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e One of the goal in theoretical physics is to understand the microscopic
origin and the meaning of the black hole entropy.

e From macroscopic point of view the black hole entropy is given in the
leading order by Bekenstein-Hawking formula

A

S = —
BH 4G

"One of the surprising feature of this formula is its universality”

e It applies to all kinds of black holes with all charges, shapes and rotations,
even to black string



e Following Boltzmann we would like to think about this entropy as some-
thing which counts the number of microsates of a system

In general it is difficult to understand this question, though there are sev-
eral examples in the context of string theory where we can understand the

entropy.

The question is how to find the system?



The procedure

1. Identify a system and its degrees of freedom

2. Identify the corresponding ensemble

3. Compute the statistical entropy Sg;

Now the question is

If SBH — SSt e

It is important to note that a priori it is not obvious which definition of the
statistical entropy should be compared with the macroscopic entropy



T his equality has two sides: Spy and Sg;

Spr: One needs also to develop a way to compute the entropy when higher
order corrections to the leading order action are also taken into account.

It is known that with these corrections we have deviation from area law and
in fact the entropy can be given by Wald formula for entropy (R.M. Wald,
gr-qc/9307038)

In recent years our understanding of corrections to the black hole entropy
has increased considerably. In a gravitational theory using the Wald entropy
formula one can find the contribution of higher order corrections to the
tree level Bekenstein-Hawking area law formula and then compare it with
microscopic description of entropy coming from microstate counting in string
theory.

How to compute the entropy using Wald formula?



Following Wald the entropy can be interpreted as the Noether charge. Under
some assumptions the Wald formula for entropy is given by (R.M. Wald, gr-
ac/9307038)

oL
S — 27T/ eluyepo'
Hor aR'uypo'

eyr IS binormal to the horizon normalized as ¢;pc/'” = —2

In general it is also difficult to compute the entropy using the Wald formula.
Not only we need the higher order corrections, but we need the corrected
geometry too

For extremal black it is a way to compute the black hole entropy : Sen
entropy function formalism (A.Sen, hep-th/0506177)

In four dimensions an extremal back hole is defined as a black hole whose
near horizon geometry is AdS> x M»



Entropy function formalism

e Assume that the Lagrangian density can be expressed in terms of gauge
invariant field strengths.

e Using the near horizon symmetry we consider the following ansatz for near
horizon geometry

d 2
ds? = vy (—r2dt? + r%) 1 us(dO? + sin2 6 de?)
X7 = u[:constanta
P .
F2 = e, Fpt, = —siné
tr € GQb 27T

e Let's denote by f(i,, e, p) the Lagrangian density evaluated for the above

geometry
£, 7,2.p) = /d@ dp\/— det g



e Define the entropy function as & = 2n(&- ¢ — f)

e [ he parameters are fixed by extremaizing the entropy function with respect
to them
08 _ 08 _ 08 _
ov; Ouj  Oed

e [ he entropy is given by

S = g|extr.



Explicit example

Statistical entropy

e Consider Heterotic string theory compactified on T2 x S1.

e Consider a fundamental string wrapping w times along S! and carrying
momentum n

e One has Ny, — Np =1 4+ nw

e For SUSY (n > 0) one may set Ngp = 0 and therefore the partition
function is given by Z(q) = n(q) %%



e The degeneracy is given by Z(q) = q_lsz—qu

e For large N one has

dy ~ N~27/% exp(4mV/N)

e [ he naive statistical entropy is given by

27
Sg; = Indy = 4m/nw — By In(v/nw)
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Macroscopic entropy

e At leading order the action is give by

_ 1 4 —2¢
S = 32—7T/d x\/—detge

— X729, X0PX — X2(F1)2 — X72(F?)?

R+ 40,¢0M¢

e Using the near horizon geometry ansatz the function f at leading reads
(A.Sen, hep-th/0508042)

V1V2U1 2 2 Dule? 2e2

e At leading order we get Sy =20
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o At R? level we have

AL = A(RuypoR*P7 — 4R RM 4 R?)

with
3 D¢ —Dhnd 1 o
T6q2 M(2e Tnle T & foe T
e From first term we find Af = —2uq and therefore we get

Spy = 4mv/nw

e T[aking other terms we get

Spyg = 4mv/nw — 121ny/nw

which disagrees with Sg;

12



One needs to be careful about the definition of the entropy. If we had used
different ensemble, we would have gotten another answer.

