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Sigma models

φi : Σ Ñ T

S �
»
Σ

dφigijpφq � dφj

∇2φi :� B2φi � BφjΓ i
jk Bφk � 0

Supersymmetry:

φpxq Ñ φpx , θq

S Ñ S �
»

dxD2D̄2 K pφ, φ̄q

�
»

dxpBφ gφφ̄pφ, φ̄qB̄φ̄� ...q
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where

gφφ̄pφ, φ̄q � BφBφ̄K pφ, φ̄q

ðñ T carries Kähler Geometry

Susy σ models ðñ Geometry of T

(1,1) analysis by Gates Hull and Roček in d=2:

N=(2,2): bi-hermitean geometry
N=(4,4): bi-hypercomplex
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Complex Geometry

Complex structure: J : TM ý J2 � �1

Nijenhuis: N pJq � 0 ðñ π	rπ�u, π�vs � 0

Hermitean Metric: J tgJ � g

Kähler: ∇J � 0, gzz̄ � BzBz̄K pz, z̄q

Hyperkähler: JA,A � 1,2,3 JAJB � �δAB � εABCJC
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Generalized Complex Geometry

Complex structure: J : TM ` T �M ý J 2 � �1

“Nijenhuis”: NCpJ q � 0 ðñ Π	rΠ�u,Π�vsC � 0

Hermitean Metric: J tIJ � I

Generalized Kähler:

D pJ1,J2q ; rJ1,J2s � 0

G � �J1J2 , G2 � 1

Kähler:

J1 �
�

J 0
0 �J t



J2 �

�
0 �ω�1

ω 0



G �

�
0 g�1

g 0
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(2,2) superspace

The (2,2)-D-algebra:

tD�, D̄�u � 2iB��
�

Reduction to (1,1):

D� :� 1?
2

�
D� � D̄�

�

Q� :� i?
2

�
D� � D̄�

�

The (1,1)-D-algebra:

D2
� � iB��

�
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(2,2) superfields

Chiral fields φ:

D̄�φ � 0 ñ D�φ̄ � 0

Twisted chiral fields χ:

D̄�χ � D�χ � 0 ñ D�χ̄ � D̄�χ̄ � 0

Left/Right semi-chiral fields XL{R:

D̄�XL � 0 ñ D�X̄L � 0

D̄�XR � 0 ñ D�X̄R � 0

These are all the fields needed.
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Complex linear fields Σφ:

D̄�D̄�Σφ � 0 ñ D�D�Σ̄φ � 0

Dual to chiral fields

Complex twisted linear fields Σχ:

D̄�D�Σχ � 0 ñ D�D̄�Σ̄χ � 0

Dual to twisted chiral fields
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N=(1,1) content

Define:

J :�
�

i 0
0 �i




Chiral fields:

Φ :�
�
φ
φ̄



ñ Q�Φ � JD�Φ

Twisted chiral fields:

χ :�
�
χ
χ̄



ñ Q�χ � �JD�χ

Read off the non-manifest second susy by projecting to the θ2
independent part.
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Semi-chiral fields:

XL{R :� XL{R|, ψL�{R� :� Q	XL{R|

XL{R :�
�

XL{R
X̄L{R



, ΨL�{R� :�

�
ψL�{R�
ψ̄L�{R�




Q�XL � JD�XL, Q�XR � JD�XR

and

Q�ΨL� � JD�ΨL�, Q�ΨL� � �iB�XL

Q�ΨR� � JD�ΨR�, Q�ΨR� � �iB��XR

The Ψ’s are auxiliary fermions.
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Duality

Back to the chiral complex linear duality:

S �
»

d2xD2D̄2K pΣ, Σ̄q

Ñ S̃ �
»

d2xD2D̄2 �K pS, S̄q � φS � φ̄S̄
�

δφS̃ � δφ̄S̃ � 0 ñ D̄�D̄�S � 0,D�D�S � 0
ñ S � Σ, S̄ � Σ̄, S̃ Ñ S

δSS̃ � δS̄S̃ � 0 ðñ KS � φ,KS̄ � φ̄

ñ K � φS � φ̄S̄ � K̂ pφ, φ̄q
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Relation to GKG

�

S �
»

d2xD2D̄2K pφ, φ̄, χ, χ̄,XL{R, X̄L{Rq

Ñ
»

d2x
�
B��ϕipgij � BijqB�ϕj � .....

	
.

