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Why Time-Dependence?

system in equilibrium


non-dynamical, stationary

late-time state of a generic system

time-dependent processes


perturbative methods, Linear Response Theory

coarse-grained view of the system, low energy effective description, 
Hydrodynamics, Universal features

lack of adequate techniques for strongly correlated condensed matter 
theories, quark-gluon plasma 

Focus on field theories with holographic dual. Two dual theories are just 
different descriptions of the same physical system.  
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Thermalization in QGP

Collision of two heavy nuclei (Gold or Lead) at the relativistic speed  

Production of an Anisotropic Plasma 

Hydrodynamics applies after a very short time-scale, 1 fm 

Far-from-equilibrium effects at the early stages of QGP production 

Strongly Coupled Plasma  

Presence of a magnetic field at the early stages of QGP production 
                                           

x
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Figure 2.5: Sketch of the collision of two nuclei, shown in the transverse plane perpendicular to the
beam. The collision region is limited to the interaction almond in the center of the transverse plane.
Spectator nucleons located in the white regions of the nuclei do not participate in the collision. Figure
taken from Ref. [60].

short direction of the almond as they are in the long direction. And, as we shall see, it turns
out that ideal hydrodynamics does a surprisingly good job of describing these asymmetric
explosions of the matter produced in heavy ion collisions with nonzero impact parameter.
This has implications which are su⇤ciently interesting that they motivate our describing this
story in considerable detail over the course of this entire Section. We close this introduction
with a sketch of these implications.

First, the agreement between data and ideal hydrodynamics teaches us that the viscosity
� of the fluid produced in heavy ion collisions must be low. � enters in the dimensionless
ratio �/s, with s the entropy density, and it is �/s that is constrained to be small. A
fluid that is close to the ideal hydrodynamic limit, with small �/s, requires strong coupling
between the fluid constituents. Small �/s means that momentum is not easily transported
over distances that are long compared to � s�1/3, which means that there can be no well-
defined quasiparticles with long mean free paths in a low viscosity fluid since if they existed,
they would transport momentum and damp out shear flows. No particles with long mean
free paths means strongly coupled constituents.

Second, we learn that the strong coupling between partons that results in approximate
local equilibration and fluid flow close to that described by ideal hydrodynamics must set
in very soon after the initial collision. If partons moved with significant mean free paths
for many fm of time after the collision, delaying equilibration for many fm, the almond
would circularize to a significant degree during this initial period of time and the azimuthal
momentum asymmetry generated by any later period of hydrodynamic behavior would be
less than observed. When this argument is made quantitative, the conclusion is that RHIC
collisions produce strongly coupled fluid in approximate local thermal equilibrium within
close to or even somewhat less than 1 fm after the collision [61].2

2Reaching approximate local thermal equilibrium and hence hydrodynamic behavior within less than 1
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Figure 1: Description of QGP formation in heavy ion collisions. The kinematic
landscape is defined by τ =

√

x2
0 − x2

1 ; η = 1
2 log x0+x1

x0−x1
; xT ={x2, x3} , where the

coordinates along the light-cone are x0 ± x1, the transverse ones are {x2, x3} and
τ is the proper time, η the “space-time rapidity”.

leads in general to a high η/s. Indeed, the mean free path induced by the
gauge theory should be small (hence the coupling strong) in order to damp
the near-by force transversal to the flow, measuring the shear viscosity.

It is thus interesting to use our modern (but still largely in progress)
knowledge of non perturbative methods in quantum field theory to fill the
gap between the macroscopic and microscopic descriptions of the quark-gluon
plasma produced in heavy-ion collisions. Lattice gauge theory methods are
very useful to analyze the static properties of the quark-gluon plasma, but
there are still powerless to describe the plasma in collision. Hence we are led
to rely upon the new tools offered by the Gauge/Gravity correspondence and
in particular the one which is the most studied and well-known namely the
AdS/CFT duality [7] between the N = 4 supersymmetric Yang-Mills theory
and the type IIB superstring in the large Nc approximation. The features of
the gauge theory on the (physical) Minkowski space in 3 + 1 dimensions at
strong coupling are in one-to-one relation with corresponding ones in the bulk
of the target space of the 10-d string and in particular in the 5-dimensional
metric of the AdS space, the boundary of which can be identified with the
4-dimensional Minkowski space.

One should be aware when using the AdS/CFT tools that there does
not yet exist a gravity dual construction for QCD. However, the nice fea-
ture of the quark-gluon plasma problems is that it is a deconfined phase
of QCD, characterized by collective degrees of freedom and thus one may
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type IIB string 
theory on N=4 su(N) 
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Strong/Weak 

Duality

Strongly Coupled CFT 
Classical Gravity on Asymptotically 

AdS Space-time
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In the limit that the electric field becomes zero the current also vanishes.
In the time-dependent case we have to solve the full time-dependent equa-

tion of motion of the gauge field where we do it for the massless case where

✓(t, z, ✓1) = 0 (4.21)

We will need two boundary conditions and two initial conditions where we
choose

ḣ(t0, z, ✓̃) = 0 , h(t0, z, ✓̃) = 0
h

0(t, ✏, ✓̃) = 0 , h(t, ✏, ✓̃) = 0 (4.22)

where t0 is the initial time where the gauge field is zero and ✏ is the cut-o↵
near the boundary. We have assumed ✏ = 0.0001 and ✓̃ = ⇡

2 . The ansatz for
the gauge field is

A✓̃(t, z, ✓̃) = h(t, z, ✓̃)�
Z

E(t, z, ✓̃) dt (4.23)

where

E(t, z, ✓̃) =
Q

R sin2
✓̃

(1 + tanh(!t)) (4.24)

where Q is a parameter showing the strength of the electric field and ! is
the inverse of the time interval where the electric field varies from zero to a
constant value.

The units are fixed by

R
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2
Y MN = � (4.25)
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AdS5 ⇥ S5

Holography:
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The dual gravitational description of a strongly coupled gauge theory provides an 
efficient way to study the thermodynamic properties of gauge theories.  

Correspondence both in static and dynamical situations: time-dependence on the 
boundary manifested by time-dependence in the bulk
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D3-branes D7-branes
of the quark mass a number of solutions exist. Among them the physical so-
lution is the most energetically favourable one. The presence of the constant
Kalb-Ramond or equivalently constant magnetic field leads to nonzero quark
condensate even at zero quark mass. In the following we will discuss these
results in more details.

The background of interest is AdS5 ⇥ S5 geometry describing the near
horizon geometry of Nc D3-branes

ds2 = (
u

R
)2(�dt2 + d�x2) + (

R

u
)2(d⇧2 + ⇧2d⇥2

3 + d⌃2 + ⌃2d�2),

gsC(4) =
u4

R4
dx0 ⇤ dx1 ⇤ dx2 ⇤ dx3, gs = e⇤⇥ , R4 = 4⌅gsNcl

4
s ,

(2.1)

where C(4) and ⌥ are four-form and Dilaton fields, respectively. In this co-
ordinate u2 = ⇧2 + ⌃2 and ls =

⌅
�⇥ is the string length scale. In order to

introduce the fundamental matter we have to add a space-filling flavour D7-
brane in the probe limit to this background. The configuration of the D3-D7
branes is

0 1 2 3 4 5 6 7 8 9
D3 ⇥ ⇥ ⇥ ⇥
D7 ⇥ ⇥ ⇥ ⇥ ⇥ ⇥ ⇥ ⇥

(2.2)

In the probe limit the low energy e⇤ective action for a D7-brane in an arbi-
trary background is described by Dirac-Born-Infeld (DBI) and Chern-Simons
(CS) actions

S = SDBI + SCS ,

SDBI = �µ7

�
d8⇤ e�⇤

⇥
� det(gab + Bab + 2⌅�⇥Fab) ,

SCS = µ7

�
P [�C(n)e

B]e2⇥�
�F ,

(2.3)

where induced metric gab and induced Kalb-Ramond field Bab are given by

gab = GMN↵aX
M↵bX

N ,

Bab = BMN↵aX
M↵bX

N .
(2.4)

⇤a are worldvolume coordinates and µ�1
7 = (2⌅)7l8sgs is the D7-brane tension.

GMN is the background metric introduced in (2.1) and in our background
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★ Flavour added to the gauge theory by introducing probe 
D7-branes in the bulk      A. Karch and E. Katz, 2002

★ Fluctuations of the fields on the brane produce the 
meson spectrum

Holographic Mesons

1.3 Summary

Below, we summarize properties of the dynamical D7-brane embeddings clarified by our
numerical analysis. Our model possesses two parameters, which are the final black hole mass
and the mass injection speed.

