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2 François Gelis

between the quarks and the gluons (see the figure 1), should in principle also be
applicable to heavy ion collisions. However, since the strong interaction coupling
constant becomes large at low momentum, it is not obvious a priori that heavy ion
collisions can be studied by weak coupling techniques. This is certainly possible for
the rare large-momentum processes that take place in these collisions, but quite
questionable for the bulk of the particle production processes. Moreover, since the
system produced in such a collision expands rapidly along the collision axis (see
the figure 2), its characteristic momentum scales (e.g. its temperature if it reaches
thermal equilibrium) decrease with time. Therefore, there will always be a time

z 

t

strong fields classical fields

gluons & quarks out of eq. viscous hydro

gluons & quarks in eq.
hydrodynamics

hadrons in eq.

freeze out

Fig. 2. Successive stages of a high energy heavy ion collision, and the most widely used approaches
to describe each stage.

beyond which the coupling is strong and weak coupling approaches are useless.
This is obviously the case near the phase transition that sees the quarks and gluons
recombine in order to form hadrons. In the best of cases, we can only hope for a
weak coupling treatment of the early stages of these collisions (say up to a couple
of fm/c after the collision).

Fig. 3. Parton content of a nucleon or nucleus at low energy. Left: cartoon of a nucleus at low
energy and its valence quarks. Right: the thick lines represent the valence quarks, and the wavy
lines are gluons. Virtual quark-antiquark pairs are not represented.

When applying QCD to the study of hadronic collisions, an essential ingredi-
ent is the quark and gluon content of the hadrons that are being collided, since
the elementary degrees of freedom in QCD are partons rather than hadrons. On the

τ =
�

t2 − z2
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Strongly Coupled 
Quark-Gluon-Plasma 
with very low 
viscosity: 

By 1 fm/c after the 
collision the matter is 
flowing like a fluid, 
obeying Hydrodynamic 
Equations:   

Hydrodynamization 
before Isotropization, 
viscous hydrodynamics 

Rapid Thermalization
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Figure 2.8: The elliptic flow v2 versus pT for charged hadrons showing the comparison between

hydrodynamic calculations with varying shear viscosity η and data from RHIC. The two data sets

show the reduction in v2 when one uses the four-particle cumulant analysis that strips out effects
of statistical two-particle correlations. The initial profile for the energy density across the almond-

shaped collision region is obtained from (a) the Glauber model and (b) the color-glass condensate

model. Figure taken from Ref. [91].

at present.
3

The smallness of η/s is remarkable, since almost all other known liquids

have η/s > 1 and most have η/s � 1. The one liquid that is comparably close to ideal

is an ultracold gas of strongly coupled fermionic atoms, whose η/s is also � 1 and may

be comparably small to that of the quark-gluon plasma produced at RHIC [108]. Both

these fluids are much better described by ideal hydrodynamics than water is. Both have

η/s comparable to the value 1/4π that, as we shall see in Section 6.2, characterizes any

strongly coupled gauge theory plasma with a gravity dual in the large number of colors

limit.

We note that while hydrodynamic calculations reproduce elliptic flow, a treatment in

which the Boltzmann equation for quark and gluon (quasi)particles is solved, including all

2 → 2 scattering processes with the cross-sections as calculated in perturbative QCD, fails

dramatically. It results in values of v2 that are much smaller than in the data. Agreement

with data can only be achieved if the parton scattering cross-sections are increased ad hoc
by more than a factor of 10 [109] . With such large cross-sections, a Boltzmann description

cannot be reliable since the mean free path of the particles becomes comparable to or smaller

than the interparticle spacing. Another way of reaching the same conclusion is to note that if a

perturbative description of the QGP as a gas of interacting quasiparticles is valid, the effective
QCD coupling αs describing the interaction among these quasiparticles must be small, and

for small αs perturbative calculations of η/s are controlled and yield parametrically large

values ∝ 1/α2
s lnαs. It is not possible to get as small a value of η/s as the data requires

3Recent analyses that include equations of state based upon parametrizations of recent lattice calcula-
tions [107] and include dissipative effects from the late-time hadron gas epoch as well as estimates of the
effects of bulk viscosity [96, 97], all of which turn out to be small, have maintained these conclusions: η/s
seems to lie within the range (1 − 2.5)/(4π) with the greatest remaining source of uncertainty coming from
our lack of knowledge of the initial energy density profile [102].
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high; the multiplicity is much lower in collisions with impact parameters comparable to the
radii of the incident ions (often referred to as “semi-peripheral collisions”); the multiplicity is
lower still in grazing (“peripheral”) collisions. Experimentalists therefore bin their events by
multiplicity, using that as a proxy for impact parameter. The terminology used refers to the
“0-5% centrality bin” and the “5-10%” centrality bin and . . ., meaning the 5% of events with
the highest multiplicities, the next 5% of events with the next highest multiplicity, . . .. The
correlation between event multiplicity and impact parameter is described well by the Glauber
theory of multiple scattering, which we shall not review here. Suffice to say that even though
the absolute value of the event multiplicities is the subject of much ongoing research, the
question of what distribution of impact parameters corresponds to the 0-5% centrality bin
(namely the most head-on collisions) is well established. Although experimentalists cannot
literally pick a class of events with a single value of the impact parameter, by binning their
data in multiplicity they can select a class of events with a reasonably narrow distribution
of impact parameters centered around any desired value. This is possible only because nu-
clei are big enough: in proton-proton collisions, which in principle have impact parameters
since protons are not pointlike, there is no operational way to separate variations in impact
parameter from event-by-event fluctuations in the multiplicity at a given impact parameter.

Suppose that we have selected a class of semi-peripheral collisions. Since these collisions
have a nonzero impact parameter, the impact parameter vector together with the beam
direction define a plane, conventionally called the reaction plane. Directions within the
transverse plane of Figure 2.5 specified by the azimuthal angle φ now need not be equivalent.
We can ask to what extent the multiplicity and momentum of hadrons flying across the short
direction of the collision almond (in the reaction plane) differs from that of the hadrons flying
along the long direction of the collision almond (perpendicular to the reaction plane).

Let us characterize this dependence on the reaction plane for the case of the single inclusive
particle spectrum dN

d3p of a particular species of hadron. The three-momentum p of a particle
of massm is parametrized conveniently in terms of its transverse momentum pT , its azimuthal
angle φ, and its rapidity y which specifies its longitudinal momentum. Specifically,

p =

�
pT cosφ, pT sinφ,

�
p2T +m2 sinh y

�
. (2.3)

The energy of the particle is E =
�
p2T +m2 cosh y. The single particle spectrum can then

be written as

dN

d2pt dy
=

1

2πpT

dN

dpT dy
[1 + 2v1 cos(φ− ΦR) + 2v2 cos 2(φ− ΦR) + · · · ] , (2.4)

where ΦR denotes explicitly the azimuthal orientation of the reaction plane, which we do not
know a priori. Thus, the azimuthal dependence of particle production is characterized by
the harmonic coefficients

vn ≡ �exp [i n (φ− ΦR)]� =
�

dN
d3p ei n (φ−ΦR) d3p

�
dN
d3p d3p

. (2.5)

The coefficients vn are referred to generically as n-th order flow. In particular, v1 is referred
to as “directed flow” and v2 as “elliptic flow”. In general, the vn can depend on the transverse
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Far From Equilibrium System

Linear Response Theory

Hydrodynamics

Strongly Coupled Plasma

Quark-Gluon Plasma 
produced at

Heavy Ion Colliders

perturbation 
away from 
equilibrium
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Gauge/Gravity :

Different asymptotically AdS spacetimes manifest 
themselves by different states in the boundary 
field theory.

type IIB string 
theory on

N=4 su(N) 
Conformal SYM 

AdS5 × S5

Strong/Weak 
Duality

Strongly Coupled CFT 
Classical Gravity on Asymptotically AdS 

Space-time

L4

l4s
∼ gsN ∼ g2N � 1
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The dual gravitational description of a strongly coupled gauge 
theory provides an efficient way to study the thermodynamic 
properties of gauge theories. 

