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Motivation

• String description of pure (Super) Yang-Mills theory, or more

generally of confining gauge theories.

• Understand string theory, D-branes in highly curved backgrounds.

Supergravity not a priori a good approximation, need exact sigma

model.

• Understand holography in linear dilaton backgrounds.

• Generalize the remarkable understanding of low dimensional string

theory (Liouville theory ⇔ Matrix models) to higher dimensions.



Plan

A) Closed string background and D-branes:

• A class of exact Superstring Backgrounds with target space

Rd−1,1(× cigar) (Non-critical superstrings in d dimensions).

• A consistent class of 1
2 BPS boundary states in these backgrounds.

• These realize on their worldvolume pure SYM in d = 2, 4, 6 as the

low-energy effective theory.



B) Modified geometry for closed strings:

• Compute backreaction of these boundary states onto the above

background.

• Understand gauge theory quantities holographically.



The Cigar Background

θ

ρ

R

ds2 = dρ2 + tanh2

(
Qρ

2

)
dθ2; θ ∼ θ +

4π

Q

Φ = − log cosh(
Qρ

2
); gs = eΦ.

Consistent String Background (at tree level)

Dhar, Mandal, Wadia; Elitzur, Forge, Rabinovic; Witten.

2DaDbΦ +Rab = 0

CFT: SL2(R)/U(1) supercoset at level k = 2/Q2, R =
√
kα′.



Conformal Field Theory

Asymptotically, N = 2 linear dilaton:

Tcig = −1

2
(∂ρ)2 − 1

2
(∂θ)2 − 1

2
(ψρ∂ψρ + ψθ∂ψθ) −

1

2
Q∂2ρ

G±

cig =
i

2
(ψρ ± iψθ)∂(ρ∓ iθ) +

i

2
Q∂(ψρ ± iψθ)

Jcig = −iψρψθ + iQ∂θ ≡ i∂H + iQ∂θ ≡ i∂φ

String Background: Cigar ×Rd ⇒

c = 3(1 +Q2) +
3

2
d = 15.

⇒ Q =

√
8 − d

2
.



N = 2 Super Liouville Theory

Sint = µ

∫
d2zψψ̃ e−

1
Q

(ρ+ρ̃+i(θ−θ̃)) + c.c

where ψ = ψρ + iψθ is the superpartner of ρ+ iθ and ψ̃ is its

rightmoving counterpart.

• Chiral U(1) R symmetry on the worldsheet;

ψ → ψeiα, θ → θ +Qα;

Involves bosonic spacetime coordinate.



Symmetries of the theory

• Chiral R symmetries on the worldsheet

R =

∮
dz∂φ,

R̄ =

∮
dz̄∂̄φ,

• Momentum

P θ =

∮
dz∂θ +

∮
dz̄∂̄θ.

• Winding broken by condensate.



Type II theories: Spacetime Supersymmetry

Kutasov and Seiberg

• Exponentiate U(1) R symmetry on worldsheet

⇒ Spacetime Supercharge.

S = e−
ϕ
2 +iφ

2 .

• Algebra:

{Sα, S̄β} = 2γµαβPµ, or {Sα, S̄β̇} = 2γµ
αβ̇
Pµ.

• Translation around the cigar P θ is an R symmetry in spacetime:

[P θ,Sα] =
1

2
Sα, [P θ, S̄α̇] = −1

2
S̄α̇.



Closed string Spectrum, IIB theory

S.M. hep/th 0305197

NSNS:

• Graviton mulitplet (GIJ , BIJ ,Φ).

• (Non-tachyonic) scalar T with non-zero momentum/winding.

RR:

• form fields appropriate to dimension.

Eg: d = 4, IIB theory, C0, C2.

+

• Tower of states



SL(2)k/U(1): a few details.

• Primary fields on SL(2)/U(1) are V jm,m̄.

∆j
n,w = −j(j − 1)

k
+
m2

k
, Qjn,w =

2m

k
.

where the U(1) quantum numbers are related to the momentum and

“winding” by:

m =
n+ kw

2
, m̄ = −n− kw

2

• Reflection:

Φ−j+1
m,m̄ = R(−j + 1,m, m̄)Φjm,m̄

R(j,m, m̄) = ν1−2j Γ(−2j+1)Γ(1+ 1−2j
k

)

Γ(−2j+1)Γ(1+ 1−2j
k

)

Γ(j+m)Γ(j−m)
Γ(−j+1+m̄)Γ(−j+1−m̄)



Supercoset Representations

• Continuous representations

j =
1

2
+ iP, P ∈ R+

0 .

• Discrete representations

1

2
< j <

k + 1

2

with

j + r = m, j + r̄ = m̄.

r, r̄ are (half) integers for (R) NS sector.

• Asymptotically, Φjmm̄(ρ) ∼ e(j−1)ρ.