We find there are three cases of the dynamical D7-brane embeddings depending on these
parameters. Two of them are analogous to static embeddings. If the final black hole mass
is sufficiently small, the brane never intersects with the event horizon, and the embedding is
the Minkowski embedding with non-decaying oscillations. In the dual field theory, the quark
condensate c(V ) oscillates around the equilibrium value. This is the sub-critical case in which
the phase transition does not occur since the final temperature is sufficiently low. If the final
mass is sufficiently large, the brane intersects with the horizon, and relaxes to the black hole
embedding. This is the super-critical case in which the final temperature is sufficiently high
for the phase transition to occur and the mesons are melting.

We find that another kind of dynamical embedding appears when the final black hole
mass is slightly smaller than the phase transition value. There is no static BH embeddings in
this regime. Despite this fact, the brane dynamically touches the horizon if the injection is
sufficiently fast: The rapid injection induces a large brane motion, and it drives the brane into
the horizon. Roughly speaking, a part of the brane falls into the black hole because of inertia.
We call it the overeager case since the brane is made “overeager” to plunge into the black hole
under the influence of the dynamical environment.

After intersecting, the brane configuration on constant V surfaces moves in order to escape
from the bulk black hole since the final equilibrium configuration in the future cannot be the
black hole embedding. The brane configuration, however, tends to be singular within a finite
time as the intersection locus approaches the pole where the S3 wrapped by the D7-brane
shrinks to zero size. It is expected that if stringy or quantum effects are taken into account
there, the brane will reconnect near that locus, and then go back to the Minkowski embedding.
We show schematic illustration of this process in Fig. 2(c), together with the sub-critical and
super-critical cases in Figs. 2(a) and 2(b), respectively. We argue that this phenomenon may
be the gravity dual of quarks recombining into mesons in the boundary field theory.

The remaining of this paper is organized as follows. In Section 2, we will review the static
embeddings to fix notations. In Section 3, we describe the setup for our dynamical computation.
Results of numerical computations are shown in Section 4. Section 5 is devoted to discussions
on the boundary theory interpretations and future directions. Technical details for numerical
computations are provided in appendices.

2 Static embeddings

We start from reviewing the static embeddings of the D7-brane to the Schwarzschild-AdS5×
S5 spacetime in order to fix notations. The metric of the Schwarzschild-AdS5 ×S5 background
can be given as

ds210 =
L2

z2

[

−f(z)dt2 +
dz2

f(z)
+ dx⃗2

3

]

+ L2(dφ2 + cos2 φdΩ2
3 + sin2 φdψ2) , (1)
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where f(z) = 1−r4hz
4/L8, dx⃗2

3 = dx2
1+dx2

2+dx2
3 and L is the AdS radius. The AdS boundary is

at z = 0, while the event horizon is at z = L2/rh. We use the same world-volume coordinates
as the target space coordinates themselves such that (σ0, σ1, · · · , σ7) = (t, z, x⃗3,Ω3). The
embedding of the D7-brane is specified by its position (φ, ψ) in the transverse space as a
function of z: φ = Φ(z) and ψ = 0. Note that we can set ψ = 0 without loss of generality
thanks to the U(1)-symmetry generated by ∂ψ. The induced metric on the D7-brane is given
as

L−2habdσ
adσb = −f(z)

z2
dt2 +

[

1

z2f(z)
+ Φ′(z)2

]

dz2 +
1

z2
dx⃗2

3 + cos2Φ(z)dΩ2
3 , (2)

where ′ ≡ d/dz.
The embedding of the D7-brane is determined by the Dirac–Born–Infeld (DBI) action. In

the absence of the world-volume field strength, the action is

SD7 ∝
∫

d8σ
√
h , (3)

where h = det hab. The equation of motion is a second-order ordinary differential equation for
Φ(z),

Φ′′ − z

2
(8f − zf ′)Φ′3 + (3 tanΦ)Φ′2 +

(

f ′

f
− 3

z

)

Φ′ +
3 tanΦ

z2f
= 0 . (4)

It is also convenient to introduce new bulk coordinates (w, ρ) = (L2z−1 sinφ, L2z−1 cosφ).
The new embedding function can then be a function of ρ, w = W (ρ). In practical numerical
computations, we solve the equation for W (ρ) obtained by rewriting Eq. (4) in terms of W (ρ).

The asymptotic behavior of the field at the AdS boundary gives information of the dual
field theory operators. Near the AdS boundary ρ = ∞, the asymptotic solution behaves as6

W (ρ) = m+
c

ρ2
+ · · · , (5)

where the two integral constants m and c are related to the quark mass Mq and condensate
⟨Om⟩ as [25, 29–32, 35]

Mq =
m

2πℓ2s
, ⟨Om⟩ = − Nf

16π4gsℓ6s
c , (6)

where ℓs is the string length and gs is the string coupling constant. Om is the quark bilinear
associated with its supersymmetric counterparts (See Refs. [34, 47] for further details). Here-
after, we ignore the proportional constants and refer to m and c as the quark mass and the
quark condensate for notational brevity.

In the bulk, we also need to impose boundary conditions at where the D7-brane terminates.
The boundary conditions depend on the topology of the embedding, that is, whether the D7-
brane intersects the black hole horizon or not. When the brane intersects with the black hole,

6In the notation of Ref. [34], W is expanded as W = 2−1/2rhm̃ + 2−3/2r3hc̃/ρ
2 + · · · . In this notation, the

quark mass and condensate are written as Mq =
√
λTm̃/2 and ⟨Om⟩ = −

√
λNfNcT 3c̃/8, where T ≡ rh/(πL2)

is the Hawking temperature and λ is the ’t Hooft coupling.
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The new embedding function can then be a function of ρ, w = W (ρ). In practical numerical
computations, we solve the equation for W (ρ) obtained by rewriting Eq. (4) in terms of W (ρ).

The asymptotic behavior of the field at the AdS boundary gives information of the dual
field theory operators. Near the AdS boundary ρ = ∞, the asymptotic solution behaves as6

W (ρ) = m+
c

ρ2
+ · · · , (5)

where the two integral constants m and c are related to the quark mass Mq and condensate
⟨Om⟩ as [25, 29–32, 35]

Mq =
m

2πℓ2s
, ⟨Om⟩ = − Nf

16π4gsℓ6s
c , (6)

where ℓs is the string length and gs is the string coupling constant. Om is the quark bilinear
associated with its supersymmetric counterparts (See Refs. [34, 47] for further details). Here-
after, we ignore the proportional constants and refer to m and c as the quark mass and the
quark condensate for notational brevity.

In the bulk, we also need to impose boundary conditions at where the D7-brane terminates.
The boundary conditions depend on the topology of the embedding, that is, whether the D7-
brane intersects the black hole horizon or not. When the brane intersects with the black hole,

6In the notation of Ref. [34], W is expanded as W = 2−1/2rhm̃ + 2−3/2r3hc̃/ρ
2 + · · · . In this notation, the

quark mass and condensate are written as Mq =
√
λTm̃/2 and ⟨Om⟩ = −

√
λNfNcT 3c̃/8, where T ≡ rh/(πL2)

is the Hawking temperature and λ is the ’t Hooft coupling.

8

where f(z) = 1−r4hz
4/L8, dx⃗2

3 = dx2
1+dx2

2+dx2
3 and L is the AdS radius. The AdS boundary is

at z = 0, while the event horizon is at z = L2/rh. We use the same world-volume coordinates
as the target space coordinates themselves such that (σ0, σ1, · · · , σ7) = (t, z, x⃗3,Ω3). The
embedding of the D7-brane is specified by its position (φ, ψ) in the transverse space as a
function of z: φ = Φ(z) and ψ = 0. Note that we can set ψ = 0 without loss of generality
thanks to the U(1)-symmetry generated by ∂ψ. The induced metric on the D7-brane is given
as

L−2habdσ
adσb = −f(z)

z2
dt2 +

[

1

z2f(z)
+ Φ′(z)2

]

dz2 +
1

z2
dx⃗2

3 + cos2Φ(z)dΩ2
3 , (2)

where ′ ≡ d/dz.
The embedding of the D7-brane is determined by the Dirac–Born–Infeld (DBI) action. In

the absence of the world-volume field strength, the action is

SD7 ∝
∫

d8σ
√
h , (3)

where h = det hab. The equation of motion is a second-order ordinary differential equation for
Φ(z),

Φ′′ − z

2
(8f − zf ′)Φ′3 + (3 tanΦ)Φ′2 +

(

f ′

f
− 3

z

)

Φ′ +
3 tanΦ

z2f
= 0 . (4)

It is also convenient to introduce new bulk coordinates (w, ρ) = (L2z−1 sinφ, L2z−1 cosφ).
The new embedding function can then be a function of ρ, w = W (ρ). In practical numerical
computations, we solve the equation for W (ρ) obtained by rewriting Eq. (4) in terms of W (ρ).