Thermalization

Vacuum State in FT

Thermal State in FT 
Pure AdS Spacetime

AdS Black Hole

In QFT: Pure State at T=0 Thermal State

In Gravity: Pure AdS Spacetime AdS-Schwarzschild

Black Hole (Horizon) Formation
Question: Can we observe rapid 
thermalization in AdS/CFT Models?
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Thermalization in Gauge/Gravity 

Horizon Formation in the Bulk

Horizon Formation on the Probe Brane

Out of Equilibrium Initial Conditions

Gluon Sector

Meson Sector

P. Chesler, L. Yaffe, 2008-10; S. Bhattacharyya, S. Minwalla, 2009; 

Das, Nishioka, Takayanagi, 2010; Hashimoto, Iizuka, Oka, 2011

Heller, Janik, Witaszczyk, 2012;

‣Injecting Energy by time-dependent source
‣Producing out of equilibrium modes
‣Thermal state at equilibrium
‣start from the ground state
‣Turn on time-dependent source term, non-normalizable modes, 
collapse of matter
‣Analyze the subsequent evolution of the system
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Horizon Formation on the 
Probe Brane

Introducing fundamental matter into the 
gauge theory 

        SU(N) SYM coupled to         
Fundamental matter

Injection of energy by introducing a time-
dependent coupling       Non-trivial time-
dependent classical solutions

Horizon formation on the probe brane        
Dissipation of energy into the field theory

Das, Nishioka, Takayanagi, 2010; Hashimoto, Iizuka, Oka, 2011

N = 4 N = 2
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D3 - D7 system

N=2 Fundamental 
Hypermultiplet: Flavour 
Sector

quarks : end points of the 
strings stretched between 
the D7 and D3-branes

mesons : strings with both 
ends on the D7-brane

2/2 D3-D7 graph2 (2/2)2012-11-27 15:28:21
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D3-branes D7-branes

of the quark mass a number of solutions exist. Among them the physical so-
lution is the most energetically favourable one. The presence of the constant
Kalb-Ramond or equivalently constant magnetic field leads to nonzero quark
condensate even at zero quark mass. In the following we will discuss these
results in more details.

The background of interest is AdS5 × S5 geometry describing the near
horizon geometry of Nc D3-branes

ds2 = (
u

R
)2(−dt2 + d�x2) + (

R

u
)2(dρ2 + ρ2dΩ2

3 + dσ2 + σ2dϕ2),

gsC(4) =
u4

R4
dx0 ∧ dx1 ∧ dx2 ∧ dx3, gs = eφ∞ , R4 = 4πgsNcl

4
s ,

(2.1)

where C(4) and φ are four-form and Dilaton fields, respectively. In this co-
ordinate u2 = ρ2 + σ2 and ls =

√
α� is the string length scale. In order to

introduce the fundamental matter we have to add a space-filling flavour D7-
brane in the probe limit to this background. The configuration of the D3-D7
branes is

0 1 2 3 4 5 6 7 8 9
D3 × × × ×
D7 × × × × × × × ×

(2.2)

In the probe limit the low energy effective action for a D7-brane in an arbi-
trary background is described by Dirac-Born-Infeld (DBI) and Chern-Simons
(CS) actions

S = SDBI + SCS ,

SDBI = −µ7

�
d8ξ e−φ

�
− det(gab + Bab + 2πα�Fab) ,

SCS = µ7

�
P [ΣC(n)e

B]e2πα
�F ,

(2.3)

where induced metric gab and induced Kalb-Ramond field Bab are given by

gab = GMN∂aX
M∂bX

N ,

Bab = BMN∂aX
M∂bX

N .
(2.4)

ξa are worldvolume coordinates and µ−1
7 = (2π)7l8sgs is the D7-brane tension.

GMN is the background metric introduced in (2.1) and in our background

5

A. Karch and E. Katz, 2002
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BMN is zero. Fab is the field strength of the gauge field living on the D7-
brane. In the CS part, C(n) is a n-form field and P [...] denotes the pull-back
of the bulk space-time tensors to the D7-brane worldvolume.

We work in the static gauge where the D7-brane is extended along t, �x, ρ,Ω3

and consider the magnetic field

B = Fxy, (2.5)

where B is constant. The presence of this external magnetic field will break
supersymmetry on the probe brane. σ as a function of ρ describes the shape
of the brane. We set all other fields to zero. The D7-barne action then
becomes

SDBI = −µ7V3Vol(Ω
3)

�
dtdρ ρ3

�
1 + (2πα�)2R4u−4B2

√
1 + σ�2, (2.6)

where σ� = ∂σ
∂ρ . The equation of motion for σ(ρ) can be easily found

∂ρ

�
ρ3σ�

√
1 + σ�2

�

1 +
(2πα�)2B2R4

(ρ2 + σ2)2

�
+

2ρ3(2πα�)2B2R4

(ρ2 + σ2)3
σ
√
1 + σ�2

�
1 + (2πα�)2B2R4

(ρ2+σ2)2

= 0.

(2.7)

In the asymptotic limit where ρ → ∞, the above equation reduces to

∂ρ

�
ρ3σ�

√
1 + σ�2

�
= 0, (2.8)

and hence its solution approaches

σ(ρ) = m+
c

ρ2
+ .... (2.9)

According to the AdS/CFT correspondence the leading and sub-leading
terms in the asymptotic expansion of various bulk fields define the source
for the dual operator and the expectation value of that operator, respec-
tively. For σ(ρ) the leading term corresponds to the quark mass, mq =
m/(2πα�), and the sub-leading term is related to the chiral condensate via
c = (2πα�)3�q̄q� [15].

The equation of motion for σ(ρ) is complicated to be solved analytically
and hence we use numerical methods to find its solutions. In order to solve

6
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M. Kruczenski, D. Mateos, R. C. Myers and D. J. Winters, 2003
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Shape of the Probe Brane:

DBI action:

 

Massless Quarks: 

of the quark mass a number of solutions exist. Among them the physical so-
lution is the most energetically favourable one. The presence of the constant
Kalb-Ramond or equivalently constant magnetic field leads to nonzero quark
condensate even at zero quark mass. In the following we will discuss these
results in more details.

The background of interest is AdS5 × S5 geometry describing the near
horizon geometry of Nc D3-branes

ds2 = (
u

R
)2(−dt2 + d�x2) + (

R

u
)2(dρ2 + ρ2dΩ2

3 + dσ2 + σ2dϕ2),

gsC(4) =
u4

R4
dx0 ∧ dx1 ∧ dx2 ∧ dx3, gs = eφ∞ , R4 = 4πgsNcl

4
s ,

(2.1)

where C(4) and φ are four-form and Dilaton fields, respectively. In this co-
ordinate u2 = ρ2 + σ2 and ls =

√
α� is the string length scale. In order to

introduce the fundamental matter we have to add a space-filling flavour D7-
brane in the probe limit to this background. The configuration of the D3-D7
branes is

0 1 2 3 4 5 6 7 8 9
D3 × × × ×
D7 × × × × × × × ×

(2.2)

In the probe limit the low energy effective action for a D7-brane in an arbi-
trary background is described by Dirac-Born-Infeld (DBI) and Chern-Simons
(CS) actions

S = SDBI + SCS ,

SDBI = −µ7

�
d8ξ e−φ

�
− det(gab + Bab + 2πα�Fab) ,

SCS = µ7

�
P [ΣC(n)e

B]e2πα
�F ,

(2.3)

where induced metric gab and induced Kalb-Ramond field Bab are given by

gab = GMN∂aX
M∂bX

N ,

Bab = BMN∂aX
M∂bX

N .
(2.4)

ξa are worldvolume coordinates and µ−1
7 = (2π)7l8sgs is the D7-brane tension.

GMN is the background metric introduced in (2.1) and in our background
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Scs = 0

σ = 0 + δσ(x)

BMN = 0

AdS5 × S5

- Adding a time-
dependent source 
term to the action
- Solving the e.o.m 
to obtain the time-
dependent gauge 
field solution 
- Calculate the 
metric observed by 
the probe brane 
fluctuations
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Baryon Injection:
2

which is the horizon formation on the probe brane only.

