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Introduction

(2+1)- dimensional Einstein gravity has no local bulk d.o.f.

S =
1

16πG

∫
d3x
√
−g
(
R + 2

`2

)
Diffeomorphism

One can remove all bulk d.o.f. using diffeo’s. Boundary d.o.f.
emerge by the nonvanishing diffeo’s acting on the boundary.

They can generate asymptotic symmetries whose generators
G̃ξ satisfy two copies of Virasoro algebra with central charge
c = 3`

2G , for AdS boundary conditions.

[Ln, Lm] = (n −m)Ln+m + c
12 (n3 − n)δn+m,0

where Ln = G̃ξ[ε
+ = e inx+

] Brown- Henneaux 1986

Hamid Afshar Conformal Chern-Simons Gravity



The purpose of this talk

Conformal Chern- Simons gravity has no local bulk d.o.f.

S =
k

4π

∫
d3x εµνλ Γρµσ

(
∂νΓσλρ + 2

3 ΓσντΓτ λρ
)

Cµν ≡ εµλσ∇λ
(
Rνσ − 1

4gνσR
)

= 0

∇µCµν = 0, Cµ
µ = 0 Diffeomorphism×Weyl

Boundary d.o.f. emerge by the nonvanishing transformations
generated by, G̃ξ and G̃W acting on the boundary:

Diffeomorphism only G̃ξ.

Diffeomorphism with compensating Weyl G̃ξ + G̃W [ξ].

Diffeomorphism G̃ξ and an independent Weyl G̃W .
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Setup

We explore boundary d.o.f. by introducing a cylindrical
conformal boundary and a metric that asymptotes to,

gµνdxµdxν = e2φ(x±,y)

(
dx+dx− + dy2

y2
+ hµνdxµdxν

)
near the boundary y = 0. This defines our boundary condition
with the subleading part hµν , h++ = O(1/y) h+− = O(1) h+y = O(1)

h−− = O(1) h−y = O(1)
hyy = O(1)


Boundary conditions imposed on the Weyl factor ⇒ Three
different cases.
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Case 1: Trivial Weyl factor/ Trivial Weyl rescaling

This is the BH case, φ = 0. The boundary conditions are
preserved, Lξgµν = hµν , by asymptotic Killing vectors:

ξ± = ε±(x±)− 1
2y2∂2

∓ε
∓(x∓) +O(y3),

ξy =
y

2

(
∂+ε

+ + ∂−ε
−)+O(y3),

and also a trivial Weyl rescaling,

gµν → e2Ωgµν where Ω = O(y2).

The corresponding generators satisfy two copies of Virasoro
algebra with central charges,

cR/L = ±12k with Ln = G̃ξ[ε
+ = e inx+

, ε− = 0].

All results in this case are reproduced as a limiting case of
TMG: µ→ 0, κ2µ→ finite. STMG = SEH + 1

µSCS
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Calculating the response functions using AdS/CFT dictionary.
First variation of the on-shell action δS = δS |EOM + δSb|EOM

δS =
1

2

∫
∂M

d2x

√
−γ(0)

(
Tαβδγ

(0)
αβ + Jαβδγ

(1)
αβ

)
Gaussian normal coordinates, asymptotic expansion, eρ ∝ 1/y

ds2 = dρ2 +
(
γ

(0)
αβ e2ρ + γ

(1)
αβ eρ + γ

(2)
αβ + . . .

)
dxαdxβ

where γ(0) is the boundary metric, γ(1) describes Weyl
graviton mode, and γ(2) contains information about the left-
and right-moving massless boundary gravitons. The response
functions Tαβ and Jαβ are correlated as,

〈J(z , z̄)J(0, 0)〉 =
2kz̄

z3
, 〈TR(z)TR(0)〉 =

6k

z4

Li et al, Skenderis et al.
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Case 2: Fixed Weyl factor/ Fixed Weyl rescaling

An arbitrary but fixed Weyl factor of the form,

φ = ����αlog y + f (x+, x−) +O(y)

The boundary conditions are preserved, Lξgµν = Ωgµν , by
asymptotic conformal Killing vectors:

ξ± = ε±(x±)− 1
2y2∂2

∓ε
∓(x∓) +O(y3),

ξy =
y

2

(
∂+ε

+ + ∂−ε
−)+O(y3),

Ω = −
���������α

2

(
∂+ε

+ + ∂−ε
−)− (ε+∂+ + ε−∂−

)
f +O(y2).

To remove gravitational anomaly f (x±) = f+(x+) + f−(x−).

The generators of these asymptotic CKV’s satisfy two copies
of Virasoro algebra with central charges,

cR/L = ±12k with Ln = G̃ξ[ε
+ = e inx+

, ε− = 0] + G̃W [Ω(ε+)].

Hamid Afshar Conformal Chern-Simons Gravity



Case 2: Fixed Weyl factor/ Fixed Weyl rescaling

An arbitrary but fixed Weyl factor of the form,

φ = ����αlog y + f (x+, x−) +O(y)

The boundary conditions are preserved, Lξgµν = Ωgµν , by
asymptotic conformal Killing vectors:

ξ± = ε±(x±)− 1
2y2∂2

∓ε
∓(x∓) +O(y3),

ξy =
y

2

(
∂+ε

+ + ∂−ε
−)+O(y3),

Ω = −
���������α

2

(
∂+ε

+ + ∂−ε
−)− (ε+∂+ + ε−∂−

)
f +O(y2).

To remove gravitational anomaly f (x±) = f+(x+) + f−(x−).

The generators of these asymptotic CKV’s satisfy two copies
of Virasoro algebra with central charges,

cR/L = ±12k with Ln = G̃ξ[ε
+ = e inx+

, ε− = 0] + G̃W [Ω(ε+)].