The asymptotic behavior of the field at the AdS boundary gives information of the dual
field theory operators. Near the AdS boundary ρ = ∞, the asymptotic solution behaves as6

W (ρ) = m+
c

ρ2
+ · · · , (5)

where the two integral constants m and c are related to the quark mass Mq and condensate
⟨Om⟩ as [25, 29–32, 35]

Mq =
m

2πℓ2s
, ⟨Om⟩ = − Nf

16π4gsℓ6s
c , (6)

where ℓs is the string length and gs is the string coupling constant. Om is the quark bilinear
associated with its supersymmetric counterparts (See Refs. [34, 47] for further details). Here-
after, we ignore the proportional constants and refer to m and c as the quark mass and the
quark condensate for notational brevity.

In the bulk, we also need to impose boundary conditions at where the D7-brane terminates.
The boundary conditions depend on the topology of the embedding, that is, whether the D7-
brane intersects the black hole horizon or not. When the brane intersects with the black hole,

6In the notation of Ref. [34], W is expanded as W = 2−1/2rhm̃ + 2−3/2r3hc̃/ρ
2 + · · · . In this notation, the

quark mass and condensate are written as Mq =
√
λTm̃/2 and ⟨Om⟩ = −

√
λNfNcT 3c̃/8, where T ≡ rh/(πL2)

is the Hawking temperature and λ is the ’t Hooft coupling.

8

2

gravity theory on asymptotically AdS space-time [5]. The corresponding field theory lives on the boundary of the
dual theory (bulk gravity).
In the AdS/CFT dictionary the vacuum and an arbitrary thermal state of the field theory correspond to pure AdS

and AdS black hole, respectively. Thus the thermalization process in the field theory can be equivalent to the black
hole formation in the bulk as has been shown in [6]. For instance the Vaidya metric which is the result of the collapse
of the matter in the bulk can describe the dynamics of the plasma from zero to a finite temperature.
The black hole formation in the bulk resembles thermalization in the gluon sector of the field theory. One can

also study such a process in the meson sector, called meson melting. Depending on the temperature of the plasma,
some of the quarkonium mesons (heavy mesons) stay stable and live in the plasma. The injection of enough energy
can cause these mesons to melt. Holographically, mesons are described by the fluctuations of the shape of the probe
D-branes in the asymptotically AdS backgrounds [7]. The mesons are stable if the probe brane does not touch the
bulk horizon and they melt when it crosses the horizon [8]. The dynamical meson melting by which we mean the
process of the meson melting in a time-dependent background (Vaidya metric) has been investigated in [9]. In this
paper we are interested in studying the e↵ect of a non-zero external magnetic field on the dynamics of the meson
melting. We will also discuss how the magnetic field a↵ects the equilibration time when the system gets to its final
equilibrium situation.

II. PROBE D7-BRANE IN THE VAIDYA BACKGROUND

In this section we will study the set-up of the dynamical meson melting in the presence of a constant external
magnetic field. According to the AdS/CFT dictionary the mesons in the gauge theory correspond to the fluctuations
of the probe brane in the asymptotically AdS background. In fact, in the AdS-black hole background, the shape of
the brane can be categorized into Minkowski Embedding (ME) and Black Hole Embedding (BE) which correspond to
the mesonic (stable mesons) and melted (unstable mesons) phases, respectively [8]. The process of dynamical meson
melting is described by the change in the shape of the probe brane dynamically. In order to achieve this goal we study
the shape of the probe brane in the AdS-Vaidya background. It describes the black hole formation in the bulk which
corresponds to thermalization in the gluon sector of the dual gauge theory. The background is time-dependent and
therefore the shape of the brane in such a background can deform dynamically.
Let us start with the AdS-Vaidya metric that is
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where

F (V, z) = 1�M(V )z4, (II.2)

and we have set the radius of AdS space-time to be one, R = 1. The above metric is written in Eddington-Finkelstein
coordinate where the radial direction is represented by z and V shows the null direction. The boundary, where the
gauge theory lives, is at z = 0 and V is the time coordinate on the boundary. M(V ), which is an arbitrary function,
represents the mass of the black hole which changes as time passes by until it reaches a constant value. The function
for M(V ) that we will work with in this paper, is
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where �V is the time interval in which the mass of the black hole increases from zero to M

f

which is constant. Note

that the radius of the event horizon is r
h

= M

1
4
f

.
In order to add the fundamental matter in the gauge theory side we have to add the probe branes to the bulk. The

dynamics of the degrees of freedom living on the brane is explained by the DBI action as
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at z = 0, while the event horizon is at z = L2/rh. We use the same world-volume coordinates
as the target space coordinates themselves such that (σ0, σ1, · · · , σ7) = (t, z, x⃗3,Ω3). The
embedding of the D7-brane is specified by its position (φ, ψ) in the transverse space as a
function of z: φ = Φ(z) and ψ = 0. Note that we can set ψ = 0 without loss of generality
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It is also convenient to introduce new bulk coordinates (w, ρ) = (L2z−1 sinφ, L2z−1 cosφ).
The new embedding function can then be a function of ρ, w = W (ρ). In practical numerical
computations, we solve the equation for W (ρ) obtained by rewriting Eq. (4) in terms of W (ρ).

The asymptotic behavior of the field at the AdS boundary gives information of the dual
field theory operators. Near the AdS boundary ρ = ∞, the asymptotic solution behaves as6

W (ρ) = m+
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where the two integral constants m and c are related to the quark mass Mq and condensate
⟨Om⟩ as [25, 29–32, 35]
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, ⟨Om⟩ = − Nf
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c , (6)

where ℓs is the string length and gs is the string coupling constant. Om is the quark bilinear
associated with its supersymmetric counterparts (See Refs. [34, 47] for further details). Here-
after, we ignore the proportional constants and refer to m and c as the quark mass and the
quark condensate for notational brevity.

In the bulk, we also need to impose boundary conditions at where the D7-brane terminates.
The boundary conditions depend on the topology of the embedding, that is, whether the D7-
brane intersects the black hole horizon or not. When the brane intersects with the black hole,
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Figure 3: Minkowski and black hole embeddings of the D7-brane in the Schwarzschild-AdS5×S5

spacetime. The vertical and horizontal axes are w and ρ, respectively. In the plot, the horizon
radius is fixed as rh = 1 using the scaling symmetry. For m ! 0.92 and m " 0.92, we obtain
the Minkowski and black hole embeddings, respectively. For m ≃ 0.92, there exist both the
Minkowski and black hole embeddings.

we impose regularity at the horizon. The asymptotic solution is then obtained as

W (ρ) =
√

r2h − ρ2H +
ρH

√

r2h − ρ2H
ρ2H + 3r2h

(ρ− ρH) + · · · , (7)

where ρH (0 < ρH ≤ rh) is the value of ρ at the horizon found in the (ρ, w)-plane. On the other
hand, when the brane does not intersect with the black hole, the brane terminates at the point
where S3 wrapped by the brane shrinks to zero size at a pole of S5: Φ = π/2, corresponding
to ρ = 0. The regular asymptotic solution at ρ = 0 is given by

W (ρ) = WP − r4h
4W 5

P

ρ2 + · · · , (8)

where WP ≡ W (0) > rh is the value of W at the pole.
Solving the equations of motion by using either the boundary condition (7) or (8) when the

brane intersects with the black hole or not, respectively, we obtain a sequence of embeddings.
In Fig. 3, we show the solutions for several parameter values. For m/rh ≃ 0.92, we can see
that both the black hole and Minkowski embeddings are allowed, and they are characterized
by different values of the quark condensate c for a given m. We plot c/r3h as a function of rh/m
in Fig. 4. c/r3h becomes multivalued for 1.0802 < rh/m < 1.0913. This implies that there is a
first-order phase transition between the Minkowski and black hole embeddings, and it can be
confirmed by comparing the free energy [32, 34].
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Figure 8.4: D7-branes’ embedding in AdS
5

⇥ S5. At nonzero temperature this picture is slightly
modified: First, a horizon appears at r = r

0

> 0, and second, the D7-branes terminate at r = U(0) <
L. This ‘termination point’ corresponds to the tip of the branes in Fig. 8.3.

in subsequent sections, whether the holographic quarks described by the D7-branes are the
analogues of heavy or light quarks in QCD will depend on how their mass (or, more precisely,
the mass of the corresponding mesons) compares to the temperature.