In the real world experiments such as RHIC or LHC,

thermalization should involve not only mesons but also

glueballs, which corresponds to the black hole horizon

formation in the bulk geometry, not only on the probe

brane. Since we are not treating the glueball sectors, the

“prediction” above in order to compare our analysis with

the data is unfortunately not as accurate as it should be.

Another worry for comparison with data is that we are

discussing the large N limit of gauge theories. Therefore,

the reader should regard our analysis as just an indication

of rapid thermalization of some sectors of the large N
gauge theories.

In the following, after solving the equations in the

gravity side with a generic time-dependent baryon chem-

ical potential, we compute the apparent horizon and the

time-scale for the thermalization. The simplest example

offered is N = 4 super Yang-Mills with N = 2 hypermul-

tiplets as “quarks”. We conclude with the statement of

the universality, by showing some variations of the setup,

including quark masses and confining scales.

D3-D7 system with quark injection

The simplest set-up in AdS/CFT with quarks is the

N = 2 supersymmetric massless QCD constructed by a

D3-D7 system [18], where we consider the gravity back-

reaction of only D3-branes and regard D7-brane as a

prove flavor brane. We are interested in the dynamics of

mesons and the deconfinement of quarks, which is totally

encoded in the probe flavor D7-brane in the AdS5 × S5

geometry,

ds2 =
r2

R2
ηµνdx

µdxν
+

R2

r2
(dρ2+ρ2dΩ2

3+dw2
5+dw2

6), (1)

where ρ2 ≡ w2
1 +w2

2 +w2
3 +w2

4 and r2 ≡ ρ2+w2
5 +w2

6. R
is the AdS radius defined by R4

= 4πgsNcα�2
. The string

coupling is related to the QCD coupling as 2πgs ≡ g2QCD.

The dynamics of the flavor D7-brane is determined by the

D7-brane action

S = −µ7

�
d8ξ

�
− det (Gab + 2πα�Fab) , (2)

where the D7-brane is at w5 = 0 and are extended on the

gauge theory directions xµ
(µ = 0, 1, 2, 3), ρ, and Ω3

. The

fluctuations of gauge fields Aa (or, scalar field η ≡ w6) on

the D7-brane corresponds to vector (or, scalar) mesons.

For a concise review of the D3-D7 system and meson

dynamics, see [19]. Gab is the induced metric on the

D7-brane. The asymptotic (ρ → ∞) value of η corre-

sponds to the quark mass mq = η/2πα�
. For simplicity

we first put it zero. This corresponding to a “marginal

confinement” for the mesons on the flavor brane since it

has only zero-sized horizon [27]. The D7-brane tension is

µ7 ≡ 1/(2π)7gsα�4
.

In AdS/CFT, the response to the change in the baryon

chemical potential is totally encoded in this D7-brane
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FIG. 1: How the baryon charge density changes in time, as we

throw-in fundamental strings from the boundary. Top figure:

there is no baryon charge. Bottom figure: the static baryon

(quark) charge is provided by the fundamental strings (dashed

lines) connecting the probe D7-brane and the AdS horizon

(black blob). The end points of the fundamental strings are

electric charges (flavor charges) on the D7-brane. An electric

flux (solid lines with arrows) emanates from those charges

on the D7-brane. Middle figure: the flavor electric charges

are thrown-in from the AdS boundary into the bulk. This

specifies the time-dependent chemical potential. The electric

flux is time-dependent. The big arrow denotes the motion of

the electric charges on the D7-brane.

action. We will solve this gauge field for arbitrary time-

dependent chemical potential.

As the chemical potential of our interest is homoge-

neous, we may turn on only the Ftr component. With a

redefinition of the AdS radial coordinate z ≡ R2/ρ, the
D7-brane action (2) is equivalent to a 1+1-dimensional

Born-Infeld system in a curved background,

S = −µ7V3Vol(S
3
)

�
dtdz

R8

z5

�
1− z4

R4
(2πα�)2F 2

tz , (3)

where V3 is the volume of x1,2,3
space.

In the AdS/CFT dictionary, the static baryon chemical

potential corresponds to At(r = ∞) − At(r = 0). This

basically counts the number of electric charges located

at the origin r = 0. In order to change this number in

a time-dependent manner, we need to consider an addi-

tional source term

δS = µ7V3Vol(S
3
)

�
dtdz

�
Atj

t
+Azj

z
�
, (4)

which describes end-points of a fundamental string (elec-

tric charges) thrown in from the outside of the system,

i.e., from the boundary into the bulk. See Fig. 1. Since

the geodesic of the fundamental string end-points is the

time dependent manner and consequently produces a time dependent chem-
ical potential. The time dependence of the chemical potential or baryon
number density can finally lead to the horizon formation on the D7-brane.

In the AdS/CFT correspondence the static chemical potential, µ, is in-
troduced via time component of the gauge filed as

µ =

� ∞

0

dρ ∂ρAt(ρ), (3.1)

in the gauge where the radial component of the gauge field is set to zero. In
order to obtain a time dependent chemical potential we have to consider a
time dependent gauge filed configuration. This can be done by introducing
source terms to the DBI action

δS = µ7V3Vol(Ω3)

�
dtdρ(Atj

t + Aρj
ρ), (3.2)

which describes the dynamics of open strings, or equivalently, fundamental
quarks injected on the brane from the boundary. Notice that the source
terms are now time dependent and their form determines how the chemical
potential varies in time.

Since we consider the massless quarks it is convenient to work with light-
cone coordinates which are defined as

x
± = t± z = t∓

�
dρ

�
H(1 + σ�), (3.3)

where H = (R/u)4. Without loss of generality we assume the currents are

only functions of x−. More precisely we consider jρ = −
�
H(1 + σ�)

�− 1
2 j

t =
g
�(x−). Therefore in the presence of the magnetic field equations of motion

for At and Aρ are

(2πα�)Ftρ =
g

√
1 + σ�2

�
g2 + (2πα�)2ρ6(1 + (2πα�)2HB2)

. (3.4)

Notice that the above assumption for the currents satisfies current conserva-
tion equation [14]. Moreover the charge associated with this current is

Q =

�
d
7ξ
√
−g j

t
, (3.5)

9

where u represents the radial direction in the AdS space
3
. Therefore in

order to explain a time-dependent chemical potential which results from the

injection of quarks to the system we must add the source term

Scurrent =

�
d
q+1ξ

√
−gAaJ

a
, (3.2)

to the action (2.5). Note that the currents, J
a
s, are now time-dependent and

will produce time-dependent gauge fields.

Since the end points of the open strings move on the light geodesics,

without loss of generality, the current components can be fixed to be J
ρ
and

J
t
. We assume that the massless quarks are moving along the null line x

−

defined as

x
±

= t± z = t∓
�

H
1
2dρ . (3.3)

Hence the currents are only functions of x
−
.

With the above assumptions the Dq-brane DBI action for the background

(2.9) in the presence of the source terms reduces to
4

S =− τqVdVol(S
k
)

�
dtdρ

�
H

p−q+2(k−1)
4 ρk

�
1− (2πα�)2F 2

tρ − Atj
t − Aρj

ρ
�
.

(3.4)

To solve the equation of motion for the gauge field we can consistently choose

j
ρ
= −H

−1
2 j

t
= g

�
(x

−
), (3.5)

which satisfies the current conservation equation

∇aJ
a
= 0. (3.6)

Therefore the classical time-dependent solution for the gauge field is

(2πα�
)Ftρ =

g�
g2 + (2πα�)2ρ2kH

p−q+2(k−1)
2

, (3.7)

3Note that this identification is done in the gauge where Au is zero.
4Note that τqja = R8

z5 Ja.
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(2πα�)Ftρ =
g�

g2 + (2πα�)2ρ6

time dependent manner and consequently produces a time dependent chem-
ical potential. The time dependence of the chemical potential or baryon
number density can finally lead to the horizon formation on the D7-brane.