D-branes and Open String
Theory



Boundary State

• General form of boundary state:

|B〉 =
T

2

∑

α

|BXµ,ψµ〉α ⊗ |Bcigar〉α ⊗ |Bghost〉α

with α = NS,NS(−)F , R,R(−)F .



• Branes filling Rd−1,1 obey:

∂τX
µ(σ, 0)|BXµ,ψµ〉 = 0,

(ψµ − iηψ̃µ)|BXµ,ψµ〉 = 0,

µ = 0, 1..d− 1

• Solution:

|BXµ,ψµ〉 =

exp

[
−

∞∑

n=1

1

n
αµ−nηµν α̃

ν
−n − iη

∑

r>0

ψµ−rηµν ψ̃
ν
−r

]
|0, η, kµ = 0〉NS/R

r (half) integer for (R) NS sector.



• For |Bcig〉 localized on the cigar, use the N = 2 algebra.

• B type boundary conditions: JR = −J̃R, G± = iηG̃±.

Solution: |Bcig〉α =
∑
j,n,w Ψj,α

n,wΦj,αn,w|0〉α.
with

Ψj,NS
n,w = k−

1
2 (−1)wδn,0 ν

1
2−j

Γ(j + kw
2 )Γ(j − kw

2 )

Γ(2j − 1)Γ(1 − 1−2j
k )

Ψj,ÑS
n,w = iwΨj,NS

n,w

Ψj,R±
n,w = k−

1
2 (−1)wδn,0 ν

1
2−j

Γ(j + kw
2 ± 1

2 )Γ(j − kw
2 ∓ 1

2 )

Γ(2j − 1)Γ(1 − 1−2j
k )

where kν−1 ≡ (gtips )−2 =
(
µ
k

) 2
k = µ̃ Γ(1/k)

Γ(1−1/k) .



Following

Zamolodchikov,Zamolodchikov, Fateev,Zamolodchikov,Zamolodchikov

for D-branes in Liouville,

Hosomichi; Ahn, Stanishkov,Yamamoto; Eguchi and Sugawara

D-branes in N = 2 Liouville.

Following

e.g.: Ribault, Schomerus

for D-branes in bosonic cigar,

Israel,Pakman,Troost.

D-branes in N = 2 cigar.



Annulus Partition function

Z(t) = Tr
(
e−2πtLop

0

)
= 〈B|e−sLcl

0 |B〉, s = π/t,

= Vd

∫
ddk

(2π)d
e−2πtk2 1

2

(
ZNS(t) − ZÑS(t) − ZR(t) − ZR̃(t)

)

= 0.



ZNSDp (t) =

(
Θ00(it)

η3(it)

) d−2
2

× Θ00(it)

η3(it)

∑

s∈Z+ 1
2

1

1 + qs

(
q

s2
−s
k − q

s2+s
k

)

ZÑSDp (t) =

(
Θ01(it)

η3(it)

) d−2
2

× Θ01(it)

η3(it)

∑

s∈Z+ 1
2

(−1)s−
1
2

1 − qs

(
q

s2
−s
k + q

s2+s
k

)

ZRDp(t) =

(
Θ10(it)

η3(it)

) d−2
2

× Θ10(it)

η3(it)

∑

s∈Z

1

1 + qs

(
q

s2
−s
k − q

s2+s
k

)

ZR̃Dp(t) =

(
Θ11(it)

η3(it)

) d−2
2

× Θ11(it)

η3(it)

∑

s∈Z

(−1)s

1 − qs

(
q

s2
−s
k + q

s2+s
k

)
.



Open String theory on D3-branes and N = 1 SYM

• Massless modes:

ǫνψ
ν
− 1

2
|kµ, NS〉, uα|kµ,Σα, R〉.

BRST invariance ⇒

kµkµ = 0, kµγµu = 0.

kµǫµ = 0, ǫµ ≡ ǫµ + kµ.

Gauge Boson Aµ, Gaugino λα.

• Other modes have masses m2 ∼ α′−1.



SUSY

Exactly half of the supercharges in the bulk are preserved by the

brane:

Sα + S̃α ≡ Sbdryα , S̄α̇ + ˜̄Sα̇ ≡ S̄bdryα̇ .

{Sbdryα , S̄bdry
β̇

} = 2γµ
αβ̇
Pµ

[
P θ,Sbdryα

]
=

1

2
Sbdryα ,

[
P θ, S̄bdryα̇

]
= −1

2
S̄bdryα̇



⇒ Low energy limit of the worldvolume theory is pure N = 1 SYM:

SYM =
1

g2
YM

∫
d4x Tr

(
1

4
F 2 + λ̄∂λ

)
.