We have concluded that, at zero temperature, the D7-branes lie at U = L and are
parametrised by {t, xi, u,⌦3}. In terms of these coordinates, the induced metric on the
D7-branes takes the form

ds2 =
u2 + L2

R2

�

�dt2 + dx2
i

�

+
R2

u2 + L2
du2 +

R2u2

u2 + L2
d⌦2

3 . (8.7)

We see that if L = 0 then this metric is exactly that of AdS5⇥S3. The AdS5 factor suggests
that the dual gauge theory should still be conformally invariant. This is indeed the case in
the limit under consideration: If L = 0 the quarks are massless and the theory is classically
conformal, and in the probe limit Nf/Nc ! 0 the quantum mechanical �-function, which
is proportional to Nf/Nc, vanishes. If L 6= 0 then the metric above becomes AdS5 ⇥ S3

only asymptotically, i.e. for u � L, reflecting the fact that in the gauge theory conformal
invariance is explicitly broken by the quark mass Mq / L, but is restored asymptotically at
energies E � Mq. We also note that, if L 6= 0, then the radius of the three-sphere is not
constant, as displayed in fig. 8.4; in particular, it shrinks to zero at u = 0 (corresponding to
r = L), at which point the D7-branes ‘terminate’ from the viewpoint of the projection on
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Figure 8.7: Various D7-brane configurations in a black D3-brane background with increasing temper-
ature from left to right. At low temperatures, the probe branes close o↵ smoothly above the horizon.
At high temperatures, the branes fall through the event horizon. In between, a critical solution exists
in which the branes just ‘touch’ the horizon at a point. The critical configuration is never realized: a
first-order phase transition occurs from a Minkowski to a black hole embedding (or vice versa) before
the critical solution is reached.

hole phase.

Although we will come back to this important point below, we wish to emphasize right
from the start that the phase transition under discussion is not a confinement-deconfinement
phase transition, since the presence of a black hole implies that both phases are deconfined.
Instead, we will see that the branes’ phase transition corresponds to the dissociation of heavy
quarkonium mesons. In order to illustrate the di↵erence most clearly, consider first a holo-
graphic model of a confining theory, as described in Section 5.2.2; below we will come back to
the case of N = 4 SYM. For all such confining models, the di↵erence between the deconfine-
ment and the dissociation phase transitions is illustrated in Fig. 8.8. Below Tc, the theory
is in a confining phase and therefore no black hole is present. At some Tc, a deconfinement
transition takes place, which in the string description corresponds to the appearance of a
black hole whose size is proportional to Tc. If the quark mass is su�ciently large compared
to Tc then the branes remain outside the horizon (top part of the figure); otherwise they fall
through the horizon (bottom part of the figure). The first case corresponds to heavy quarko-
nium mesons that remain bound in the deconfined phase, and that eventually dissociate at
some higher Tdiss > Tc. The second case describes light mesons that dissociate as soon as the
deconfinement transition takes place.

Fig. 8.8 also applies to N = 4 SYM theory with Tc = 0 in the sense that, although the
vacuum of the theory is not confining, there is no black hole at T = 0. Note also that mesons
only exist provided Mq > 0, since otherwise the theory is conformal and there is no particle
spectrum. This means that in N = 4 SYM theory any meson is a heavy quarkonium meson
that remains bound for some range of temperatures above Tc = 0, as described by the top
part of Fig. 8.8. In the case Mq = 0 we cannot properly speak of mesons, but we see that the
situation is still described by the bottom part of the figure in the sense that in this case the
branes fall through the horizon as soon as T is raised above Tc = 0.

The universal character of the meson dissociation transition was emphasized in Refs. [565,
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The holographic dual of a finite-temperature gauge theory with a small number of flavours typi-
cally contains D-brane probes in a black hole background. At low temperature the branes sit outside
the black hole and the meson spectrum is discrete and possesses a mass gap. As the temperature
increases the branes approach a critical solution. Eventually they fall into the horizon and a phase
transition occurs. In the new phase the meson spectrum is continuous and gapless. At large Nc and
large ’t Hooft coupling, this phase transition is always of first order, and in confining theories with
heavy quarks it occurs at a temperature higher than the deconfinement temperature for the glue.

PACS numbers:

Introduction: The gauge/gravity correspondence is a
powerful tool to study non-perturbative physics of gauge
theories in diverse dimensions. The classical supergravity
regime corresponds to the large-Nc, strong ’t Hooft cou-
pling limit of the gauge theory. This allows the study of
a large class of theories that share some of the important
features of four-dimensional QCD, such as confinement,
chiral symmetry breaking, thermal phase transitions, etc.
In principle, because of its asymptotic freedom, QCD it-
self is not in this class. This means that calculations of
certain quantitative properties of QCD, such as the de-
tailed mass spectrum, for example, will require going be-
yond the supergravity approximation. However, this does
not exclude the possibility that some aspects of QCD
can be studied in this approximation: Some predictions
of the gauge/gravity correspondence may be universal
enough as to apply to QCD, at least in certain regimes.
A suggestive recent example is the gauge/gravity calcula-
tion of the shear viscosity in the hydrodynamic regime of
strongly coupled finite-temperature gauge theories. The
viscosity/entropy ratio is universal for a large class of
gauge theories in the regime described by their gravity
duals [1] which, for high enough a temperature, generi-
cally contain a black hole horizon. Moreover, this ratio
appears to be surprisingly close to that inferred from ex-
periments at the Relativistic Heavy Ion Collider (RHIC)
[2]. It is therefore important to establish as many uni-
versal features of the gauge/gravity correspondence as
possible.

The quarks in QCD transform in the fundamental rep-
resentation. For a large class of gauge theories, a small
number of flavours of fundamental matter, Nf ≪ Nc, may
be described by probe D-branes in the appropriate gravi-
tational background [3]. At sufficiently high temperature
T , this contains a black hole [4]. The purpose of this pa-
per is to exhibit some universal features of this system
that only depend on these two facts. In particular, we
demonstrate the existence of a first order phase transition
for the fundamental matter, as follows:

At sufficiently small T/Mq (where Mq is the quark
mass), the brane tension is sufficient to overcome the at-
traction of the black hole and hence the branes lie outside

the horizon in a ‘Minkowski’ embedding — see fig. 1 and
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FIG. 1: Profiles of D7-brane embeddings in a D3-brane back-
ground. The thick black circle is the horizon (ρ = 1).

below. In this phase the meson spectrum (i.e., the spec-
trum of quark-antiquark bound states) is discrete and
possesses a mass gap. At sufficiently large T/Mq, the
gravitational attraction overcomes the brane tension and
the branes fall into the horizon yielding a ‘black hole’ em-
bedding. In this case, the meson spectrum is continuous
and gapless. In between, a limiting, critical solution ex-
ists. We will show that the phase diagram in the vicinity
of this solution exhibits a self-similar structure. While
this structure went unnoticed, the phase transition that
occurs as T/Mq increases from small to large values was
observed in two specific models [5, 6]. In fact, as was
first noted in [5] for a D6-brane in a thermal D4 back-
ground, the transition is of first order (in the approxima-
tions stated above). Rather than dropping continuously
through the critical solution, the probe brane jumps dis-
continuously from a Minkowski to a black hole embed-
ding at some T = Tfund. This leads to a discontinuity in
several field theory quantities, such as, for example, the
quark condensate ⟨ψ̄ψ⟩ or the entropy density. In the
following, we will see that the critical behavior and, as a
result, the first order transition are essentially universal
to all Dp/Dq systems.
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found here. Note that this effect is of order 1/N2
c , and

therefore subleading with respect to the order-Nf/Nc cor-
rection to physical quantities from the presence of the
brane probes.

Finite ’t Hooft coupling corrections correspond to
higher-derivative corrections both to the supergravity
action and the D-brane action. These may also blur
the structure discussed above. For example, higher-
derivative corrections to the D-brane equation of motion
are likely to spoil the scaling symmetry of eq. (6), and
hence the self-similar behaviour. These corrections also
become important as the lower part of a Minkowski brane
approaches the horizon, since the (intrinsic) curvature of
the brane becomes large there.