In the AdS/CFT correspondence the static chemical potential, µ, is in-
troduced via time component of the gauge filed as
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which describes the dynamics of open strings, or equivalently, fundamental
quarks injected on the brane from the boundary. Notice that the source
terms are now time dependent and their form determines how the chemical
potential varies in time.

Since we consider the massless quarks it is convenient to work with light-
cone coordinates which are defined as

x
± = t± z = t∓
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dρ
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Notice that the above assumption for the currents satisfies current conserva-
tion equation [14]. Moreover the charge associated with this current is

Q =

�
d
7ξ
√
−g j

t
, (3.5)

9

where Q is the number of quarks or equivalently open string endpoints on

the D7-brane. Hence the baryon number density can be defined as

nB =
Q

V3Nc
, (3.6)

and using (3.5) we finally have [14]

g(x−
) = (2/π)(2πα�

)
4λnB(x−

). (3.7)

Mesons in the AdS/CFT duality are realized as small fluctuations of the

shape of the flavour D7-brane in the transverse directions [19]. In order

to find the action describing the dynamics of scalar mesons we assume the

transverse directions have the form

xI
= xI

0 + yI , (3.8)

where xI
0 are the classical solutions denoting the shape of the D7-brane and

yI
are the small fluctuations. In the presence of the magnetic field, B, and

the gauge field strength, Ftρ, the action for mesons is obtained by expanding

the DBI action for small fluctuations. Up to second order in yI
the action

becomes

SDBI = S0 + S1 + ...

= S0 −
µ7

2

�
d8ξ
√

γ0

�
γab

0 Mba + γab
0 Nba

− 1

2
γab

0 Mbcγ
cd
0 Mda +

1

4
(γab

0 Mba)
2
+ ...

�
,

(3.9)

where

γ0 ab = Gab + GIJ∂ax
I
0∂bx

J
0 + (2πα�

)Fab, (3.10a)

Mab = ∂IGaby
I
+ GIJ∂ax

I
0∂by

J
+ GIJ∂ay

I∂bx
J
0 + ∂KGIJ∂ax

I
0∂bx

J
0yK ,
(3.10b)

Nab =
1

2
∂I∂JGaby

IyJ
+ GIJ∂ay

I∂by
J

+ ∂KGIJ∂ax
I
0∂by

JyK

+ ∂KGIJ∂ay
I∂bx

J
0yK

+
1

2
∂K∂LGIJ∂ax

I
0∂bx

J
0yKyL, (3.10c)
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Adding the source term

:     Massless Quarks

Solution to the e.o.m.

Baryon Number Density

:   Time-Dependent Chemical 
Potential

Identifies 
how the 

baryons are 
injected

Therefore we can now calculate the equation for the apparent horizon area6

Vsurface = VdVol(S
k)

τq
2πα�H

− 1
2

�
g2 + (2πα�)2ρ2kH

p−q+2(k−1)
2 . (3.24)

Similar to the previous subsection we apply the condition (3.17) and the
master equation for the parallel fluctuations reduces to

2(5−p)gg�z−(p−7)g2−(2πα�)2(p−7−2k)(
5− p

2
)

4k
p−5 z

4k
p−5R

2k(p−7)
p−5 = 0, (3.25)

where the length scale R was introduced in (3.21). The master equation
(3.25) is very similar to the one obtained for transverse fluctuations (3.20)
except for a couple of sign differences. Note that we have calculated the
master equation for the supersymmetric cases.

Before closing this section we would like to emphasize on the observation
that for the general values of q, not necessarily supersymmetric ones, the only
change in the equations (3.20) and (3.25) appears in the power of z, in their
last term. Since p−q+2(k−1) is not zero any more in the non-supersymmetric
brane configurations the power of z, 4k

p−5 , is replaced by p−q+2(3k−1)
p−5 . Note

that this is a rough argument and we have ignored discussing the stability of
the backgrounds. We will see from our results in the following section that
this indicates that the thermalization time scale behaviour does not rely on
supersymmetry.

4 Baryon Injection Model

To be able to determine the time-scale of thermalization, the source function
g(x−) should be specified. Similar to the function considered in [11], we
assume

g(x−) =






0 x
−
< 0

gmax ωx− 0 < x
−
<

1
ω

gmax
1
ω < x

−
(4.1)

6In supersymmetric cases we have

Vsurface = VdVol(S
k)

τq
2πα�H

− 1
2

�
g2 + (2πα�)2ρ2k.
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Meson Thermalization - Dissociation

scalar mesons (scalar fluctuations)

Apparent Horizon : A surface whose area variation 
vanishes along the null ray.

S = −
�

dtdρd3xid3θα
�
−g̃ g̃ab∂aδσ∂bδσ

open string metric

Vsurface =
�

d3xid3θα
� 3�

i=1

g̃ii

3�

α=1

g̃αα

� 1
2

= V3Vol(S3)
µ7

2πα� H
1
2
�

g2 + (2πα�)2ρ6

calculations we neglect the CS action. Hence the action for the scalar meson

is

S = −1

2

�
dtdρddxi

d
kθα

�
−g̃ g̃

ab∂aδσ∂bδσ, (3.14)

where

−g̃tt = τ
2

q−1
q [1− (2πα�

)
2
F

2
tρ]

2−q
1−qH

p−q
2(q−1) ,

g̃ρρ = τ
2

q−1
q [1− (2πα�

)
2
F

2
tρ]

2−q
1−qH

p+q−2
2(q−1) ,

g̃ij = τ
2

q−1
q [1− (2πα�

)
2
F

2
tρ]

1
1−qH

p−q
2(q−1) δij,

g̃αβ = τ
2

q−1
q [1− (2πα�

)
2
F

2
tρ]

1
1−q ρ2H

p+q−2
2(q−1) ĝαβ.

(3.15)

i = 1, .., d is the spatial directions of the (d + 1)-dimensional defect. θα

(α = 1, .., k) is the angular variable on S
k
and ĝαβ is the metric on the unit

k-sphere. The surface of the presumably apparent horizon, which is defined

locally as a surface whose area variation vanishes along the null ray which is

normal to the surface, is given by
5

Vsurface =

�
d
d
x
i
d
kθα

� d�

i=1

g̃ii

k�

α=1

g̃αα

� 1
2

= VdVol(S
k
)

τq
2πα�H

1
2

�
g2 + (2πα�)2ρ2kH

p−q+2(k−1)
2 ,

(3.16)

where this should satisfy

dV |dt=−dz = 0. (3.17)

Therefore the equation for the apparent horizon reduces to

4gg
�
H

1
2ρ+ (p− 7)g

2
+ ν(2πα�

)
2
H

p−q+2(k−1)
2 ρ2k = 0, (3.18)

where ν =
1
2 [(p− 7)(p− q + 2k) + 4k]. We call this the master equation.

For supersymmetric cases, the master equation can be simplified further

4gg
�
H

1
2ρ+ (p− 7)g

2
+ (p− 7 + 2k)(2πα�

)
2ρ2k = 0. (3.19)

5One can see that for the supersymmetric cases the apparent horizon surface area

simplifies to

Vsurface = VdVol(S
k
)

τq
2πα�H

1
2

�
g2 + (2πα�)2ρ2k.
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4gg
�
H

1
2 ρ− 4g

2 + 2(2πα
�)2ρ6 = 0

Apparent horizon equation leads to :

Thermalization time : The time the earliest null ray tangent to the 
t-z graph reaches the boundary.

A
B

0.1 0.2 0.3 0.4 0.5 0.6
z

0.5

1.0

1.5

2.0

t

Figure 3: The location of the apparent horizon for t < z + 1/ω in the t − z
plane for (2πα�

)B = 0.09. The red curve represents (3.25a) and the blue line

shows the earliest tangent null ray.

