〈O(x1)O(x2)〉δ(~x− ~x1)− iq〈O(x1)O(x2)〉δ(~x− ~x2)

A geometric proof:

• 〈O(x1)O(x2)〉 = SΨ[Ψ(z0) = δ(~z − ~x1),Ψ(z0) =

δ(~z − ~x2), AM (z0) = 0]

• The actionSΨ is invariant under
Ψ(z, ~z) → eiqα(z,~z)Ψ(z, ~z), Ψ(z, ~z) → e−iqα(z,~z)Ψ(z, ~z),
AM (z, ~z) → AM (z, ~z) + ∂Mα(z, ~z)

• However the boundary conditions are NOT:
0 = iqSΨ[Ψ → δ(~z − ~x1),Ψ → δ(~z − ~x2), AM → 0]δ(~x− ~x1)

−iqSΨ[Ψ → δ(~z − ~x1),Ψ → δ(~z − ~x2), AM → 0]δ(~x− ~x2)

−∂x
µSΨ[Ψ → δ(~z−~x1),Ψ → δ(~z−~x2), AM → δ(~z−~x)]δ(~z−~x)

Q.E.D.
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CFT in vacuum state
• Suppose the Weyl fermionχ couples to both a background field
Ab

µ and a 4D CFT throughO∆ andJCFT .

• The effective action is

Seff [χ,A
b
µ(q)]=

∫

d4k
{

χ†(k)G−1
χ χ(k) +Ab

µ(q)χ
†(k)Σµχ(k + q)

}

,

• Full propagator:G−1
χ (k) = Z/k + gf /kk

2M−1

• Full vertex:

Σµ =

Zeγµ + gAA(M)(k+q)M+ 1

2kM+ 1

2 q(γµI1(k, q) +
/k
kγ

µ /k+/q

k+q I2(k, q))

with A(M) = 21−2M/Γ[M + 1
2 ]

2, and

I1(k, q) =

∫ ∞

0

dzz2K1(q z)KM+ 1

2

((k + q)z)KM+ 1

2

(k z)

I2(k, q) =

∫ ∞

0

dzz2K1(q z)KM− 1

2

((k + q)z)KM− 1

2

(k z)
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Summary

• Effective action for the boundary chiral fermionχ coupled toO
in a CFT, at finite backgroundAb:

Zeff [χ,Ab] ∝
∫

Dχe−
∫
Ab·Jχ+Zχ/kχ〈e−

∫
Ab·JCFT+χO〉CFT

=

∫

Dχe−
∫
χ†G−1

χ χ+Ab
µ·χ†Σµχ

• Gχ is the propagator forχ with self-energy:

Gχ ∼ Z/k + gf 〈OO(k)〉

• Σµ is the effective vertex:

Σµ ∼ eZ γµ + gA〈OJµ
CFTO〉
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Conductivity
• σ(ω) = δ2

δAbδAb
Zeff :

• Contributions fromΣµ:

• There also existAb
µA

b
ν〈Jµ

CFTJ
µ
CFT 〉 in effective action

• σtot = σCFT + σχ with
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Conductivity
• σ(ω) = δ2

δAbδAb
Zeff :

• Contributions fromΣµ:

• There also existAb
µA

b
ν〈Jµ

CFTJ
µ
CFT 〉 in effective action

• σtot = σCFT + σχ with

• In the IR:σχ = a1 ω + a2 ω
2−2M + a3 ω

3−4M

• In the UV:σχ = b1 ω + a2 ω
2M + a3 ω

4M−2

• ai, bi fixed byM , gf , Z and gA.
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Dissecting the vertex

• Recall the ordinary QED vertex for Dirac fermions:
Σµ(q) = γµF1(q

2)− 1
2m [γµ, γν ]qνF2(q

2)

F1(q
2) = 1 +O(e2), F2(q

2) = O(e2).

• µ = 0 term⇒ charge renormalization:e → e F1(0)

• µ = i term⇒ magnetic moment:~µe =
e
2m (1 + F2(0))~σ.
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Dissecting the vertex

• Recall the ordinary QED vertex for Dirac fermions:
Σµ(q) = γµF1(q

2)− 1
2m [γµ, γν ]qνF2(q

2)

F1(q
2) = 1 +O(e2), F2(q

2) = O(e2).

• µ = 0 term⇒ charge renormalization:e → e F1(0)

• µ = i term⇒ magnetic moment:~µe =
e
2m (1 + F2(0))~σ.

• What are the charge renormalization and magnetic moment for
aWeyl fermion coupled to CFT?

Semi-holography beyond the quadratic level – p. 10



Dissecting the vertex

For the Weyl fermion coupled to CFT one finds:

• Charge renormalization:e → e+ gA p2M−1 π sec(πM)

22MΓ[M+ 1

2
]2]

• Anomalous magnetic moment:~µe = p0 p2M−1 (2M−1)π sec(πM)

22M+2Γ[M+ 1

2
]2]

~σ

• No ordinary magnetic momentfor Weyl fermions.
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A possible application: Weyl semimetals

• 3D cousins of Graphene: A “gapless semiconductor” where the
valence and conduction bands touch at separate points in the
Brilloin momentum cell

• Conjectured to exist sinceAbrikosov and Beneslavskii, ’71
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A possible application: Weyl semimetals

• 3D cousins of Graphene: A “gapless semiconductor” where the
valence and conduction bands touch at separate points in the
Brilloin momentum cell

• Conjectured to exist sinceAbrikosov and Beneslavskii, ’71

• Explicit proposalsWan et al. ’11, Witczak-Krempa and Kim ’12, Chen and

Hermele ’12, Turner and Vishwanath ’13, Vafek and Vishwanath ’13, Volovik ’09

• Realization with TaAs, analyzed byARPES:Xu et al ’15
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ARPES and sum-rules

Semi-holography beyond the quadratic level – p. 13



ARPES and sum-rules

• From thephotoemission intensityI(ω, k) one constructs the
retarded Green’s functionGR of single particle excitationsχ
traveling inside the material.

• ARPES sum-rule:1π
∫

dωIm[〈χ†χ〉(ω, k)] = 1, ∀k, T
Fromcanonical commutation relations

• Sum rule obeyed precisely forM < 1/2 ⇒ CFT relevant in the
IR
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Outlook

• More general semi-holography: coupleχ to more than oneO∆

• More general semi-holography:dynamicalAb
µ on the boundary

• Applications: single-particle excitations coupled to an order
parameter at non-trivial fixed points, Weyl semimetals,
electromagnetic probes in heavy ion collisions

• Conductivity in detail⇒ fix paramatersgf , gA, Z by fitting
Heavy Ion data or ARPES

• FiniteT andµ

• Anomalous transport in QGP, Weyl semimetals, etc
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THANK YOU !
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