Consider a grand canonical ensemble and a chemical potential © conjugate
to nw . So the partition function is

eF (1) — Z dN_le—u(N—l)
N

The entropy is Sg¢ = F(u) + pnw which is going to be the same as Sgy
(A.Sen. hep-th/0411255)
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This method works for both supersymmetric and non-supersymmetric.

e In non-supersymmetric case using using the equations for parameters one
gets

E=Vers(d)
To get stable solution
OE 52E
— =0, —— >0
O 8¢2

See for example:
K. Goldestein, N. lizuka, R.P. Jena and S.P. Trivedi, hep-th/0507097
A. Sen, hep-th/0506177

M.A. and H. Ebrahim, hep-th/0601016
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e One may also consider N/ = 2 in for dimensions which could be obtained
from type IIA string theory compactified on a Calabi-Yau. The theory can
be described in terms of special geometry where prepotential plays an
essential role.

Higher order corrections are given by one-loop correction to the prepotential

In this case for the SUSY solution one gets
4
F(elph) = —2im (SP(xTw))
w
with
I _ Y, 1, .1
X' = (e +ip")
3
See
B. Sahoo and A. Sen, hep-th/0603149
M.A. and H. Ebrahim, hep-th/0605279

G.L. Cardoso, B. de Wit and S. Mahapatra, hep-th/0612225
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Five dimensioal Black hole

Consider five dimensional N/ = 2 supergravity. This can be obtained from
M-theory compactified on Calabi-Yau threefold

e T he five dimensional theory contains the gravity multiple coupled to
h(1,1) — 1 vector multiplets

e The (h(;1)— 1) dimensional space of the scalars can be regarded as a
hypersurface of a h(y 1)y dimensional manifold. The hypersurface is defined

by
1
ECUKX[XJXK =X'X;=1, LJLK=1, k1)

where
o (75 intersection number of C.Y.
e X!: the volumes of 2-cycles

e X the volumes of 4-cycles
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e [ he bosonic part of the Lagrangian is

1 1 1 : :
L = ER - ZGIJF,L{VF’MV S - Egz‘jau¢za“¢]

—1

g
+ —48 CMVPU)\C]JKFIL{VF/&]UA?
where (X = X (¢))
1 Ia vJ
Gry = —Ealaj logv|,=1 , Gij = Gry 0; X 90;X"|,=1

There are several known supersymmetric solutions for this model including
Black hole, Black string, Black ring, Rotating black hole

The near horizon geometry could be either AdS> x S3 or AdSs; x S? or some
deformation of them.
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e For a black hole with near horizon geometry AdS> x S3 we use the
entropy function formalism

e For the case with AdS3 x S2  as near horizon geometry it is useful to use
the c-extremization method (P. Kraus and F. Larsen, hep-th/0506176)
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c-extremization

. Consider a black string solution with near horizon geometry AdS3 X 52

. Consider an ansatz

I
ds = 13ds% pg, +12ds2,, X! =cont. Fj,= %Sin 0

. Define the c-function as

c = —6l§’1l?g£
. Extremize the function with respect to the parameters

. For a theory with equal left and right moving central charge one gets

Cc — C|emtr.
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An example

Using the two-derivative action the parameters of the ansatz are obtained
by extremizing this function with respect to them

oc oc oc
— = , — = O, p—
Ol 4 Olg ox1
The above equations can be solved leading to
lg=2lg = (ECIJKPIPJPK 13, xI = P
6 (Cryxp'p/pF)L/3

T he central charge for the black string at two-derivative level is

I J K
c= Cryxp'p’p
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As far as the five dimensional black holes are concerned, We note that
although the microscopic origin of N/ = 8,4 five dimensional rotating black
holes has been understood for a decade , the origin of the entropy for five
dimensional N/ = 2 black hole has not been fully understood yet.

We would like study higher derivative corrections to N = 2 five dimensional
black holes.

To do this we will work with the full 5D supersymmetry invariant four-
derivative action, corresponding to the supersymmetric completion of the
four-derivative Chern-Simons term which has recently been obtained (K.
Hanaki, K. Ohashi and Y. Tachikawa, hep-th/0611329)
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Although in the leading order we use very special geometry, sometime it
is useful to work with a more general context, namely the superconformal
approach. This approach, in particular, is useful when we want to write the
explicit form of the action. In this approach we start with a five dimensional
theory which is invariant under a larger group that is superconformal group
and therefore we construct a conformal supergravity. Then by imposing a
gauge fixing condition, one breaks the conformal supergravity to standard
supergravity model.
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T he representation of superconformal group includes Weyl, vector and hyper
multiples.

1. Weyl multiplet

b
62, w/u V,LL7 Ua » X D

2. Vector multiplet

A,{% XI) QI7YI7 1217"'7n?)

The hypermultiplet contains scalar fields Ag where 1 = 1,2 is SU(2) doublet
index and a = 1,---,2r refers to USp(2r) group.