In figure 3 the red curve represents the location of the apparent horizon

for t < z+1/ω, (3.25a)4. The thermalization time observed on the boundary

is defined as the time where the earliest null ray tangent to the curve reaches

the boundary. This has been shown by the point B in figure 3 where the null

ray (blue line) is tangent to the curve at point A. Hence in the light cone

coordinates the thermalization time is

tB=0.09
th = tA + zA. (3.27)

It is evident from the above relations that the value of the thermalization

time depends on the external magnetic field. In figure 4(left) the difference
between the thermalization time in zero and non-zero magnetic field (the

blue curve), δtth = tBth − tB=0
th , is numerically plotted as a function of the

external magnetic field. It is clear that δtth becomes more and more neg-

ative as the magnitude of the magnetic field increases. In other words the

thermalization of mesons or meson dissociation happens more rapidly in the

presence of the magnetic field. Interestingly the magnetic field dependence

4In order to plot this figure we have set the parameters as [12, 14]: nB = 34, λ = 10,
ω = 10 and R = 1. We will use these numbers throughout the paper to plot different
figures.
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general Dp-Dq 
Ali-Abrari, Ebrahim, 2012

the D7-brane and study the meson thermalization in the presence of this

magnetic field.

The main result of this paper is that the thermalization time correspond-

ing to the meson melting decreases as one increases the external magnetic

field on the probe D7-brane. This can be justified by an energy evalua-

tion which will be explained in more details in the last section. It has been

observed that when the external magnetic field is zero the thermalization

time scales as (
λ

n2
Bω2 )

1
8 where nB is the baryon number density which is in-

jected into the system and ω shows the period of time that the injection

happens [12] . In the presence of the magnetic field the difference between

the thermalization times of zero and non-zero magnetic fields behaves as

δtth = tBth − tB=0
th ∼

�
λ7n2

Bω
2
�− 1

8 Bκ, (1.1)

where for weak magnetic field, defined as (2πα�)B � 1, κ is 2 and as B is

raised it deviates from 2. This model shows that the presence of the magnetic

field helps the thermalization, or in more exact words meson dissociation, to

happen even faster. We observe that this reduction in the thermalization

time happens up to a specific value of the magnetic field which depends on

the numeric values of the parameters of the theory.

2 D7-Brane Embeddings in External Mag-
netic Field

In AdS/CFT one can add the fundamental matter into the gauge theory

by embedding a probe D7-brane in an asymptotically AdS background [10].

The asymptotic behaviour of this brane teaches us about the fundamental

matter (quark) mass and the condensation which indicates the spontaneous

chiral symmetry breaking [15]. One way to break the chiral symmetry is to

embed the D7-brane in the AdS5 × S5 background with a nonzero constant

Kalb-Ramond field3 [16–18]. This has the effect of repelling the D7-brane

from the origin. The nontrivial shape of the probe brane gives the conden-

sation (c) which varies with respect to the quark mass. c with respect to m
shows a spiral behaviour near the origin. This means that for a given value

3Note that a pure gauge Kalb-Ramond field which is a solution to type IIb supergravity
equations of motion can be replaced by the constant magnetic field B on the D7-brane.
This field content does not deform the AdS5 × S5 background [17].
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q=p+4          

Only Transverse Fluctuations:

q=p+2

Both Transverse and Parallel Fluctuations: 

q=p

Both Transverse and Parallel Fluctuations:

field theory is applicable. For small values of r, both the effective coupling and the dilaton are

large. However, another dual description can be found to describe this infrared regime with

geff ! N
4

7−p [4]. For p > 3, the coupling runs in the reverse direction. Hence perturbative

SYM applies in the far infrared where one finds large spacetime curvatures for small r. The

effective coupling grows in the UV and a new dual theory must be found for very large r.

For p = 3, the theory is conformal and the supergravity background (2.5) can be used for all

energy regimes [2].

2.2 Meson spectrum in Dp-D(p + 4)

Consider the following configuration of N coincident Dp-branes (0 ≤ p < 5) and one D(p+4)-

brane probe, in which the D(p+4)-brane is parallel to the Dp-branes’ worldvolume directions:

0 1 · · · p p + 1 p + 2 p + 3 p + 4 p + 5 · · · 9

Dp × × · · · ×
D(p + 4) × × · · · × × × × ×

(2.7)

Embedding the D(p+4)-brane in the (p+5) · · · 9 plane at |!Y | = L, the configuration of branes

remains supersymmetric but only half of the original sixteen supercharges are preserved.

Correspondingly, the SO(9 − p) symmetry of the background geometry (2.5) is broken to

SO(4) ∼ SU(2)R ×SU(2)L acting on Y 1Y 2Y 3Y 4 and for L &= 0 (which is the case of interest

here) SO(4 − p) acting in the remaining transverse space around the D(p + 4)-brane. The

R-symmetry group for fields on the D(p + 4)-brane is SU(2)R ×SO(4− p). The fields can be

classified according to their transformation properties under SU(2)R ×SU(2)L ×SO(4− p).4

The induced metric on the D(p + 4)-brane probe is, from (2.5),

ds2 =

(√
ρ2 + L2

rp

) 7−p
2

ds2(E(1,p)) +

(
rp√

ρ2 + L2

) 7−p
2

(dρ2 + ρ2dΩ2
3) (2.8)

where ρ2 = r2 − L2 and Ω3 are spherical coordinates in the (p + 1) · · · (p + 4)-space. The

dual gauge theory is (p + 1)-dimensional U(N) SYM coupled to a hypermultiplet of matter

fields in the fundamental representation. The quark mass is the distance L separating the

D(p + 4)-brane from the Dp-branes multiplied by the string tension 1/2πα′:

mq =
L

2πα′
. (2.9)

We wish to calculate the spectrum of mesons corresponding to open string excitations on

the D(p + 4)-brane — the analysis closely follows that of [1]. These mesons are represented

by excitations of the scalar and gauge worldvolume fields. Their dynamics is governed by

the D(p + 4)-brane action. The relevant terms of the latter include the Dirac-Born-Infeld

4We note, however, that the SO(4 − p) properties tend to be less useful. In particular, this group only

really acts for p ≤ 2.
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gives the earliest time that a boundary observer sees the horizon formation.
This happens especially if

(
λ2

nBω
)
1
7 � 1

ω
, (4.8)

and thermalization time becomes

tth = 2zA +
1

ω
, (4.9)

where

tA = zA +
1

ω
, (4.10a)

zA = 0.16(
λ2

γnB
)
1
6 . (4.10b)

Inequality (4.8) then indicates

tth ∼ (
λ2

nB
)
1
6 . (4.11)

Dp-D(p+4)

The above calculation can be generalized to other values of p. We conclude
that

• 0 ≤ p( �= 1) < 5

tth ∼
�
λ

2(p−2)
5−p

n2
Bω

2

� 5−p
2(11−p)

, (4.12)

and if

�
λ

2(p−2)
5−p

n2
Bω2

� 5−p
2(11−p)

� 1
ω we have

tth ∼
�
λ

2(p−2)
5−p

n2
B

� 5−p
12

. (4.13)

• p = 1

Setting p = 1 the system behaves differently from the other values of
p. This is due to the fact that at p = 1 one of the terms in the master
equation vanishes and this trivializes the calculations.
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2.3 Meson spectrum in Dp-D(p + 2)

Consider the following configuration of N coincident Dp-branes (1 ≤ p < 5) and one D(p+2)-

brane probe, embedded a distance L from the Dp-branes:

0 1 · · · p − 1 p p + 1 p + 2 p + 3 p + 4 · · · 9

Dp × × · · · × ×
D(p + 2) × × · · · × × × ×

(2.33)

As before, this orientation of branes was chosen to produce a supersymmetric system which

is in static equilibrium. Inserting the D(p + 2)-brane breaks the SO(1, p) symmetry of the

01 · · · p-directions to SO(1, p−1) acting on 01 · · · (p−1). Similarly the SO(9−p) symmetry of

the space transverse to the Dp-branes to SO(3) = SU(2)R acting on Y 1Y 2Y 3 and, for L $= 0,

SO(5 − p) acting on Y 4 · · ·Y 8−p. The R-symmetry group for fields on the D(p + 2)-brane is

SU(2)R. The induced metric on the D(p + 2)-brane is

ds2 =

(√
ρ2 + L2

rp

) 7−p
2

ds2(E(1,p−1)) +

(
rp√

ρ2 + L2

) 7−p
2

(dρ2 + ρ2dΩ2
2) (2.34)

where, as usual, we have introduced spherical polar coordinates (with radial coordinate ρ) in

the probe brane worldvolume directions orthogonal to the background Dp-branes.

