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Intro & Motivations
• Monotonic quantities can be a useful constraint on the dynamics 

of  RG flows; 

• Via holography, they are expected to correspond to monotonic 
functions of  the extra dimension in domain wall geometries;

• Buican conjectured the existence of a monotonic quantity      in 
R-symmetric RG flows, whose validity would put a bound on   
emergent symmetries in the IR;

• Our aim is to explore the existence of a corresponding monotonic 
function in supergravity, both to test the conjecture & to refine the 
holographic dictionary outside the conformal regime.
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Holographic RG flows
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... + SUSY (d=4)
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A conjecture
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N = 1 4d RG flow which preserves a 

Buican

U(1)R

D̄α̇Rαα̇ = D̄2DαU R-multiplet

Rαα̇ ⊃ (Tµν , Sµα, Rµ)

U ⊃ Uµ + anomalies ∂µUµ �= 0

∂µRµ = 0

At fixed points Uµ → 3

2
(Rµ − R̃µ) ∂µUµ → 0

�Uµ(x)Uν(0)� =
τU

(2π4)
(∂2ηµν − ∂µ∂ν)

1

x4

τUV
U > τ IRUConjecture:
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Does      correspond to a monotonic function in SUGRA?τU

• works in many examples: SQCD with any gauge group/with 
extended susy, s-confining theories, Kutasov theory...

• interesting because it can be read as a bound on emergent 
symmetries: no emergent symmetry implies τ IRU = 0
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An example of  monotonicity in 4d RG flows is the a-theorem:

aUV > aIR Cardy; Komargodski-Schwimmer

In holographic RG flows, as a consequence of the NEC, one can define a 
monotonic function of  the bulk coordinate        interpolating between the UV-IR

Girardello-Petrini-Porrati-Zaffaroni; Friedmann-Gubser-Pilch-Warner; 
Henningson-Skenderis; Myers-Sinha

a(r)
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Dictionary
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SUGRASUSY FT

Chiral Operators Hypermultiplets

Linear Operators Vector multiplets

Space of  couplings Scalar Manifold

Symmetries Isometries

Symmetry of  the fixed point Killing vector = 0 at critical point

Symmetry of  the flow Killing vector = 0 along the curve 

N = 1, 4d N = 2, 5d
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Dual of  an R-symmetry

8

R-symmetry  under which         is charged Sµα

Dual gauge symmetry 
acts on gravitino

=

AI
µ, I = 0, . . . , nV basis of  abelian gauge bosons

functions on the hyper-scalars

(Dµψ)
i ⊃ AI

µP
r
I (σ

r)ijψ
j

P r
I

P r
I �= 0AI

µ is dual to an R-current

U(1)
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Geometric meaning of P r
I

          -triplet of  moment maps on the 
hyper-scalar manifold

P r
I |c.p. = P rhI P

r
I ≡ Pr

HI

At susy critical points 
of  the scalar potential

TachikawahIA
I
µ combination giving the superconformal R-symm

An analogue factorization 
holds along R-symmetric flows

gives a natural extrapolation along the flowHI

SU(2)

lunedì 17 giugno 2013



Definition of                 
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R-symmetry preserved along the flow

As explained in the previous section, the condition that the flow is R-symmetric leads us

to define natural quantities (HI , Pr) which coincide with (hI , P
r) at stationary points.

Therefore, a natural guess for uI outside the stationary points is

u
I =

3

2

�
r
I − H

I

g|Pr|

�
. (3.4)

Notice that u
I
HI = 0, as expected for a flavor symmetry. Moreover, if the preserved

R-symmetry flows to the superconformal one at the IR fixed point, then by definition

u
I |IR = 0. As we will now explain, the vector uI contains all information we need in order

to define an extrapolation of the quantity τU along the flow. Note that here we choose to

determine uI by a simple inspection of its properties in the AdS limit. A more systematic

approach [22] could be pursued by studying the gravity multiplet dual to the field theory

R-multiplet [23] (see also [24]).