Yet another type of correction one may consider is due
to the backreaction on the background spacetime of the
Dq-branes, whose magnitude is controlled by the ratio
Nf/Nc. These have been considered for the D2/D6 sys-
tem in ref. [19]. In particular, this ref. finds that the en-

ergy density scales as F ∼ N1/2
f N3/2

c T 3, which obviously

differs from (17) with p = 2, d = 2. This discrepancy
is not at all a contradiction, and has the same origin as
the discrepancy found for the meson spectrum [10]. This
is the fact that the calculation in [19] applies in the far
infrared of the gauge theory, whereas that presented here
applies at high temperatures, i.e., at T ≫ g2

YM.
We will return to these and other issues in [20].
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this background reads for the magnetic (upper sign) and electric (lower sign) ansatz
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Again, we have performed rescalings to dimensionless quantities (L, ⇢, B) = (bL̃, b⇢̃,

˜

Bb

2

2R

2 ),
such that the horizon is at ⇢̃2 + L̃

2 = 1.
Let us now turn to the magnetic case. We numerically solve the Euler-Lagrange

equation for L̃(⇢̃) obtained from the Lagrangian (3.3). It is convenient to introduce a
rescaled B field

B̂ =
B�

2⇡2

R

2

m

2

q

, (3.4)

as well as an appropriate dimensionless quark mass and condensate

m

q

=
1
2
p
�Tm̃ , T̃ =

1
m̃

, hq̄qi = �1
8
p
�N

c

T

3

c̃ . (3.5)

Here � = g

s

N

c

is the ’t Hooft coupling.
The numerical results are plotted in figure 4 for increasing values of the magnetic

field at a fixed temperature (or equivalently fixed Schwarzschild radius). We see that
the increasing external magnetic field repels the branes from the horizon more and more,
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2

gravity theory on asymptotically AdS space-time [5]. The corresponding field theory lives on the boundary of the
dual theory (bulk gravity).
In the AdS/CFT dictionary the vacuum and an arbitrary thermal state of the field theory correspond to pure AdS

and AdS black hole, respectively. Thus the thermalization process in the field theory can be equivalent to the black
hole formation in the bulk as has been shown in [6]. For instance the Vaidya metric which is the result of the collapse
of the matter in the bulk can describe the dynamics of the plasma from zero to a finite temperature.
The black hole formation in the bulk resembles thermalization in the gluon sector of the field theory. One can

also study such a process in the meson sector, called meson melting. Depending on the temperature of the plasma,
some of the quarkonium mesons (heavy mesons) stay stable and live in the plasma. The injection of enough energy
can cause these mesons to melt. Holographically, mesons are described by the fluctuations of the shape of the probe
D-branes in the asymptotically AdS backgrounds [7]. The mesons are stable if the probe brane does not touch the
bulk horizon and they melt when it crosses the horizon [8]. The dynamical meson melting by which we mean the
process of the meson melting in a time-dependent background (Vaidya metric) has been investigated in [9]. In this
paper we are interested in studying the e↵ect of a non-zero external magnetic field on the dynamics of the meson
melting. We will also discuss how the magnetic field a↵ects the equilibration time when the system gets to its final
equilibrium situation.

II. PROBE D7-BRANE IN THE VAIDYA BACKGROUND

In this section we will study the set-up of the dynamical meson melting in the presence of a constant external
magnetic field. According to the AdS/CFT dictionary the mesons in the gauge theory correspond to the fluctuations
of the probe brane in the asymptotically AdS background. In fact, in the AdS-black hole background, the shape of
the brane can be categorized into Minkowski Embedding (ME) and Black Hole Embedding (BE) which correspond to
the mesonic (stable mesons) and melted (unstable mesons) phases, respectively [8]. The process of dynamical meson
melting is described by the change in the shape of the probe brane dynamically. In order to achieve this goal we study
the shape of the probe brane in the AdS-Vaidya background. It describes the black hole formation in the bulk which
corresponds to thermalization in the gluon sector of the dual gauge theory. The background is time-dependent and
therefore the shape of the brane in such a background can deform dynamically.
Let us start with the AdS-Vaidya metric that is

ds

2 = G

MN

dx

M

dx

N =
1

z

2

⇥
�F (V, z)dV 2 � 2dV dz + d~x

2
3

⇤
+ d�

2 + cos2 � d⌦2
3 + sin2 � d 

2
, (II.1)

where

F (V, z) = 1�M(V )z4, (II.2)

and we have set the radius of AdS space-time to be one, R = 1. The above metric is written in Eddington-Finkelstein
coordinate where the radial direction is represented by z and V shows the null direction. The boundary, where the
gauge theory lives, is at z = 0 and V is the time coordinate on the boundary. M(V ), which is an arbitrary function,
represents the mass of the black hole which changes as time passes by until it reaches a constant value. The function
for M(V ) that we will work with in this paper, is

M(V ) = M

f

8
<

:

0 V < 0,
1
2

⇥
1� cos( ⇡V

�V

)
⇤

0 6 V 6 �V,

1 V > �V,

(II.3)

where �V is the time interval in which the mass of the black hole increases from zero to M

f

which is constant. Note

that the radius of the event horizon is r
h

= M

1
4
f

.
In order to add the fundamental matter in the gauge theory side we have to add the probe branes to the bulk. The

dynamics of the degrees of freedom living on the brane is explained by the DBI action as

S = �⌧7
Z

d

8
⇠

p
�g

ab

+ (2⇡↵0)F
ab

, (II.4)

where g

ab

is the induced metric and F

ab

is the gauge field strength on the brane. a, b are the brane coordinates and
g

ab

is defined as

g

ab

= @

a

x

M

@

b

x

N

G

MN

. (II.5)

Non-Zero Magnetic Field:

3

We are following the same notations as ones introduced in [9] and will not repeat the details. The D7-brane is
embedded along the six directions of the bulk metric, ~x and ⌦3. We choose the other two coordinates on the brane
to be null coordinates u and v. For the rest of the bulk coordinates we choose the ansatz

V = V (u, v), z = Z(u, v), � = �(u, v),  = 0. (II.6)

Since we are interested in studying the e↵ect of the external magnetic field on the dynamical meson melting, we
choose the magnetic field to be

F

x1x2 = B, (II.7)

that is constant.
Since we would like the u and v coordinates to stay null, we have to impose the following constraint equations on

the equations of motion for the fields on the brane, obtained from the DBI action
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where  (u, v) ⌘ �(u,v)
Z(u,v) which, in fact, gives the shape of the brane. With the above assumptions the DBI action

becomes
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The di↵erence between the above action and the one in [9] is that we have considered non-zero magnetic field which
appears in the square root. Therefore, the equations of motion read
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where

B±
1 = 1± 2

1 + (2⇡↵0)2Z4
B

2
, (II.11a)

B2 = 3 +
2

1 + (2⇡↵0)2Z4
B

2
. (II.11b)

By setting B = 0 we can recover the results of [9].
The above equations of motion are solvable, in spite of being non-linear and time-dependent, if one uses numerical

methods. Here we apply finite di↵erence method as has been used in [9]. The solution to these equations will tell
us how the shape of the brane changes due to the dynamical background and the presence of the non-zero magnetic
field. According to the AdS/CFT dictionary the near boundary expansion of the shape of the brane gives the mass
of quark (m) and the condensation (c). More specifically

 (V, Z)|
Z!0 = m(V ) +

✓
c(V ) +

m(V )3

6

◆
Z

2 + .... (II.12)

Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
B

m

2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.

where f(z) = 1−r4hz
4/L8, dx⃗2

3 = dx2
1+dx2

2+dx2
3 and L is the AdS radius. The AdS boundary is

at z = 0, while the event horizon is at z = L2/rh. We use the same world-volume coordinates
as the target space coordinates themselves such that (σ0, σ1, · · · , σ7) = (t, z, x⃗3,Ω3). The
embedding of the D7-brane is specified by its position (φ, ψ) in the transverse space as a
function of z: φ = Φ(z) and ψ = 0. Note that we can set ψ = 0 without loss of generality
thanks to the U(1)-symmetry generated by ∂ψ. The induced metric on the D7-brane is given
as

L−2habdσ
adσb = −f(z)

z2
dt2 +

[

1

z2f(z)
+ Φ′(z)2

]

dz2 +
1

z2
dx⃗2

3 + cos2Φ(z)dΩ2
3 , (2)

where ′ ≡ d/dz.
The embedding of the D7-brane is determined by the Dirac–Born–Infeld (DBI) action. In

the absence of the world-volume field strength, the action is

SD7 ∝
∫

d8σ
√
h , (3)

where h = det hab. The equation of motion is a second-order ordinary differential equation for
Φ(z),

Φ′′ − z

2
(8f − zf ′)Φ′3 + (3 tanΦ)Φ′2 +

(

f ′

f
− 3

z

)

Φ′ +
3 tanΦ

z2f
= 0 . (4)

It is also convenient to introduce new bulk coordinates (w, ρ) = (L2z−1 sinφ, L2z−1 cosφ).
The new embedding function can then be a function of ρ, w = W (ρ). In practical numerical
computations, we solve the equation for W (ρ) obtained by rewriting Eq. (4) in terms of W (ρ).

The asymptotic behavior of the field at the AdS boundary gives information of the dual
field theory operators. Near the AdS boundary ρ = ∞, the asymptotic solution behaves as6

W (ρ) = m+
c

ρ2
+ · · · , (5)

where the two integral constants m and c are related to the quark mass Mq and condensate
⟨Om⟩ as [25, 29–32, 35]

Mq =
m

2πℓ2s
, ⟨Om⟩ = − Nf

16π4gsℓ6s
c , (6)

where ℓs is the string length and gs is the string coupling constant. Om is the quark bilinear
associated with its supersymmetric counterparts (See Refs. [34, 47] for further details). Here-
after, we ignore the proportional constants and refer to m and c as the quark mass and the
quark condensate for notational brevity.

