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 Ising Model in two dimensions

• Low temperature: ferromagnetic phase (globa"y 
magnetized); order

• High temperature: paramagnetic phase (globa"y 
disordered); disorder

• Low T and high T phases are related by duality                 
H. A. Kramers & G. H. Wannier, Phys.Rev.60:252-262,1941

• At the fixed point of the duality symmetry there is a 
second order phase transition, which can be crossed by 
smoothly changing the temperature



Non-zero T in field theory

• Temperature                     where R is the radius of a 
compact, Eucledian        dimension

• Bosons periodic and fermions anti-periodic around the 
compact T-direction 

• Non-zero temperature breaks supersymmetry

• Typical four-dimensional field theories do not exhibit 
an order-disorder duality

T =
1

R
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V (ρ) ∼ −(−1)!m·ε

∫
F̃

dτ2

τ
6−d/2
2

e−2πτ2m2(ρ)

F̃ = (1 + S + ST )F

F is the fundamental domain

• For                            the integral is finite as                         

• For                            there are divergences in the IR

m
2(ρ) > 0 τ2 −→ ∞

m
2(ρ) ≤ 0

∫
F

(1 + S + ST )f(z) =

∫
F̃

f(z)
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First order - Hagedorn - phase transition
• R. Hagedorn, Nuovo Cim.Suppl.3:147-186,1965

• J. J. Atick & E. Witten, Nucl.Phys.B310:291-334,1988
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• T-duality invariant
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The mass formula

m2(G) =
1

2
m

T G−1
m +

1

2
n

T Gn − 2 + η + NX + Nψ + ÑX + Ñψ

Unntwisted  sector:

Twisted sector:

• Extra massless states at the self-dual radius in the untwisted 
sector; enhanced gauge symmetry

• In the twisted sector a" states are massive for generic radius, 
and

• At the self dual radius, tachyons appear only for d < 4

η = 0, m, n ∈ integers

η = 1, m, n ∈ 1/2 integers



Unfolding the fundamental domain
∫
F

(1 + S + ST )f(
Γ0[2]

T
(τ)) =

∫
F̃

f(
Γ0[2]

T
(τ))

=

∫
Γ0[2]

T
F̃

f(τ) =

∫
S+

f(τ)

τ1

τ2

F

SF

TSF

0−1/2 +1/2

1

T : τ1 −→ τ1 + 1

S : τ −→ −

1

τ

τ1

τ2

1/2

S



The one-loop potential

V = −N

∫
∞

0

dτ2

τ6
2

∫ +1/2

−1/2
dτ1

∑
N,N ′=0

dNdN ′e
2iπ(N−N ′)τ1e

2π(N+N ′)τ2

×

∑

{li}

e
−

πT2

4τ2U2
[(τ1−U1)

2+(τ2−U2)
2]

N =
v10−d

√
detG

16(4πα′)(10−d)/2(α′)d/2

T = T1 + iT2 = −B̂12 + i

√

Ĝ

U = U1 + iU2 =
1

Ĝ11

[−Ĝ12 + i

√

Ĝ]

Ĝ = MGM
T

B̂ = MBM
T



• The degenerate orbit:                                                                      

• The non-degenerate orbit:

M =

(

0 0 · · · 0

2l1 + 1 2l2 + 1 · · · 2ld + 1

)

M =

(

2n1 2n2 · · · 2nd

2l1 + 1 2l2 + 1 · · · 2ld + 1

)

√

detG

τ1

For large            we can safely interchange sums and integrals. 
Perform a Poisson resummation over the momenta and then do 

the       integral, which enforces level mathcing.

Decomposing under       Γ0[2]



x = 2π

√

√

√

√N

d
∑

i

(2li + 1)2

The degenerate orbit

I
deg
0

∼ −

1

R10−d

∑

{li}

1

[
∑

i(2li + 1)2]5

I
deg
N ∼ −

1

R6

∞∑

N=1

∑

{li}

N5d2
N

x5
K5(

R
√

α′
x)



For large N,                                     and therefore

The expression is we" defined for ρ2
=

R2

α′
>

8

d
i. e. as long as tachyons are absent

By Poisson resumming over the windings and computing, one can 
conclude that the region

d

8
< ρ2 <

8

d

can not be probed analytica"y

d
2

N ∼ e
2π

√

8N

d
2

NK5 ∼ e
−2π

√

N(
√

d
R

α′
−

√

8)



The non-degenerate orbit

I2 =
2−

7

2

c
9

2

2

y
9

2 K 9

2

(y) y = 2
√

c1c2

c1 = 2π(N + N ′) +
πT2

4U2

+
πT2

U2

(N − N ′), c2 =
πT2U2

4

The non-degenerate orbit is exponetia"y suppressed with respect to the 
degenertate orbit

I
non−deg
N = −N

√

U2

4T2

∑

N,N ′=0

dNdN ′

∑

{ni,li}

e
iπT

2 e
2πi(N−N ′)U1e

πT2

2 · I2



Minimizing the potential

V (ρi) = −(−1)(m+n)·ε

∫
F

dτ2

τ
6−d/2
2

e−2πτ2m2(ρi)

∂V2(ρi)

∂ρj1

= (−1)(m+n)·ε

∫
dτ2

τ
6−d/2
2

(2πτ2)e
−2πτ2m2(ρi) ∂m2(ρi)

∂ρj1

Extremization condition

Unique solution:  ρi = 1 −→ Global minimum

F

∂m2(ρi)

∂ρj1

=

[

∑

i

(

|ni|ρi − |mi|
1

ρi

)

] [

|nj1 | +
|mj1 |

ρ2
j1

]

= 0



The potential around the self-dual point

IΛ =
∞
∑

N=0

∑

!m,!n

(−1)(!m+!n)·ε
dNdN+!m·!n

1

6

[

(2 + A(A − 1)) e
−A + A

3
Ei(−A)

]

A = 2π

[

2N + "m · "n +
1

2

(

(
"m

ρ
)2 + ("nρ)2

)]

Compute         numerica"y;                                                             
The largest contribution comes /om sma" N, m, n.

F = Λ + λ

IΛ

IF = IΛ + Iλ, Iλ << IΛ
V ≡



τ1

τ2

−1/2 +1/2

11

Λ

λ

Breaking up the fundamental domain



The numerical computation
ρ

IΛ(ρ) V (ρ)′′|min ∼ ln τ2

τ2 −→ ∞

1



The numerical computation
ρ

IΛ(ρ)
2nd order 

phase transition V (ρ)′′|min ∼ ln τ2

τ2 −→ ∞

1
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Self-dual point



Off-diagonal G/B moduli introduce tachyons, just as 
a tiny magnetic field destabilizes the system in the Ising model.    

The only way to be safe is to project them out

• A                                  orbifold projects out a" off-diagonal G-
moduli

• Orientifolding projects out the B-moduli

• These operations are not expected to introduce new 
contributions to the potential

T 6/{Z4 × Z4}

A caveat and the way out
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Potential with non-radial moduli

Tachyonic direction

Radial directions



Conclusions

• Non-supersymmetric vacua in string theory can be stable if 
a self  T-dual projection is applied and a" tachyonic modes 
are projected out

•  A class of such vacua have a very interesting thermal 
interpretation

• It is we" worth trying to find more general duality 
invariant projections or look for metastable vacua

• Combine this mechanism with SM model building with 
intersecting branes