Closed String Physics



Two technical results

• Correct tachyon wavefunction:

T phys(ρ) = µ lim
k→1

e±i
√

k
2 (θ−θ̃)

(
e−kρ +R(k)e−(2−k)ρ

)

= µ lim
ǫ→0

e±i
√

1+ǫ
2 (θ−θ̃)

(
e−(1+ǫ)ρ +R(1 + ǫ)e−(1−ǫ)ρ

)

= −(µǫ) ρ e
±i 1

√

2
(θ−θ̃)

e−ρ ≡ µren ρ e
±i 1

√

2
(θ−θ̃)−ρ

• Renormalized couplings for k = 1:

(gtips,ren)
−2 = µ2

ren = µ̃ren ≡ ν−1.



Backreaction onto Closed String Modes

• Propagating mode (j, n, w):

|V(k)〉 =
[
Vflat|0, kµ〉X,ψ

]
⊗

[
Φjnw|0〉Cig

]
.

• First order backreaction on the mode by |D3〉

δΦ(k) ≡ 〈V(k)|L−1
0 |D3〉 =

δ4(kµ)
1
2k

µkµ − j(j + 1) + ∆int

Ψj
nw.



Position space: Geometrical Approximation

• Find position space solutions to equation of motion (semiclassical).

• Note: Solution to Laplacian on the six dimensional background

factorizes Vk,P (xµ, ρ) = eikµX
µ

φP0 (ρ).

• “Fourier transform” backreaction in momentum space using the

above solutions as basis.



Example: Backreaction on metric

• The delta-function normalized minisuperspace field is

φgrav0 (ρ, P ) =
[
(sinh ρ)2iP−1F

(
1

2
− iP,

1

2
− iP ; 1 − 2iP ;− 1

sinh2 ρ

)

+Rgrav(−P )(sinh ρ)−2iP−1F

(
1

2
+ iP,

1

2
+ iP ; 1 + 2iP ;− 1

sinh2 ρ

)]

where

Rgrav(P ) ≡ Γ(2iP )Γ( 1
2 − iP )2Γ(1 + 2iP

k )νiP

Γ(−2iP )Γ( 1
2 + iP )2Γ(1 − 2iP

k )ν−iP



In position space:

1

N
hIJ (xµ, ρ) = ηIJ

∫ ∞

0

dP Ψgrav(P )
1

P 2 +M2
φgrav(ρ, P )

= ηIJ
∫ ∞

−∞

dP
1

P 2 +M2
νiP

Γ( 1
2 − iP )2

(Γ(−2iP )Γ(1 − 2iP ))
×

(sinh ρ)−2iP−1F

(
1

2
+ iP,

1

2
+ iP ; 1 + 2iP ;− 1

sinh2 ρ

)

≡ ηIJIgrav



Complete the integral to a contour and use Cauchy’s theorem

⇒ Pick residue of the integrand at the pole P = +iM = i
2 .

Igrav =
2πi

2iM
ν−M (sinh ρ)−2M−1F

(
1

2
+M,

1

2
+M ; 1 + 2M ;− 1

sinh2 ρ

)

= 2πν−
1
2 (sinh ρ)−2F

(
1, 1; 2;− 1

sinh2 ρ

)

= 2πν−
1
2 log

(
1 +

1

sinh2 ρ

)
.



Summary of Backreaction Results

N D3-branes at the tip of the cigar source:

• Graviton-dilaton multiplet:

hIJ (ρ) = ηIJ2πN log

(
1 +

1

sinh2 ρ

)

−→ ηIJ
[
2πNe−2ρ

]
as ρ→ ∞

−→ ηIJ [4πN log ρ] as ρ→ 0.



• Tachyon (N = 2 Liouville coupling)

δT phys = cosh−1 ρ;

−→ e−ρ, as ρ→ ∞
−→ 1, as ρ→ 0

• RR axion with a constant field strength.

χ(ρ, θ) = Nθ



Running gauge coupling

• Near the tip of the cigar, we find:

δ(e−Φ) ∼ N log ρ.

• Semiclassically,

SD3 = T

∫
d4x

(
e−ΦTrF 2 + ...

)

• ⇒ Holographic “prediction” of running gauge coupling:

1

g2
YM

− 1

g2
YM,0

∼ N log(ρ/Λ)

• Liouville (radial) direction ρ plays the role of the scale in the gauge

theory.



Instantons and Chiral U(1)R Symmetry Breaking.

• U(1)R symmetry of the Super Yang-Mills theory is realized in the

string theory dual as the conserved U(1) momentum around the

cigar.

• D3-branes at the tip source χ(ρ, θ) = Nθ.

⇒ U(1)R is broken to Z2N. Can be checked by a D-instanton probe.

• Not clear from our construction how the chiral symmetry is broken

further to Z2.



Conclusions/Lessons

• Found first order backreaction onto the geometry and the fluxes –

first step towards string dual of pure Yang-Mills.

• String theory: Localized branes source Normalizable modes on

cigar, asymptotics not destroyed.

• Gauge theory: Can extract UV information in gauge theory.