Although we won't couple the theory to matters, we shall consider the hyper

multiplet to gauge fix the dilataional symmetry reducing the action to the
standard N = 2 supergravity action.
23



Since the Weyl and vector multiplets are irr. rep. the variations of the
fields under SUSY transformations are independent of the action. This is
the point of retaining the auxiliary fields

The supersymmetry variations of the fermions in Weyl, vector and hyper
multiplets are

. 1 . .
5¢L p— DME,"Z _I_ §'Uab/yluab€,l — ’YMT]Z,
5Xi — D<]€:L — 27 SiDa’ch — 299" 6a calefvbcvde + 4y - Uni,
59]2 — T . FI(S’L - aa XI_XI ’L’
4'7 2’7 a |
6¢Y = "04AF — v ve AT 4+ 3AN
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In this notation at leading order the bosonic part of the action is

/de Lo
167TG5

with

- D
Lo = 0sA0A7 + (2v + AQ)Z + (2v — 3A2)§

+ (6v — .Az)— + 2vg ({bvab
1
+ ZV]J(F FJ ab 4 29, x19%Xx7)

—1

where A% = A AX b 32 = fvabvab and

1 1
V= ECIJKXIXJXK’ vy = ECIJKXJXKa vy =Cryr X"

25



To fix the gauge it is convenient to set 42 = —2. Then integrating out the
auxiliary fields by making use of their equations of motion one finds

1 . .
Lo = R— 5G 1y FLET — Gii0,¢'9%)

g I K
+ zeabcdeC«IJKFab};v(:{lAe
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The supersymmetrized higher order Lagrangian (K. Hanaki, K. Ohashi and
Y. Tachikawa, hep-th/0611329)

_cor|l 4 Ta~befg~de L 1 ~abed
L1 = oa 1—69 €abede A C C fg + éX C Cabed

L vrn2 o Lo L1 ab, cd

—|— —X'D —|— —F ’UabD — —X Cabcdv (%

_ EFIabCabchCd 4+ gX[Uaijbﬁc’Uac 4+ gXlija’chijavbc
4 _ _ 2 _

_I_ glea’UbCDb’Uca . ge—leeabcdevab,UCde,vef
2 _ _

+ ge—lFIabeabcdevcde,Uef + e_lFIabeabcdevchdvef
4 1

. _Flabvacvcdvdb . §F[ab,vab,UQ + 4leabvbcvcd?)da’

T Xl(vabvab>2 )

where C .4 IS the Weyl tensor defined as

1 4
b _ pab [a cb] la pb]
Ca' Cd p— Ra’ Cd —I— ng C5 d] - 55 [CR d] .
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Black string

Consider five dimensional extremal black string solution whose near horizon
geometry is AdS3 x S?2 given by the following ansatz

I
ds = 13ds%pg, +12ds2,, X' =cont. Fl,= % sin

The c-function is
c= —6 lil% L

In general it is difficult to solve the equations of motion explicitly. Never-
theless one may use the supersymmetry transformations to fix some of the

parameters. The remaining parameters can then be found by equation of
motion of the auxiliary field D.

From the supersymmetry transformations for our ansatz one finds

12 ;8 3

D="". = —vx! = v=_T,, [y =2l
l%« p 3 8A A S
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On the other hand the equation of motion of auxiliary field D is
1 Vpl
“CpXIxIXK 4+ 2L (pxT 4 27 ) =1
6 72 l'g

which can be recast to the following form
1

2

1214

Setting co;y = 0 , it reduces to v = 1 where one can define very special
geometry underlines the theory at leading order.

CQIXI = 1

1
EC’UKXIXJXK +

It is then natural to define the dual coordinates X; as

1
X;= CrpX/ XK+~ _¢
1= cCLK +121124 27

such that X; X! =1.

~

From the supersymmetry conditions one has X1 = p—A. Plugging this into the
above expressions we get

1

15 = —CIJKP p’ptt + ECQIP
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I

XI _ p
— /1 1 ’
(£Crirp p'pK 4+ f5c0p1)1/3
1 1
X7 = ECIJKPIPK + 12C21

1 1
(£Crirp P pK 4+ F5c0/p1)?/3

The corrected central charge is

I J K, 3
c=CrjKp p’p +Zcz-p

We have observed that adding higher derivative terms will change the feature
of the very special geometry in such a way that the leading order constraint
v = 1 is not satisfied any more.
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We would like to generalize the notion of very special geometry when higher
order corrections are also taken into account. It is possible to do that due
to new progresses which have recently been made in computing the higher
order correction using the fully supersymmetrized higher derivative terms.
We note, however, that the notion of generalized very special geometry
depends on the explicit solution we are considering.