The dual gauge theory is (p + 1)-dimensional, but the fundamental hypermultiplet has

been introduced on a p-dimensional surface. Hence the matter fields are localized on a

codimension-one defect [16], e.g., xp = 0. The theory again has eight conserved supercharges

and the quark mass is still given by (2.9). Together the rotation symmetries above, i.e.,

SU(2)R × SO(5 − p), form the R-symmetry group of the gauge theory.

We follow the same procedure described for the Dp-D(p + 4) system to compute the

spectrum of mesons corresponding to fluctuations of the D(p+2)-brane. In this case, however,

the D(p + 2)-brane can fluctuate in the Xp-direction, parallel to the background branes,

as well as in the Y 4 · · · Y 9−p-directions, transverse to the background Dp-branes. We take

χA (A = 4, ..., 9 − p) and ψ as the fluctuations in directions transverse and parallel to the

background Dp-branes, respectively:

Y A = δA
9 L + 2πα′χA, A = 4, ..., 9 − p (2.35)

Xp = 2πα′ψ. (2.36)

As with the Dp-D(p + 4)-brane configuration, the relevant action for the D(p + 2)-brane

fields is the DBI action (2.11) combined with the Wess-Zumino involving C(p+1):

S = SDBI − 2πα′τp+2

∫
P [C(p+1)] ∧ F . (2.37)

In this case, the Wess-Zumino term produces a coupling between the gauge fields and the

scalar ψ.
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4.2 (p,p + 2) system

Consider a D(p+ 2)-brane supersymmetrically embedded in the background
obtained from the near horizon geometry of N coincident Dp-branes where
1 ≤ p < 5. k equals 2 and the dual gauge theory is (p + 1)-dimensional,
but the fundamental hypermultiplet has been introduced on a (d + 1 =
p)-dimensional defect. There are three and one set of fluctuations along
transverse and parallel directions, respectively. In the following subsections
we will discuss them individually.

4.2.1 Transverse Fluctuations

For this configuration the master equation (3.20) reduces to

2(5− p)yy�z + (p− 7)y2

+
16

9
(p− 3)(2π)

2(p+1)
p−5 (

5− p

2
)

8
p−5 Γ(

7− p

2
)

4
5−p

λ
2(p−3)
5−p z

8
p−5

γ2n2
B

= 0.
(4.14)

If we repeat the same calculations done in the previous section, the thermal-
ization time for arbitrary values of p is

• 1 ≤ p( �= 3) < 5

tth ∼
�
λ

2(p−3)
5−p

n2
Bω

2

� 5−p
2(9−p)

, (4.15)

and if the time scale lies in the limit where

�
λ

2(p−3)
5−p

n2
Bω2

� 5−p
2(9−p)

� 1
ω , we

obtain

tth ∼
�
λ

2(p−3)
5−p

n2
B

� p−5
8

. (4.16)

• p = 3

Note that similar to p = 1 case in the Dp-D(p + 4) system, choosing
p = 3 sets one of the terms in the master equation to zero and the
thermalization time can not be obtained. Interestingly we will see in
the following that the parallel fluctuation produces the result we expect
for p = 3.

19

and fluctuations of the gauge fields is then given by (2.19) with these values of M̄2 and these

can be related to the spectrum of scalar fluctuations transverse to the background branes

via M±(n, !2) = M⊥(n, !2 ± 1), !2 ≥ 1. Again, the spectra are only evaluated numerically in

general, however, this matching of the spectra is established analytically by mapping eq. (2.40)

to eq. (2.53). One finds that the φ̃± modes are related to the φ⊥ modes as follows:

φ̃−,!2=L = #L∂"
[
#1−Lφ⊥,!2=L−1

]
(2.54)

φ̃+,!2=L = #−L−1∂"
[
#L+2φ⊥,!2=L+1

]
.

In computing the spectra of fluctuations of scalar and gauge fields on the D(p + 2)-brane

worldvolume, we have found the spectra of mesons living on a codimension-one defect in

the (p + 1)-dimensional super-Yang-Mills theory. From the supergravity computations, there

are 6 − p scalar mesons corresponding to transverse fluctuations of the Dp-branes with mass

M⊥, one vector meson corresponding to type 1 gauge fields with mass M1, one scalar meson

corresponding to type 2 gauge fields with mass M2, and two scalars, corresponding to the φ̃±

modes with masses M±. The spectra for these different modes are simply related with

M̄2
⊥(n, !2) = M̄2

1 (n, !2) = M̄2
2 (n, !2) = M̄2

+(n, !2 − 1) = M̄2
−(n, !2 + 1) . (2.55)

As with the Dp-D(p + 4) brane configuration, we were unable to find an analytic solution

for the spectrum for general p. However, the mass eigenvalues are fixed by the ODE (2.40)

and can be easily computed using numerical techniques. The notable exception is the case

p = 3 for which solutions were found in terms of hypergeometric functions – see Appendix

A. Hence while the precise numbers change, the masses scale as M ∝ mq/geff (mq), which is

identical to the scaling found in the Dp-D(p + 4) brane system.

As discussed in section 2.2.1, the mesons should fill massive supermultiplets. Counting

the bosonic contributions found using supergravity, we see that each multiplet contains eight

bosonic degrees of freedom, as expected from the dual gauge theory.

2.4 Meson spectrum in Dp-Dp

Consider the following configuration of N coincident Dp-branes (2 ≤ p < 5) and one Dp-brane

probe, in which the probe brane is a distance L from the background branes:

0 1 · · · p − 2 p − 1 p p + 1 p + 2 p + 3 · · · 9

background × × · · · × × ×
probe × × · · · × × ×

(2.56)

The orientation of D-branes was again chosen to preserve supersymmetry and the branes

are in static equilibrium. Embedding the probe brane in this way reduces the number of

supercharges from sixteen to eight. Correspondingly, the isometry groups of the background

geometry (2.5) are broken. The SO(1, p) symmetry of the 01 · · · p-directions has been reduced

to SO(1, p − 2) × SO(2). Further the SO(9 − p) symmetry corresponding to rotations in the

Y 1 · · ·Y 9−p-directions is broken to SO(2)′ acting in the (p + 1, p + 2)-plane and for L &= 0,
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• 2 ≤ p < 5

tth ∼
�
λ

2(p−4)
5−p

n2
Bω

2

� 5−p
2(7−p)

, (4.24)

and in the limit where

�
λ

2(p−4)
5−p

n2
Bω2

� 5−p
2(7−p)

� 1
ω , we have

tth ∼
�
λ

2(p−4)
5−p

n2
B

� p−5
4

. (4.25)

4.3.2 Parallel Fluctuation

For Dp-Dp system there are two directions for parallel fluctuations. The
master equation (3.25) reads

−(p− 7)y2 + 2(5− p)yy�z

− 1

2γ2
(p− 9)(

5− p

2
)

4
p−5 (2π)

3(p−3)
p−5 Γ(

7− p

2
)

2
5−p

λ
2(p−4)
5−p

n2
B

z
4

p−5 = 0.
(4.26)

Interestingly we observe that similar to Dp-D(p + 2) system, the thermal-
ization time for parallel fluctuations has the same scaling behaviour as the
transverse fluctuations. Therefore for general p we obtain

• 2 ≤ p < 5

tth ∼
�
λ

2(p−4)
5−p

n2
Bω

2

� 5−p
2(7−p)

. (4.27)

4.4 Concluding Remarks

We conclude this section mentioning some interesting observations. It’s been
already mentioned that the thermalization time for parallel and transverse
fluctuations are the same, up to a numeric coefficient, even though the ap-
parent horizon equations are different. The theories we discussed here are
not necessarily conformal and their dual background geometries are not AdS.
But the time-scale behaviour still gets the same form as an AdS background
with a conformal field theory dual such as D3-D7 system. Even for general
values of q for which the solution is not supersymmetric the general form of
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the thermalization time (1.2) persists. This seems to approve the claim that
the thermalization time-scale behaves universally. But one may ask to what
extent this discussion works. We leave it as an open question.