In the bulk, we also need to impose boundary conditions at where the D7-brane terminates.
The boundary conditions depend on the topology of the embedding, that is, whether the D7-
brane intersects the black hole horizon or not. When the brane intersects with the black hole,

6In the notation of Ref. [34], W is expanded as W = 2−1/2rhm̃ + 2−3/2r3hc̃/ρ
2 + · · · . In this notation, the

quark mass and condensate are written as Mq =
√
λTm̃/2 and ⟨Om⟩ = −

√
λNfNcT 3c̃/8, where T ≡ rh/(πL2)

is the Hawking temperature and λ is the ’t Hooft coupling.
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Let us now turn to the magnetic case. We numerically solve the Euler-Lagrange

equation for L̃(⇢̃) obtained from the Lagrangian (3.3). It is convenient to introduce a
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the increasing external magnetic field repels the branes from the horizon more and more,
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˜

Bb

2

2R

2 ),
such that the horizon is at ⇢̃2 + L̃

2 = 1.
Let us now turn to the magnetic case. We numerically solve the Euler-Lagrange

equation for L̃(⇢̃) obtained from the Lagrangian (3.3). It is convenient to introduce a
rescaled B field

B̂ =
B�

2⇡2

R

2

m

2

q

, (3.4)

as well as an appropriate dimensionless quark mass and condensate

m

q

=
1
2
p
�Tm̃ , T̃ =

1
m̃

, hq̄qi = �1
8
p
�N

c

T

3

c̃ . (3.5)

Here � = g

s

N

c

is the ’t Hooft coupling.
The numerical results are plotted in figure 4 for increasing values of the magnetic

field at a fixed temperature (or equivalently fixed Schwarzschild radius). We see that
the increasing external magnetic field repels the branes from the horizon more and more,
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Figure 4: The quark condensate c/r3h against rh/m. The condensate is a multi-valued function
in 1.0802 < rh/m < 1.0913, and makes a finite jump between the points A and B by the
first-order phase transition.

3 Dynamical embeddings

3.1 Vaidya-AdS5 spacetime

In this section, we consider the very-far-from-equilibrium dynamics of the probe D7-brane in
a dynamical spacetime focusing on the thermalization process. Thermalization in the boundary
theory is realized in the gravity dual by the black hole formation due to gravitational collapse
in the bulk AdS space. In this paper, we use the Vaidya-AdS spacetime as the dynamical
background with the black hole formation. Hereafter, we set units where the AdS radius is
unity, L = 1. The Vaidya-AdS5 metric is given by

g(5)µν dx
µdxν =

1

z2
[−F (V, z)dV 2 − 2dV dz + dx⃗2

3] , (9)

F (V, z) = 1−M(V )z4 , (10)

where the mass function M(V ) is a free function representing the Bondi mass (density) of this
spacetime. This metric is an exact solution of the following five-dimensional Einstein equation
with null dust,

Gµν − 6g(5)µν =
3z3

2

dM

dV
kµkν , (11)

where kµ denotes the ingoing null vector defined by kµdxµ = −dV . The null dust injected from
the AdS boundary infalls into the bulk, and then the event horizon is formed. When the mass
function M(V ) stops depending on V , namely, when the energy injection ceases, the spacetime
is locally isometric to the Schwarzschild-AdS5 with a planar horizon.
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gravity theory on asymptotically AdS space-time [5]. The corresponding field theory lives on the boundary of the
dual theory (bulk gravity).

In the AdS/CFT dictionary the vacuum and an arbitrary thermal state of the field theory correspond to pure AdS
and AdS black hole, respectively. Thus the thermalization process in the field theory can be equivalent to the black
hole formation in the bulk as has been shown in [6]. For instance the Vaidya metric which is the result of the collapse
of the matter in the bulk can describe the dynamics of the plasma from zero to a finite temperature.

The black hole formation in the bulk resembles thermalization in the gluon sector of the field theory. One can
also study such a process in the meson sector, called meson melting. Depending on the temperature of the plasma,
some of the quarkonium mesons (heavy mesons) stay stable and live in the plasma. The injection of enough energy
can cause these mesons to melt. Holographically, mesons are described by the fluctuations of the shape of the probe
D-branes in the asymptotically AdS backgrounds [7]. The mesons are stable if the probe brane does not touch the
bulk horizon and they melt when it crosses the horizon [8]. The dynamical meson melting by which we mean the
process of the meson melting in a time-dependent background (Vaidya metric) has been investigated in [9]. In this
paper we are interested in studying the e↵ect of a non-zero external magnetic field on the dynamics of the meson
melting. We will also discuss how the magnetic field a↵ects the equilibration time when the system gets to its final
equilibrium situation.

II. PROBE D7-BRANE IN THE VAIDYA BACKGROUND

In this section we will study the set-up of the dynamical meson melting in the presence of a constant external
magnetic field. According to the AdS/CFT dictionary the mesons in the gauge theory correspond to the fluctuations
of the probe brane in the asymptotically AdS background. In fact, in the AdS-black hole background, the shape of
the brane can be categorized into Minkowski Embedding (ME) and Black Hole Embedding (BE) which correspond to
the mesonic (stable mesons) and melted (unstable mesons) phases, respectively [8]. The process of dynamical meson
melting is described by the change in the shape of the probe brane dynamically. In order to achieve this goal we study
the shape of the probe brane in the AdS-Vaidya background. It describes the black hole formation in the bulk which
corresponds to thermalization in the gluon sector of the dual gauge theory. The background is time-dependent and
therefore the shape of the brane in such a background can deform dynamically.

Let us start with the AdS-Vaidya metric that is

ds
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where

F (V, z) = 1�M(V )z4, (II.2)

and we have set the radius of AdS space-time to be one, R = 1. The above metric is written in Eddington-Finkelstein
coordinate where the radial direction is represented by z and V shows the null direction. The boundary, where the
gauge theory lives, is at z = 0 and V is the time coordinate on the boundary. M(V ), which is an arbitrary function,
represents the mass of the black hole which changes as time passes by until it reaches a constant value. The function
for M(V ) that we will work with in this paper, is

M(V ) = M

f

8
<

:

0 V < 0,
1
2
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1� cos( ⇡V

�V
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0 6 V 6 �V,

1 V > �V,
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where �V is the time interval in which the mass of the black hole increases from zero to M

f

which is constant. Note

that the radius of the event horizon is r
h

= M

1
4
f

.
In order to add the fundamental matter in the gauge theory side we have to add the probe branes to the bulk. The

dynamics of the degrees of freedom living on the brane is explained by the DBI action as
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ab
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where g

ab

is the induced metric and F
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is the gauge field strength on the brane. a, b are the brane coordinates and
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Boundary Time
the world-volume with the induced metric γab are evolution equations, and the equations (16)
which determine components of the induced metric are constraint equations. In the following,
we will study the D7-brane embeddings on the Vaidya-AdS background spacetimes solving
Eqs. (15) and (16).

There are eight world-volume coordinates σa (a = 0, 1, · · · , 7) on the brane. For six of them,
we use the target space coordinates themselves as (σ2, · · · , σ7) = (x⃗3,Ω3) because we assume
that the brane has the same symmetry as the background bulk spacetime in those directions.
For the other two coordinates, we introduce the double null coordinates (σ0, σ1) = (u, v), and
then the brane collective coordinates are parametrized as

V = V (u, v) , z = Z(u, v) , φ = Φ(u, v) , ψ = 0 , (17)

where we set ψ = 0 without loss of generality because of the U(1)-symmetry generated by ∂ψ.
The (u, v)-coordinates are chosen so that the ∂u and ∂v are null generators. Then, the brane
induced metric is written as

habdσ
adσb = −2A(u, v)dudv +

1

Z(u, v)2
dx⃗2

3 + cos2Φ(u, v)dΩ2
3 . (18)

In the following calculation, it is convenient to use a new variable Ψ(u, v) ≡ Φ(u, v)/Z(u, v)
instead of Φ(u, v). From the (u, v)-component of Eq. (16), we can express A(u, v) in term of
(V, Z,Ψ) as

A =
1

Z2
[FV,uV,v + Z,uV,v + Z,vV,u]− (ZΨ),u(ZΨ),v . (19)

Note that there are still residual coordinate freedoms on the world-volume,

ū = ū(u) , v̄ = v̄(v) . (20)

This residual gauge freedom will be fixed by boundary conditions and an initial condition.
Substituting Eqs. (17) and (18) into Eq. (15), we can obtain evolution equations for V (u, v),
Z(u, v) and Ψ(u, v).