Since the leading order constraint v = 1 defining the very special geometry
IS, indeed, the equation of motion of the auxiliary field D, we will also define
the constraint for the generalized very special geometry by making use of
the equation of motion of field D in the presence of higher derivative terms.
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Using the black string ansatz and taking into account the supersymmetry
constraints the corresponding equation can be recast to the following form
1

1
5 CQIX — 1.
1215

1
6CUKXIXJXK +

There is an auxiliary two-form field v, which could be treated as an ad-
ditional gauge field in the theory with charge po. Accordingly, we could
introduce new scalar field X9 such that in the near horizon geometry one
may set XY = ];—j.

1 IviyvK o 1 0N2 v ] _
EC[JKX X7 X"+ 12(:2](X )< X |po:1 = 1.
- 0 _— p° _ _ 3 10
One may also define F@q5 = 5 sin® such that vyy = 4ZAF%.
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1. Obviously working with this notation all expressions reduce to those we
had for p° = 1, though it is not a solution for p° # 1. Nevertheless
we will work with p® # 1 with the understanding that the solution is

obtained by setting p® = 1.

2. It is worth noting that in general the auxiliary field v, cannot be treated
as a gauge field, though it can be seen that for the models we are going
to study it may be considered as a gauge field.
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Let us define new indexes

AB,---=0,1,J---
so that

%CABCXAXBXC =1

where Cypc = Crjx for A,B,C = I,J,K and Cpo;r = 2t and the other
components are zero.

It is natural to define X4 and the metric C'4p as follows

1 1
Xp = ECABCXBXca Cap = ECABCXC

More explicitly one has

X;= lCIJKX']XK + 21(x92, Xo= CQIXIXO
6 36 ’ 18
and
1 K COT 0 cor X!
Cry==Crye XX, Cro=2Lx0 Coo =
17 = ¢CrK 10= 3¢ 00 36
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It is easy to verify that

XAXA =1, X4=0CupXB, CupXxixP =1

Following the standard notion of very special geometry, the magnetic central
charge may be defined as

Zm = X gp”
The near horizon parameters are fixed by extremizing it
8; Zm = 8; X 4p”* = 0
So that X4 = p?/Z,

1 1/3
Im = <—CABCPAPBPC>

° 1/3
(p©)? I
[ C2IP

1
(gCIJKPIPJPK +
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Example

At R? level the solution can be written as follows

ds? = Z(da: — 2rdxdr + —5 + d0< + sin© 0 d¢~),
T
Ji I
A = P cos6 do, xI =2
2 LA
A0 = _Lcosg dé,  with 0= _ 1, FO

1/3
where [4 = (%CIJKPIPJPK + F5corp! ) :

In writing the metric we have used the fact that AdS3 can be written as St
fibered over AdS».
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In the notation of generalized very special geometry one get

ZQ

d 2
ds® = “;M(da® — 2rdudr + =+ d6? +sin? 9 dg?),
p* 1 A
A = ——-cosbds, Zy =_-Cyupeppp”, X' =_——

Consider the total space of U(1) bundle over the above metric to define a
six dimensional manifold with the metric

2 Zg 2 dr 2, 2
dsg = Tm(da: — 2rdrdt + —5 + o1 + 5)
T

+ (2X4Xp — Cap)(dy™ + AN (dyP + AB)

Here o; are right invariant one-forms such that

o2 + 05 = df + sin? 0 d¢?
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Define new coordinates z,1 as
__2cosB

1
yA — A 4 (sin B — 1)XAXB,ZB — —pA@D, x = —XAzA
2 Zm

where sin B is a constant which its physical meaning will become clear
later.

We define the coordinates such that the new coordinates have the following
identification

Y~ 4+ 4mm, zA ~ zA -+ 27TnA,

where m and n? are integers.

Using the new coordinate @y one can define the right invariant one-forms by

o1 = —Sinydf + cosy sin Bdo,
o> = COSdf + siny sin 8do,
03 = dy + cosO0do
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In terms of the new coordinates the six dimensional metric reads

72 dr?
ds2 = T[—(cosBrdt—l—SinBagg)z—l—r%—l—a%—|—a§—|—a§]

+ (2X4Xp — Cup)(dz? + AN (d2P + AP),
~ A
where A4 = —L-(cos B rdt + sin Bos).
The obtained six dimensional manifold can be treated as the total space of a
U(1) bundle over BMPV black hole at R? level. Therefore we can reduce to

five dimensions to get BMPYV black hole where higher derivative corrections
are also taken into account.
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The resulting five dimensional black hole solution is

l2 d 2
ds?® = ZA[—(cosBrdt—l—sinBag)Q—|—TL2-|-G%_|_U§_|_J§],
1 I
Al = —%(COSB rdt + sin Bog), Xf:?_
A
7 1 37 .
A% = —E(COSB rdt 4+ sin Bog), UZ_ZZAFO

From this solution we can identify sin B as the angular momentum, J, of

the BMPV solution through the relation sin B = %
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Black Hole

Consider a five dimensional extremal black hole whose near geometry is
AdS> x S3.