Let us consider the case where p = 3. As it is well known the dual gauge
theory is N = 4 SYM theory which lives on the 4-dimensional boundary
of AdS space. If we require to preserve supersymmetry we can add three
types of probe flavour branes to this background. They are D3, D5, and
D7-branes. Adding these branes will modify the dual gauge theory to N = 4
coupled toN = 2 fundamental hypermultiplet. The dynamical quarks live on
(1+1), (2+1) and (3+1)-dimensional defects for q = 3, 5 and 7, respectively.
Interestingly we see that although the 4-dimensional gauge theory is the same
for all of these brane set-ups these theories produce different time scales for
thermalization which are

tth ∼






( λ
n2
Bω2 )

1
8 , D3−D7,

( 1
n2
Bω2 )

1
6 , D3−D5,

( 1
n2
Bω2λ

)
1
4 , D3−D3.

(4.28)

Therefore we can conclude that the thermalization time scales differently
with the t’Hooft coupling, λ. The main difference between these theories
come from the fact that the dynamical quarks are confined to defects with
different dimensions.

Another intriguing observation is when we consider the dimension of the
defect to be (2 + 1). The brane configurations to get it are D2-D6, D3-D5
and D4-D4. One can see that in all of these cases the dependence on λ in the
thermalization time disappears. It is very interesting that for this specific
choice all the brane configurations give the same value for the thermalization
time which is ( 1

n2
Bω2 )

1
6 . Note that this doesn’t happen in the other dimensions

for the defect such as (1 + 1) and (0 + 1) dimensions.
In this paper we have studied thermalization for the scalar mesons. One

can generalize this calculation and study the dynamics of the vector mesons.
Moreover the universal behaviour of the thermalization time-scale can be
investigated in other gravity backgrounds such as anisotropic Lifshitz ones.
It is also interesting to study the time-scale of the change in the temperature
if one starts from thermal field theory, dual to black hole background, instead
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✦  4-Dim N=4 SYM

✦ (2+1)-Dim Defect
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The Effect of the Magnetic Field on 
Thermalization Time: 

Presence of a magnetic field 
at the early stages of QGP 
production

Ansatz for the Magnetic field: 

Existence of the Massless 
solution

Change in the shape of the 
brane

BMN is zero. Fab is the field strength of the gauge field living on the D7-
brane. In the CS part, C(n) is a n-form field and P [...] denotes the pull-back
of the bulk space-time tensors to the D7-brane worldvolume.

We work in the static gauge where the D7-brane is extended along t, �x, ρ,Ω3

and consider the magnetic field

B = Fxy, (2.5)

where B is constant. The presence of this external magnetic field will break
supersymmetry on the probe brane. σ as a function of ρ describes the shape
of the brane. We set all other fields to zero. The D7-barne action then
becomes

SDBI = −µ7V3Vol(Ω
3)

�
dtdρ ρ3

�
1 + (2πα�)2R4u−4B2

√
1 + σ�2, (2.6)

where σ� = ∂σ
∂ρ . The equation of motion for σ(ρ) can be easily found

∂ρ

�
ρ3σ�

√
1 + σ�2

�

1 +
(2πα�)2B2R4

(ρ2 + σ2)2

�
+

2ρ3(2πα�)2B2R4

(ρ2 + σ2)3
σ
√
1 + σ�2

�
1 + (2πα�)2B2R4

(ρ2+σ2)2

= 0.

(2.7)

In the asymptotic limit where ρ → ∞, the above equation reduces to

∂ρ

�
ρ3σ�

√
1 + σ�2

�
= 0, (2.8)

and hence its solution approaches

σ(ρ) = m+
c

ρ2
+ .... (2.9)

According to the AdS/CFT correspondence the leading and sub-leading
terms in the asymptotic expansion of various bulk fields define the source
for the dual operator and the expectation value of that operator, respec-
tively. For σ(ρ) the leading term corresponds to the quark mass, mq =
m/(2πα�), and the sub-leading term is related to the chiral condensate via
c = (2πα�)3�q̄q� [15].

The equation of motion for σ(ρ) is complicated to be solved analytically
and hence we use numerical methods to find its solutions. In order to solve

6
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Figure 1: Left: The condensation as a function of the mass for 2πα�B = 0.09
and R = 1. Points M, N and P represent three massless solutions. Right:

The shape of three massless solutions corresponding to the points M, N and

P. The blue curve (representing point M) is the physical massless solution.

it numerically we have to impose two boundary conditions at a specific point

which we choose them to be σ(0) ≥ 0 and σ�(0) = 0. The second condition

guarantees the regularity of the D7-brane embedding. The above boundary

conditions for a fixed value of the magnetic field and different values of σ(0)
leads to different values of mass and condensation. The final results are

plotted in figure 1(left). Evaluating the energy for different configurations

of c and m shows that the region with m > 0 and −c < 0, the bottom

right quadrant in the figure 1(left), describes physical solutions. It can be

seen that in the presence of a fixed magnetic field there are three massless

solutions. One of them is trivial and is zero for all values of ρ indicating that

m = c = 0. Although for the other two solutions m is still zero, the value of c
is not zero. A nonzero c means that chiral symmetry has been spontaneously

broken by the external magnetic field [16]. Among massless solutions in

figure 1(left) the solution corresponding to the point M is energetically more

favourable. σ(0) at this point is 0.139 where 2πα�B = 0.09. The blue, red and

green curves in figure 1(right) represent brane embeddings with asymptotic

behaviours corresponding to the points M , N and P , respectively.

In figure 2 physical massless configurations for various values of the mag-

netic field are plotted. It is clear that for larger values of the magnetic field

σ(0) also becomes larger. In other words the turning point of the D7-brane

configurations pushes more and more towards the boundary as one raises B.

An important observation is that for small values of the magnetic field

7
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P. The blue curve (representing point M) is the physical massless solution.

it numerically we have to impose two boundary conditions at a specific point

which we choose them to be σ(0) ≥ 0 and σ�(0) = 0. The second condition

guarantees the regularity of the D7-brane embedding. The above boundary

conditions for a fixed value of the magnetic field and different values of σ(0)
leads to different values of mass and condensation. The final results are

plotted in figure 1(left). Evaluating the energy for different configurations

of c and m shows that the region with m > 0 and −c < 0, the bottom

right quadrant in the figure 1(left), describes physical solutions. It can be

seen that in the presence of a fixed magnetic field there are three massless

solutions. One of them is trivial and is zero for all values of ρ indicating that

m = c = 0. Although for the other two solutions m is still zero, the value of c
is not zero. A nonzero c means that chiral symmetry has been spontaneously

broken by the external magnetic field [16]. Among massless solutions in

figure 1(left) the solution corresponding to the point M is energetically more

favourable. σ(0) at this point is 0.139 where 2πα�B = 0.09. The blue, red and

green curves in figure 1(right) represent brane embeddings with asymptotic

behaviours corresponding to the points M , N and P , respectively.

In figure 2 physical massless configurations for various values of the mag-

netic field are plotted. It is clear that for larger values of the magnetic field

σ(0) also becomes larger. In other words the turning point of the D7-brane

configurations pushes more and more towards the boundary as one raises B.

An important observation is that for small values of the magnetic field
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The classical solution is non-zero

DBI Action:
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transverse directions have the form
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and

S0 = −µ7

�
d
8ξ
√
γ0. (3.11)

One can easily observe that if B is set to zero in this set-up which means
that the classical solution x

I
0 is constant and not coordinate-dependent, the

action in [12, 14] is recovered. It should be mentioned that the first order
terms in y

I are cancelled due to their equation of motion. Note also that the
CS action does not contribute since the gauge field and the four-form field
have common indices.