The equations we will solve are summarized as follows. The evolution equations for V , Z
and Ψ are obtained as

V,uv =
3

2
Z(ZΨ),u(ZΨ),v +

3

2
tan(ZΨ){(ZΨ),uV,v + (ZΨ),vV,u}+

1

2

(
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Z

)

V,uV,v , (21)
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2
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3

2
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5

Z
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− 1

2

(
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2
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Ψ,uv =
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Z
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Z
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Null Coordinate on the 
Probe Brane

3

We are following the same notations as ones introduced in [9] and will not repeat the details. The D7-brane is
embedded along the six directions of the bulk metric, ~x and ⌦3. We choose the other two coordinates on the brane
to be null coordinates u and v. For the rest of the bulk coordinates we choose the ansatz

V = V (u, v), z = Z(u, v), � = �(u, v),  = 0. (II.6)

Since we are interested in studying the e↵ect of the external magnetic field on the dynamical meson melting, we
choose the magnetic field to be

F

x1x2 = B, (II.7)

that is constant.
Since we would like the u and v coordinates to stay null, we have to impose the following constraint equations on

the equations of motion for the fields on the brane, obtained from the DBI action
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where  (u, v) ⌘ �(u,v)
Z(u,v) which, in fact, gives the shape of the brane. With the above assumptions the DBI action
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The di↵erence between the above action and the one in [9] is that we have considered non-zero magnetic field which
appears in the square root. Therefore, the equations of motion read
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where

B±
1 = 1± 2

1 + (2⇡↵0)2Z4
B

2
, (II.11a)
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2
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By setting B = 0 we can recover the results of [9].
The above equations of motion are solvable, in spite of being non-linear and time-dependent, if one uses numerical

methods. Here we apply finite di↵erence method as has been used in [9]. The solution to these equations will tell
us how the shape of the brane changes due to the dynamical background and the presence of the non-zero magnetic
field. According to the AdS/CFT dictionary the near boundary expansion of the shape of the brane gives the mass
of quark (m) and the condensation (c). More specifically

 (V, Z)|
Z!0 = m(V ) +

✓
c(V ) +

m(V )3

6

◆
Z

2 + .... (II.12)

Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
B

m

2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.
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By setting B = 0 we can recover the results of [9].
The above equations of motion are solvable, in spite of being non-linear and time-dependent, if one uses numerical

methods. Here we apply finite di↵erence method as has been used in [9]. The solution to these equations will tell
us how the shape of the brane changes due to the dynamical background and the presence of the non-zero magnetic
field. According to the AdS/CFT dictionary the near boundary expansion of the shape of the brane gives the mass
of quark (m) and the condensation (c). More specifically
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Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
B

m

2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.
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We are following the same notations as ones introduced in [9] and will not repeat the details. The D7-brane is
embedded along the six directions of the bulk metric, ~x and ⌦3. We choose the other two coordinates on the brane
to be null coordinates u and v. For the rest of the bulk coordinates we choose the ansatz

V = V (u, v), z = Z(u, v), � = �(u, v),  = 0. (II.6)

Since we are interested in studying the e↵ect of the external magnetic field on the dynamical meson melting, we
choose the magnetic field to be

F

x1x2 = B, (II.7)

that is constant.
Since we would like the u and v coordinates to stay null, we have to impose the following constraint equations on
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The di↵erence between the above action and the one in [9] is that we have considered non-zero magnetic field which
appears in the square root. Therefore, the equations of motion read
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By setting B = 0 we can recover the results of [9].
The above equations of motion are solvable, in spite of being non-linear and time-dependent, if one uses numerical

methods. Here we apply finite di↵erence method as has been used in [9]. The solution to these equations will tell
us how the shape of the brane changes due to the dynamical background and the presence of the non-zero magnetic
field. According to the AdS/CFT dictionary the near boundary expansion of the shape of the brane gives the mass
of quark (m) and the condensation (c). More specifically
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Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
B

m

2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.
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By setting B = 0 we can recover the results of [9].
The above equations of motion are solvable, in spite of being non-linear and time-dependent, if one uses numerical

methods. Here we apply finite di↵erence method as has been used in [9]. The solution to these equations will tell
us how the shape of the brane changes due to the dynamical background and the presence of the non-zero magnetic
field. According to the AdS/CFT dictionary the near boundary expansion of the shape of the brane gives the mass
of quark (m) and the condensation (c). More specifically

 (V, Z)|
Z!0 = m(V ) +

✓
c(V ) +

m(V )3

6

◆
Z

2 + .... (II.12)

Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
B

m

2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.
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By setting B = 0 we can recover the results of [9].
The above equations of motion are solvable, in spite of being non-linear and time-dependent, if one uses numerical

methods. Here we apply finite di↵erence method as has been used in [9]. The solution to these equations will tell
us how the shape of the brane changes due to the dynamical background and the presence of the non-zero magnetic
field. According to the AdS/CFT dictionary the near boundary expansion of the shape of the brane gives the mass
of quark (m) and the condensation (c). More specifically
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Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
B

m

2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.
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By setting B = 0 we can recover the results of [9].
The above equations of motion are solvable, in spite of being non-linear and time-dependent, if one uses numerical

methods. Here we apply finite di↵erence method as has been used in [9]. The solution to these equations will tell
us how the shape of the brane changes due to the dynamical background and the presence of the non-zero magnetic
field. According to the AdS/CFT dictionary the near boundary expansion of the shape of the brane gives the mass
of quark (m) and the condensation (c). More specifically
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Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
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2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.
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Note that in the presence of the magnetic field we rescale all the parameters with m, for instance B is rescaled as
B

m

2 . This means that m = 1 in all our results. By solving the equations of motion we will be able to see how the
condensation behaves in time. The boundary and initial conditions are summarized in the following subsection.10



Second order, nonlinear partial differential equations: We use 
finite difference method to solve them.  

Rescaling the parameters to have m=1. 
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• Initial data

The background at which the probe brane is embedded is time-dependent where before the energy injection,
V < 0, the space-time is pure AdS. Therefore, our initial data includes the static solution to the equations of
motion for pure AdS with non-zero magnetic field [3, 4].
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the boundary time. When the magnetic field is zero, this behaviour can be classified into three categories: Minkowski
embedding, Black Hole embedding and Overeager case.
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the final configuration is still ME. Since the initial ME state represents the mass of the quark in the dual field
theory, if the ratio of m to the final temperature of the system is much larger than one, we can be sure that
the embedding will always stay Minkowski. Therefore by raising the temperature, the phase transition does not
happen and the mesons survive in the system. In this case the condensation shows an oscillatory behaviour in
time about its equilibrium value.

• Black Hole Embedding

If m
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becomes smaller than one, even though the initial state is ME, the D7-brane crosses the horizon as the
temperature is increased and thus the final configuration becomes BE. In this situation the condensation falls
from the initial zero value to its final equilibrium amount.
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(b) Super-critical
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Figure 2: Schematic illustration of the brane dynamics.
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FIG. 1: This figure (right) shows that how an overeager configuration crosses the horizon and jumps out of it and becomes ME.
W (⇢) = z�1 sin� reperesents the shape of the brane [9]. Accordingly, the graph on the left shows that c(V ) starts oscillating
at the final stages, as it is expected from ME. This figure is plotted for B = 1.87140, �V = 0.5 and rh = 1.25.
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TABLE I: Bound-States or Stable Mesons obtained from the ME Power Spectrum

Stable Modes B = 0 B = 0.56446

!1 2.82052 3.04731

!2 4.83518 5.18042

!3 6.84984 7.21553
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FIG. 3: This figure shows how the BE changes to overeager and consequently to ME after one raises the magnetic field. We
have set rh = 1.25 and �V = 0.5.

considering the linear perturbation around the equilibrium shape of the brane. Figure 2 (right) confirms the fact that
c(V ) decreases by applying an external magnetic field. We will elaborate more on this in figure 4.