In p1,1q:

δΨS � 0 :, ñ pJ�,g,H � dBq ,

J2
� � �1, NpJq � 0, rJ�, J�s � 0 ,

J t
�gJ� � g, H � dc

�ω� � �dc
�ω�

A complete description of GKG.
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New vector multiplets

K pφ, φ̄, χ, χ̄,XL{R, X̄L{Rq

(Abelian) Isometries:

kφ � ipBφ � Bφ̄q

kφχ � ipBφ � Bφ̄ � Bχ � Bχ̄q

kLR � ipBL � BL̄ � BR � BR̄q
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The corresponding gauged Lagrangians:

Kφpφ� φ̄� Vφ, xq

Kφχpφ� φ̄� Vφ, χ� χ̄� Vχ, ipφ� φ̄� χ� χ̄q � V 1, xq

KXpXL � X̄L � VL,XR � X̄R � VR, ipXL � X̄L � XR � X̄Rq � V1, xq
with gauge transformations for the vectors;

δVφ � ipΛ̄ � Λq

δVχ � ip¯̃Λ � Λ̃q

δV 1 � Λ̄ � Λ � ¯̃Λ � Λ̃

δVL{R � ipΛ̄L{R � ΛL{Rq

δV1 � Λ̄L � ΛL � Λ̄R � ΛR
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The invariant field strengths are the usual ones

W � iD�D̄�Vφ, W̄ � iD̄�D�Vφ

W̃ � iD̄�D̄�Vχ,
¯̃W � iD�D�Vχ

and the new

F � 1
2

D̄�D̄�pV1 � ipVL � VRqq

F̃ � 1
2

D̄�D�pV1 � ipVL � VRqq

G� � 1
2

D̄�pV 1 � ipVφ � Vχqq :� 1
2

D̄�V

G� � 1
2

D̄�pV 1 � ipVφ � Vχqq :� 1
2

D̄�Ṽ

Reduction to (1,1). Non-abelian extensions. Applied to T-duality.
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T-duality

Kφχpφ� φ̄� Vφ, χ� χ̄� Vχ, ipφ� φ̄� χ� χ̄q � V 1q

�1
2

XLV � 1
2

X̄LV̄ � 1
2

XRṼ � 1
2

X̄R
¯̃V

δXL,R:

ñ V and Ṽ pure gauge. Plug back to find Kφχpφ, φ̄, χ, χ̄q

δV , δṼ :

ñ BV Kφχ � XL etc. Solve to give V pXL,R, X̄L,Rq,......

Plug back to find K̂ pXL,R, X̄L,Rq
A similar relation starting from the gauged semi-chiral action
also displays the duality between (twisted) chiral and
semi-chiral models.
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Additional supersymmetry

The chiral sector:

K Ñ K pφ, φ̄q

δφa � ε̄αD̄αΩapφ, φ̄q, δφ̄ā � εαDαΩ̄āpφ, φ̄q

On-shell algebra.

Jp3qij �
�

iδa
b 0

0 �iδā
b̄



,

Jp1qij �
�

0 Ωa
b̄

Ω̄ā
b 0



, Jp2qij �

�
0 �iΩa

b̄
iΩ̄ā

b 0
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The semi-sector:

K Ñ K pXL,XR, X̄L, X̄Rq

The general situation not known at the p2,2q level.

Linear tf:

δXL � i ε̄�D̄�pX̄L � XR � 1
κ X̄Rq � iκε̄�D̄�XL � iκ�1ε�D�XL,

δXR � i ε̄�D̄�pX̄R � p|κ|2 � 1qXL � |κ|2�1
κ̄ X̄Lq � iκ̄ε̄�D̄�XR

�iκ̄�1ε�D�XR,

Invariance:

K11̄ � K12 � κK1̄2 � 0,
p|κ|2 � 1qK22̄ � K12 � κ̄K12̄ � 0.
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tJ�, J�u � 2c ,
ðñ
p1� cq|K12|2 � p1� cq|K12̄|2 � 2K11̄K22̄.

Using the invariance condition we find:

c � � |κ|2�1
|κ|2�1

Since c2 ¡ 1 is a constant we can form the following two local
product structures:

S :� 1?
c2 � 1

pJ� � cJ�q, S2 � 1 ,

T :� 1
2
?

c2 � 1
rJ�, J�s, T 2 � 1 ,

such that the commutator algebra of pJ�,S,T q is SLp2,R).
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The structures pJ�,S,T q preserve a metric of signature p2,2q
and this geometry of the target space is called neutral
hypercomplex.

When c2   1, the corresponding construction yields a triple of
complex structures, the metric is positive definite and the
geometry hyperkähler.

The general case is presently under investigation, i.e.,
2d-dimensions and non-linear transformations. We do not
expect that it will give a constant c, but it seems to have other
interesting geometric properties related to Yano f-structures
f 3 � f � 0.
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Conclusions

 A complete description of GKG uses chiral, twisted chiral and
semi-chiral superfields.
 The generalized Kähler potential doubles as a (non-linear)
potential for the metric and B-field and as a generating function
of symplectomorphisms.
 New vector-multiplets are available for gauging an important
class of isometries.
 T-duality and quotients may be discussed in terms of these
multiplets.
 Global issues (bi-holomorphic gerbes...) may be addressed.
 Additional supersymmetries, when examined at the p2,2q
level, lead to interesting new structures on the target space.
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