In our case we consider the profile of the transverse directions as

σ = σ0(ρ) + χ(ξ), (3.12)

and ϕ = 0. We choose σ0(ρ) to be a massless solution of the equation of
motion (2.7) and χ is a small fluctuation around this solution. After some
long calculations the part of the action which describes the kinetic term for
the fluctuations in χ reduces to

S1 = −µ7

2

�
d
8ξ Gσσ

��
1 + (2πα�)2HB

2
��
1− (2πα�)2F 2

tρ + σ�2
0

��− 1
2

×
�
− det ŝ0 ŝ

ab
0 ∂aχ∂bχ,

(3.13)

where we have defined

ŝ
ab
0 =

1− (2πα�)2F 2
tρ

1− (2πα�)2F 2
tρ + σ�2

0

s
ab
0 − θaρ0 θbρ0 σ�2

0 Gσσ. (3.14)

s
ab
0 and θab0 are the symmetric and anti-symmetric parts of γab

0 , respectively

γab
0 = s

ab
0 + θab0 . (3.15)

In our set-up the only nonzero component for θab0 is

θtρ0 =
(2πα�)Ftρ

1− (2πα�)2F 2
tρ + σ�2

0

. (3.16)

Hence the action S1 for the scalar mesons can be written more neatly as

S1 =
−1

2

�
d
8ξ
√
−dets̃ s̃

ab ∂aχ∂bχ, (3.17)
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Weak magnetic field limit:

3.1 Weak Magnetic Field Limit

In this subsection we are going to study the meson thermalization time for
the small values of constant external magnetic field, i.e. 2πα�B � 1. As it
was mentioned in section 2 one can set σ0(ρ) approximately to zero for weak
magnetic field. This will simplify the calculations significantly. The equation
(3.21) reduces to

4R2ρ−1gġ − 4g2 + 2(2πα�)2ρ6 − 2(2πα�)4ρ2R4B2 = 0, (3.22)

or equivalently
λ− 2π2z4B2

16n2
Bπ

4z6
− 4y2 + 4zyẏ = 0, (3.23)

where g(x−) = gmax y(x−) and gmax was introduced in (3.7). In order to
determine the thermalization time we have to specify the form of the function
y(x−). Introducing different appropriate functions for y(x−) lead to various
forms of baryon injection into the system. This function increases form zero
to a constant gmax during baryon injection and remains constant after that.
A suitable function is [12, 14]

g(x−) =






0, x− < 0
gmax ωx−, 0 < x− < 1

ω
gmax,

1
ω < x−

(3.24)

where ωx− is a dimensionless combination. The time-dependent injection of
baryons leads to the horizon formation on the probe brane where its location
can be obtained from (3.23). The results are

t =
3z

2
±

�
λ+ 16n2

Bπ
4z8ω2 − 2π2z4B2

8nBπ2z3ω
, t < z +

1

ω
, (3.25a)

z4 =
B4 + ν− 1

3B2(B6 − 3072n4
Bπ

2λ) + ν
1
3

3072n4
Bπ

4
, t > z +

1

ω
, (3.25b)

where

ν = B12−4608B6n4
Bπ

2λ+ 24576

�
144n8

Bπ
4λ2

+
√
6n6

Bπ
3λ3/2

�
3456n4

Bπ
2λ− B6

�
.

(3.26)
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of the thermalization time is precisely fitted with

tBth =

�
1− 29× 10

−6
(2πα�

)
2B2

�
tB=0
th , (3.28)

where tB=0
th ∼

�
λ

n2
Bω2

�1/8
[12, 14]. The equation (3.28) reveals that δtth is

proportional to α�2B2
(the red curve in figure 4(left)). The decrease in the

thermalization time is explained by comparing the energy of the system with

and without the magnetic field. For a static solution the energy is equal to

the negative of the action evaluated in that solution. Therefore using (2.6)

the energy density, E =
−SDBI

µ7V3Vol(Ω3)
�
dt , for a configuration with nonzero

magnetic field is

E =

� ∞

0

dρ ρ3

�

1 +
(2πα�)2B2

ρ4
, (3.29)

and hence

δE = E − E0, (3.30)

where E0 is the energy density when B = 0. The equation (3.29) shows

that the magnetic field increases the value of the energy density. This fact is

numerically shown in figure 4(right). Therefore a solution with a larger value

of the magnetic field has a larger value of energy density and by injecting

the energy into the system it would be easier for mesons to dissociate. Hence

tB1
th < tB2

th for B1 > B2.
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Figure 4: Left: δtth for t < z+ 1
ω is plotted in terms of B in the weak magnetic

field limit. The red curve shows the fitted function. Right: The energy of

the massless embedding in terms of B in the weak magnetic field limit.
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t

Figure 3: The location of the apparent horizon for t < z + 1/ω in the t − z
plane for (2πα�

)B = 0.09. The red curve represents (3.25a) and the blue line

shows the earliest tangent null ray.

In figure 3 the red curve represents the location of the apparent horizon

for t < z+1/ω, (3.25a)4. The thermalization time observed on the boundary

is defined as the time where the earliest null ray tangent to the curve reaches

the boundary. This has been shown by the point B in figure 3 where the null

ray (blue line) is tangent to the curve at point A. Hence in the light cone

coordinates the thermalization time is

tB=0.09
th = tA + zA. (3.27)

It is evident from the above relations that the value of the thermalization

time depends on the external magnetic field. In figure 4(left) the difference
between the thermalization time in zero and non-zero magnetic field (the

blue curve), δtth = tBth − tB=0
th , is numerically plotted as a function of the

external magnetic field. It is clear that δtth becomes more and more neg-

ative as the magnitude of the magnetic field increases. In other words the

thermalization of mesons or meson dissociation happens more rapidly in the

presence of the magnetic field. Interestingly the magnetic field dependence

4In order to plot this figure we have set the parameters as [12, 14]: nB = 34, λ = 10,
ω = 10 and R = 1. We will use these numbers throughout the paper to plot different
figures.
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General values of the magnetic field

here. In figure 5(right) the thermalization time has been plotted with respect
to the magnetic field and can be fitted by

tBth =

�
1− 28× 10−6(2πα�)2B2

�
tB=0
th , (3.33)

where tB=0
th =

�
λ
n2
B

�1/6
[12,14]. Interestingly we observe that although tB=0

th is

different in (3.33) and (3.28) the dependence of the thermalization time on
B is the same for both cases.
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B

�0.0020

�0.0015

�0.0010

�0.0005

∆tth

Figure 6: δtth for t < z + 1
ω is plotted in terms of B for general values of B.

The red curve shows the fitted function.

3.2 General Magnetic Field

In the previous section we investigated weak magnetic field limit in which
we could assume σ0(ρ) ≈ 0. Now we would like to generalize it to arbitrary
values of B where we have to use (3.21) and try to solve it numerically. We
follow exactly the same steps as the previous section and the result for the
thermalization time with respect to the value of the magnetic field has been
shown in figure 6. The blue dots show our numerical results. It can be fitted
by (red curve in figure 6)

tBth =

�
1− 4× 10−5(2πα�)2B1.435

�
tB=0
th . (3.34)

Comparing this with (3.28) and (3.33) we observe that as we increase the
magnitude of the magnetic field the power of B in the fitted equation deviates
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follow exactly the same steps as the previous section and the result for the
thermalization time with respect to the value of the magnetic field has been
shown in figure 6. The blue dots show our numerical results. It can be fitted
by (red curve in figure 6)

tBth =

�
1− 4× 10−5(2πα�)2B1.435

�
tB=0
th . (3.34)

Comparing this with (3.28) and (3.33) we observe that as we increase the
magnitude of the magnetic field the power of B in the fitted equation deviates
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Conclusion and Future Directions:

Meson thermalization time depends only on  ,                  
and    ; Faster Thermalization in External 
Magnetic Field   

Generalizing the calculation to more general 
bulk metrics such as black hole or Lifshitz

Trying to understand the field theory picture 
better

away from large N or large t’Hooft coupling

 Developing numerical techniques to include 
more parameters, ....

λ nB

ω

Monday, June 17, 2013



Thank You

Monday, June 17, 2013



Monday, June 17, 2013