A remarkable phenomenon has been observed in the presence of the external magnetic field. Let us assume we start
from a ME which results in BE after the injection of energy when the magnetic field is zero, figure 3 up-left. If we
raise the magnetic field, it can still give BE as can be seen in figure 3 up-right. Interestingly, by further increasing
the value of the magnetic field, with the same initial configuration and time-scale of the energy injection, the final
configuration becomes overeager, figure 3 down-left. If the magnetic field becomes large enough, the configuration
stays ME and never touches the horizon, as shown in figure 3 down-right. It is instructive to see what this means in
the field theory side. At zero magnetic field, due to the energy injection the mesons are melted; indicating that quarks
and anti-quarks live freely in the plasma. Raising the external magnetic field causes them to form bound-states again
and the mesons become stable. This is consistent with our physical intuition from the non-dynamical picture. As has
been discussed in [4], this observation can be explained by the fact that due to the non-zero magnetic field the probe
brane becomes resistant to change in its shape. In the field theory side this means that the binding energy of the
mesons become larger and therefore, more energy is needed to melt the mesons.
When we start from a ME which, due to the energy injection, ends up in a BE, there exists a time at which c(V )

relaxes to its equilibrium value. We call this equilibration time V

eq

that the system is at its equilibrium state. We
define a time-dependent parameter

✏(V ) =
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stays ME and never touches the horizon, as shown in figure 3 down-right. It is instructive to see what this means in
the field theory side. At zero magnetic field, due to the energy injection the mesons are melted; indicating that quarks
and anti-quarks live freely in the plasma. Raising the external magnetic field causes them to form bound-states again
and the mesons become stable. This is consistent with our physical intuition from the non-dynamical picture. As has
been discussed in [4], this observation can be explained by the fact that due to the non-zero magnetic field the probe
brane becomes resistant to change in its shape. In the field theory side this means that the binding energy of the
mesons become larger and therefore, more energy is needed to melt the mesons.
When we start from a ME which, due to the energy injection, ends up in a BE, there exists a time at which c(V )

relaxes to its equilibrium value. We call this equilibration time V

eq

that the system is at its equilibrium state. We
define a time-dependent parameter

✏(V ) =

����
c(V )� c

eq

c(V )

����, (III.1)
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The Fourier transform of the 
oscillations of c(V) has 

discrete spectrum. 6

TABLE I: Bound-States or Stable Mesons obtained from the ME Power Spectrum

Stable Modes B = 0 B = 0.56446

!1 2.82052 3.04731

!2 4.83518 5.18042

!3 6.84984 7.21553

FIG. 3: This figure shows how the BE changes to overeager and consequently to ME after one raises the magnetic field. We
have set rh = 1.25 and �V = 0.5.
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FIG. 1: This figure (right) shows that how an overeager configuration crosses the horizon and jumps out of it and becomes ME.
W (⇢) = z�1 sin� reperesents the shape of the brane [9]. Accordingly, the graph on the left shows that c(V ) starts oscillating
at the final stages, as it is expected from ME. This figure is plotted for B = 1.87140, �V = 0.5 and rh = 1.25.

FIG. 2: c(V ) for ME (left) and BE (right). In both figures blue solid curves show c(V ) � c0, with B=0.56446, in which
c0 = 0.0747132. c0 is the initial configuration condensation, before the black hole formation in the bulk. The red dashed curves
show c(V ) in the absence of magnetic field. In all cases rh = 1.25 and �V = 1.0.

• Overeager Case

Provided that the time-scale of the change in the temperature is small, if the corresponding mass of the initial
ME configuration is larger but close to the final temperature, the overeager case happens. This means that the
D7-brane crosses the horizon and returns back again to another ME. In this case c(V ) decreases from zero to a
minimum value and then starts increasing to its final equilibrium amount.

Before reporting our results for the non-zero magnetic field we would like to mention an interesting observation in
the overeager case. As can be seen in the figure 1, c(V ) starts oscillating at the final stages of its time-dependent
evolution. This oscillation is around a final equilibrium value which in fact is the c for a ME in the presence of the
corresponding black hole in static case. This also confirms that the overeager solution ends up in ME. Looking at
the plot of the shape of the brane, figure 1 (right), we can see that at the initial times after the energy injection the
shape of the brane is described by the BE while at su�ciently later times it becomes ME.
We have studied the e↵ect of the presence of a non-zero external magnetic field on the above embeddings as

presented in figure 2. Figure 2 left(right) compares the behaviour of the ME(BE) between the two cases. Note that
the blue curves for non-zero B are shifted in order to have the starting point of c(V ) plots at c = 0. As observed in
the figure, the equilibrium value of c decreases for B 6= 0 and the oscillations happen with a smaller phase velocity.
We have computed the power spectrum for the ME oscillations in both cases and present the results in table I. The

power spectrum is obtained from the discrete Fourier transform of c(V ). In fact the peaks of the power spectrum
give us the mass spectrum of the stable mesons. Interestingly we observe that the meson masses increases by raising
the magnetic field as seen in table I. Since for the binding energy of the stable mesons we have E

B

⇠
p
�M

mes

[10],
where � is the t’Hooft coupling constant, the binding energy increases in the presence of the magnetic field. We
should emphasize that the results obtained here come form solving the non-linear equations of motion rather than
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FIG. 4: The plot on the left shows c(V ) for BEs for di↵erent values of B. The graph on the right shows ✏(V ) with respect to
the boundary time, obtained from (III.1), for the corresponding plots in the left figure. The equilibration times are represented
in table II. We have set rh = 1.25 and �V = 1.0.

where the equilibration time is defined as the time which satisfies ✏(V
eq

) < 0.003 and ✏(V ) stays below this limit
afterwards. Note that c

eq

can be obtained from the static solution at the corresponding magnetic field and final
temperature. This function has been plotted in figure 4 for di↵erent values of the magnetic field. We can conclude
from figure 4 (right) that the presence of the magnetic field delays the evolution of the system to its equilibrium state.
The equilibration times corresponding to the figure 4 are given in table II which confirm, quantitatively, the previous
statement.

TABLE II: Equilibration Times with respect to the External Magnetic Field

B Veq

0.0 3.27834

0.3137 3.33708

0.5645 3.49866

0.7129 4.8057

0.7946 5.15314
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FIG. 1: This figure (right) shows that how an overeager configuration crosses the horizon and jumps out of it and becomes ME.
W (⇢) = z�1 sin� reperesents the shape of the brane [9]. Accordingly, the graph on the left shows that c(V ) starts oscillating
at the final stages, as it is expected from ME. This figure is plotted for B = 1.87140, �V = 0.5 and rh = 1.25.

FIG. 2: c(V ) for ME (left) and BE (right). In both figures blue solid curves show c(V ) � c0, with B=0.56446, in which
c0 = 0.0747132. c0 is the initial configuration condensation, before the black hole formation in the bulk. The red dashed curves
show c(V ) in the absence of magnetic field. In all cases rh = 1.25 and �V = 1.0.

• Overeager Case

Provided that the time-scale of the change in the temperature is small, if the corresponding mass of the initial
ME configuration is larger but close to the final temperature, the overeager case happens. This means that the
D7-brane crosses the horizon and returns back again to another ME. In this case c(V ) decreases from zero to a
minimum value and then starts increasing to its final equilibrium amount.

Before reporting our results for the non-zero magnetic field we would like to mention an interesting observation in
the overeager case. As can be seen in the figure 1, c(V ) starts oscillating at the final stages of its time-dependent
evolution. This oscillation is around a final equilibrium value which in fact is the c for a ME in the presence of the
corresponding black hole in static case. This also confirms that the overeager solution ends up in ME. Looking at
the plot of the shape of the brane, figure 1 (right), we can see that at the initial times after the energy injection the
shape of the brane is described by the BE while at su�ciently later times it becomes ME.
We have studied the e↵ect of the presence of a non-zero external magnetic field on the above embeddings as

presented in figure 2. Figure 2 left(right) compares the behaviour of the ME(BE) between the two cases. Note that
the blue curves for non-zero B are shifted in order to have the starting point of c(V ) plots at c = 0. As observed in
the figure, the equilibrium value of c decreases for B 6= 0 and the oscillations happen with a smaller phase velocity.
We have computed the power spectrum for the ME oscillations in both cases and present the results in table I. The

power spectrum is obtained from the discrete Fourier transform of c(V ). In fact the peaks of the power spectrum
give us the mass spectrum of the stable mesons. Interestingly we observe that the meson masses increases by raising
the magnetic field as seen in table I. Since for the binding energy of the stable mesons we have E

B

⇠
p
�M

mes

[10],
where � is the t’Hooft coupling constant, the binding energy increases in the presence of the magnetic field. We
should emphasize that the results obtained here come form solving the non-linear equations of motion rather than
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give us the mass spectrum of the stable mesons. Interestingly we observe that the meson masses increases by raising
the magnetic field as seen in table I. Since for the binding energy of the stable mesons we have E

B

⇠
p
�M

mes

[10],
where � is the t’Hooft coupling constant, the binding energy increases in the presence of the magnetic field. We
should emphasize that the results obtained here come form solving the non-linear equations of motion rather than
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Summary and Future Direction:

Mesons melt at higher temperatures due to the presence of magnetic 
field. 

The time-dependent system equilibrates later at non-zero magnetic 
field.  

studying the effect of anisotropy by having a time-dependent 
anisotropic background 

quark-antiquark bound-state (potential) on the time-dependent 
background  

looking for universal behaviour at very small energy injection time-
scale 
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“Thank you”