Hamid Afshar Conformal Chern-Simons Gravity



Case 3: Free Weyl factor/ Free Weyl rescaling

An arbitrary and free Weyl factor of the form (α = 0),

φ = f+(x+) + f−(x−) +O(y)

The boundary conditions are preserved, δgµν = Ωgµν , by
asymptotic Weyl rescalings,

Ω = Ω+(x+) + Ω−(x−) +O(y2).

and by an independent asymptotic diffeomorphism as before.

The generators of the asymptotic Weyl rescalings satisfy a
chiral algebra,

[Jn,Jm] = 2k n δn+m,0 with Jn = G̃W [Ω = −e inx+
]

The generators of asymptotic CKV’s satisfy two copies of
Virasoro algebra with central charges,

cR/L = ±12k with Ln = G̃ξ[ε
+ = e inx+

, ε− = 0] + G̃W [Ω(ε+)].
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CFT interpretation

The generators of the asymptotic Weyl rescaling and
asymptotic diffeomorphism cummute unless, α 6= 0.

We construct the generators of asymptotic Killing vectors by a
Sugawara- shifting mechanism,

Ln = Ln +
1

4k

∑
m∈Z

: JmJn−m :

The new algebra contains a U(1) current algebra with
cR = 12k + 1 and cL = −12k,

[Ln,Lm] = (n −m)Ln+m + cR
12 (n3 − n)δn+m,0

[L̄n, L̄m] = (n −m)L̄n+m + cL
12 (n3 − n)δn+m,0

[Jn,Jm] = 2k n δn+m,0

[Jn,Lm] = nJn+m

Hamid Afshar Conformal Chern-Simons Gravity



Discussion

In case 3 the holomorphic Weyl factor constitutes an
additional free chiral boson in the theory shifting cR → cR + 1.

Requiring conservation of the stress-energy tensor is
equivalent to the flatness of boundary and demanding the
scalar field to obey the massless Klein-Gordon equation.

Allowing for a curved boundary metric with Ricci scalar R we
expect the scalar field to obey the Liouville equation �f ∝ R.

Allowing α 6= 0 violates the asymptotic AdS boundary
condition and leads to another central charge in the
commutator [Ln,Jm] proportional to αkm2δn+m,0.

This new anomaly can be removed by a topological twist,

Ln → L̂n = Ln − γ (n + 1)Jn .

which also changes the value of cR (work in progress).

Hamid Afshar Conformal Chern-Simons Gravity



Discussion

In case 3 the holomorphic Weyl factor constitutes an
additional free chiral boson in the theory shifting cR → cR + 1.

Requiring conservation of the stress-energy tensor is
equivalent to the flatness of boundary and demanding the
scalar field to obey the massless Klein-Gordon equation.

Allowing for a curved boundary metric with Ricci scalar R we
expect the scalar field to obey the Liouville equation �f ∝ R.

Allowing α 6= 0 violates the asymptotic AdS boundary
condition and leads to another central charge in the
commutator [Ln,Jm] proportional to αkm2δn+m,0.

This new anomaly can be removed by a topological twist,

Ln → L̂n = Ln − γ (n + 1)Jn .

which also changes the value of cR (work in progress).

Hamid Afshar Conformal Chern-Simons Gravity



Discussion

In case 3 the holomorphic Weyl factor constitutes an
additional free chiral boson in the theory shifting cR → cR + 1.

Requiring conservation of the stress-energy tensor is
equivalent to the flatness of boundary and demanding the
scalar field to obey the massless Klein-Gordon equation.

Allowing for a curved boundary metric with Ricci scalar R we
expect the scalar field to obey the Liouville equation �f ∝ R.

Allowing α 6= 0 violates the asymptotic AdS boundary
condition and leads to another central charge in the
commutator [Ln,Jm] proportional to αkm2δn+m,0.

This new anomaly can be removed by a topological twist,

Ln → L̂n = Ln − γ (n + 1)Jn .

which also changes the value of cR (work in progress).

Hamid Afshar Conformal Chern-Simons Gravity



Discussion

In case 3 the holomorphic Weyl factor constitutes an
additional free chiral boson in the theory shifting cR → cR + 1.

Requiring conservation of the stress-energy tensor is
equivalent to the flatness of boundary and demanding the
scalar field to obey the massless Klein-Gordon equation.

Allowing for a curved boundary metric with Ricci scalar R we
expect the scalar field to obey the Liouville equation �f ∝ R.

Allowing α 6= 0 violates the asymptotic AdS boundary
condition and leads to another central charge in the
commutator [Ln,Jm] proportional to αkm2δn+m,0.

This new anomaly can be removed by a topological twist,

Ln → L̂n = Ln − γ (n + 1)Jn .

which also changes the value of cR (work in progress).

Hamid Afshar Conformal Chern-Simons Gravity



Discussion

In case 3 the holomorphic Weyl factor constitutes an
additional free chiral boson in the theory shifting cR → cR + 1.

Requiring conservation of the stress-energy tensor is
equivalent to the flatness of boundary and demanding the
scalar field to obey the massless Klein-Gordon equation.

Allowing for a curved boundary metric with Ricci scalar R we
expect the scalar field to obey the Liouville equation �f ∝ R.

Allowing α 6= 0 violates the asymptotic AdS boundary
condition and leads to another central charge in the
commutator [Ln,Jm] proportional to αkm2δn+m,0.

This new anomaly can be removed by a topological twist,

Ln → L̂n = Ln − γ (n + 1)Jn .

which also changes the value of cR (work in progress).

Hamid Afshar Conformal Chern-Simons Gravity



Thank you!

Questions...
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