Let us start with the following ansatz for near horizon geometry
ds = lidS%DSQ + l%dsgg,, x! = cont. FTIt =el, vu=V

The entropy function is given by

& =2n(elqr — fo+ f1)
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Jo = _lAlS D + (2—7>— 2 V
2 2 2 \1Z 13 i
41/161 I/IJGIGJ

- Td 4
14 214 i
I 4 3

Co1 .2 3 X 1 1 4V Ji 4V T

fr = Slals <2—2> Tg X Tog€
48 4 \13 13 51 318
[N/I+:D2 ; 2v2x! 3.5
31% 12 3% \i2 173

ka<1 1>]
— 2 |27
a \lg I3

At leading order where only fg contributes, one has

Jo =

6) 1
l2 12 + 4(V1VJ —vry)ele ]

(6 _I_G[JeI J>
2 2 4
2 13 14

15
24
15
—l
24
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It is easy to extremize the entropy function with respect to the parameters
to find 14,lg, X! and el.

In particular for STU model where C123 = 1 and the other components are
Zero one gets

(q19293)1/3 1 (q1¢0q3)1/?
lg =24 = (q1q2q3) /%, X! = Lel ==
qr 2 qr

and the corresponding black hole entropy is

S = 2m\/q192q3

To study the higher order corrections we use the SUSY transformation to
simplify the equations. For our ansatz the supersymmetry conditions lead
to
3
—,
¥

3

4
D= F'= _“yx! — v=_-Zi1,, l¢=2I
€ 3 4A S A
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Setting X! —l and defining E = 2Cjxele’eX one has

1 3 6
v ==k, I/IeI = 5L, V]J€I€J = —F

In this notation the equation of motion for auxiliary field D reads

b3 +z3 DXT  vel 0
A (AL Ve
AT 12 e 34

I
so that 14 = 3(8E — 2[%)1/3.

By making use of the expressions for the parameters D,V, X! and lg given
above, the entropy function gets the following simple form

1
£ = 2n(qre! —4E 4+ éCQ]@I)

= 27 (QI-I-—CQI)@ — 501 grelelelt

44



Extremizing the entropy function with respect to el we get

1
20 e’el = qr + gc2!

The entropy is also given by

where q?_ = q7 + %02[

In particular for STU model we get ¢! = (¢7 ¢ a3 )1/2/26_][ so that

(12] 1
204 = (¢faded)/o(1 - 23
12q
1
( )1 /3 1
XI dq C]Q d3 ( B CQI_)—1/3
+ 12 1

dr
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The entropy is

S =2m/af qf o

The entropy of the black hole at R2 |evel has the same form as the tree
level except that the charges g;'s are replaced by shifted charges q; 's

This result can be used to see how the higher order corrections stretch
horizon. For example if we start by a classical solution with g3 = 0 we get
vanishing horizon (small black hole) and therefore the entropy is zero.

Adding the R2 terms we get a smooth solution with a non-zero entropy give
by

€21
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It is also instructive to compare the results with the case where the higher
order corrections are given in terms of the Gauss-Bonnet action. In our
notation the Gauss-Bonnet term is given by

I
_ abed ab 2
Lo =55 =5 (R Rabed — 4R"Rap + R?)

It can be shown that with the specific coefficient we have chosen for the
Gauss-Bonnet action, we get the same results as those in supersymmetrized
action.
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To extend the solution for a general model we will have to solve a set of
equations

CIJKxeK:a‘Ia I:]-a?N

for given Crj and ag.

An interesting observation we have made in this paper is that the solution of
the above equation can be used for both tree level case and the case when
the R2 corrections are added. The only difference is that in the presence of
R2 terms one Just needs to replace ay by another constant which is related
to it by a constant shift.
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The corresponding microscopic description of this black hole has not fullu
understood

(See however C. Vafa, hp-th/9711067, and M.X. Huang, A. Klemm, M.
Marino and A. Tavanfar, arXive:0704.2440[hep-th])

One may compare this with other method like D4/D5 connection

Using the correct definition of charges in 4D and 5D we get the same result

49