At a fixed point one can read the two-point functions of conserved currents from

the gauge kinetic function of the dual gauge bosons in supergravity, the precise formula

being [25]

< JIµJJν >=
τIJ
(2π)4

(∂2ηµν − ∂µ∂ν)
1

x4
, τIJ =

8π2
L

κ2
5

aIJ , (3.5)

where L is the AdS radius and κ5 is the gravitational coupling constant3. It follows that

at fixed points the τ coefficient of the generic current associated with the symmetry v
I
KI

is simply obtained by taking the scalar product

8π2
L

κ2
5

aIJv
I
v
J
. (3.7)

A natural extrapolation for the quantity τU along the flow is hence given by

τU(r) =
8π2

L(r)

κ2
5

aIJ(r)u
I(r)uJ(r) , (3.8)

where L(r) = [A�(r)]−1 interpolates between the radii of the AdS stationary points LUV

and LIR and is monotonic along RG flows [7–12]. Notice that the metric aIJ appears in

the supergravity action as a function of the scalars, and thus naturally inherits the r-

dependence from the non-trivial profile of the scalars in the domain wall solution. Notice

3The gauge kinetic term in the 5D supergravity action is

− 1

4κ2
5

�
d5xaIJF

IF J . (3.6)

Therefore κ−2
5 aIJ has the dimension of an inverse length, and correctly τIJ is dimensionless.
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Holographic
 two-point function

Gauge kinetic function
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Interpolates between
τUV
U /τ IRU

τU (r)

that is 3

2

�
R− R̃

�

vIKI = 0

u
I =

3

2
(vI −H

I) −→ 3

2
(vI − h

I)
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Test of  monotonicity
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Concrete “minimal” model:  SUGRA coupled to 1 vector + 1 hyper

Gauging of  a U(1)× U(1) Ceresole-Dall’Agata
-Kallosh-Van Proeyen

1 hyper

1 vector

susy deformation of  the fixed point

flavor symmetry mixing with R̃

Scalar manifold:

4.1 The model

Let us first summarize the basic geometric ingredients of the model at hand. For a

complete presentation we refer to [21], to whose notation we attain. The target manifold

is

Mvec = O(1, 1) , Mhyp =
SU(2, 1)

SU(2)× U(1)
. (4.1)

The vector manifold can be parametrized by a real scalar ρ > 0 and the hyper manifold

by qX = {V, σ, θ, τ}, for V > 0. Since the scalar manifold is a symmetric space we can

choose, without loss of generality, the first stationary point to be at

O1 : q
X
= (1, 0, 0, 0), ρ = 1 . (4.2)

The theory contains two vectors: one in the gravity multiplet (the graviphoton) and

another one in the vector multiplet. Thus one can gauge at most a U(1)×U(1) subgroup

of the SU(2, 1) isometries of Mhyp. Requiring the gauged isometries KI (now I = 0, 1)

to leave O1 invariant means that they should belong to the isotropy group of that point,

which is SU(2)×U(1). Moreover, in order for O1 to be a stationary point, the KI ’s should

be such that their prepotentials satisfy eq.(2.15b). Taking into account these constraints,

the residual freedom in choosing the gauging can be parametrized by two real variables

(β, γ). Following [21] we take

K0 =
√
2

�
k3 +

2γ√
3
k4

�
, (4.3)

K1 = 2

�
k3 +

β√
3
k4

�
, (4.4)

where k3 is one of the SU(2) generators and k4 generates the U(1) factor. The stationary

pointO1 will be our UV fixed point. Once the gauging is fixed one finds a second stationary

point at

O2 : q
X
= (1− ξ2, 0, ξ cos(ϕ), ξ sin(ϕ)) , ρ = (2ζ)

1
6

ξ =

�
2− 4ζ

3β − 1− 4ζ
, ϕ ∈ [0, 2π] , ζ =

1− β

2γ − 1
. (4.5)

More precisely, this is in fact a circle of stationary points parametrized by the value of

ϕ. Notice that in order for O2 to belong to the manifold, the critical value of ξ must

be smaller than 1 (and the radicand must be positive). Requiring the existence of O2

12
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DW Solutions
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circle of
critical points

depend on parameters 
of  the gauging

ρ = ρ̄

qX = (1− ξ̄2, 0, ξ̄ cos(ϕ), ξ̄ sin(ϕ))
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Results
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Results
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Conclusions

15

• We have explored the existence of a monotonic function in 
supersymmetric AdS-domain wall solutions of 5d supergravity, 
associated to a field theory conjecture in R-symmetric RG flows.

• We have found the general consequences of the existence of an R-
symmetry along the flow for the supergravity theory; this lead to a 
natural definition for the interpolating function.

• We tested our proposal in a simple setup, finding a monotonic 
behavior in smooth solutions as well as in well-behaved gapped 
flows.

• Future prospects: test in other flows; analysis of the sugra dual of 
the R/FZ-multiplets. 
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Thank you!
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