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Introduction



AdS/CFT correspondence

e Superstring in AdSs x S° background: X" =X"(1,0), Y" =Y"™(7,0)

I=vV\ / dr do [Ggf;\gsw 0. X X™ + G5 9, Y MHUY™ 4 fermions|

alsids5 = dp2 — cosh? o) dt* + sinh” p dS2s

g
dsg, = dy” + cos” v de; + sin® v (dyp” 4 cos” ¢ dg) + sin” ¢ dp3)

e Quantization unsolved!

e VA=12" R:Radius of the AdSs x S° background

O&l

s3

Classical limit: v/A — oo,  Quantum fluctuations ( “o-model loops” ): O(1/v/\)

= yields free string theory (g5 = 0)

e Plus: String genus expansion in string coupling constant gg < 1



N = 4 Super Yang-Mills

o Field content: Gluons A, 6 scalars ®;, 4 gluinos P

N
§ == / d*z Tr [$F7, + 5(D,®;)* — §[®4, ®;][®;, ©;] + ferm. ]

(all fields in adjoint rep. — IN X NN matrices)

e Access: Perturbation theory in A & 1/N?, relation to string coupling: | gs = %

Free strings (gs = 0): Planar Yang-Mills (1/N — 0, \ free parameter):

planar gauge theory: A < 1 tree-level strings: v > 1

e N = 4 Super Yang-Mills is quantum conformal theory, gy is not renormalized!

e | AdS/CFT conjecture: Both theories are equivalent!




String spectrum E = Scaling dimensions A

o AdSs x S° string spectrum
H [¢)suing = EQ) [)suing ~ BE(N) =7

e Central observables in gauge theory: Correlation functions of composite operators
e.g. Oa(ﬂi) = TI'[ (I)’il (I)Z'2 ce (I)’Ln]
Two-point functions determined by scaling dimensions A(\, V)

(Oa(z) Op(y)) = (z — y(s)oéﬁmx\,fv) %

May be computed perturbatively in gauge theory: Loops (\) + genera (1/N?)

A=A NAJ+ LA+ )+ XA+ LA )+ 2 BN )

T here: A = n = # of scalars



Gauge theory scaling dimensions = energies of string states

A=A L NAL+ LA+ )+ XA+ L AT )+ £ BN, gs)

e In this talk:
* String side:

Semiclassical methods to determine E(\) in free (gs = 0) string theory
= prediction for Af.

* Gauge Theory:

Determination of A (planar & non-planar) in perturbative gauge theory
= predictions for interacting (gs # 0) strings (A}).



Symmetry structure:

String:  Isometry group: AdSs S°

g 1
S0(2,4) x SO(6)
Gauge theory: Conformal gFoup R—S}}mmetry group

= String states |1)siring are classified by values of corresponding Cartan
generators ( “quantum numbers” or charges):

\E; S1, S35 J1, Ja, J3)
AdSs 55

Dual gauge theory operators carry identical charges = enables identification.

In this talk: Excitations of | &/, .J;,J5 | < strings moving on R x S3




Solution 1: Rotating point particle on S°

7A
t=rk1 p=0 T=3 Pr=KT ¢P2=¢3=%=0 ><
D

Solves egs. of motion & Virasoro constraint (here Si, S5, Jo, J3 = 0)

J classical

27
E:\FA/ do Xo=VAk E
0

2m
le\/X/ g—g(Y1Y2—Y2Y1):\/X/£:ZJ
0

Quantum fluctuations around solution: | X*# = X" (1) + )\1/4 (T, 0)
1

= Energy: FE = V\k+ Es(k) + Eir)+ ...



e Limit of large quantum number: | J — oo with k = J/V/\ fixed. |:II\3AearIZr;S§::1r; }

Nastase

1 -
E = J+Fy(k)+—=F4(k)+... = For E— J: One-loop contribution F, exakt!

VJ

e Quadratic fluctuations yield the action (in light-cone-gauge) (i = 1,...,8)

I, = /deU(% O,xt 0%t — %2 b + fermions)

Free, massive 2d theory = easily quantized < plane-wave geometry  [Metsaey]

e Spectrum:

> .. . | All loop prediction for
_ 1 I';m2 AT A0 PP 5aUse
Ho N Z \/1 + Ao, o, theory in the BMN limit

n=—oo
(N, J — oo with N/J? fixed)!



Spinning strings



2. Solution: Spinning, folded string

nsatz: T
t=rk1T p=0 ~v=— ><
2 D
P1=wi1T @Qa=wasT ¢@3=0 ¢:¢(U)

e Charges| J; & J> # 0 |. Ansatz leads to string action [Frolov, Tseytlin]

\ 27
I = —£ /dT / do [/432 +¢’2 — cos?1p w12 — sin® P wo?
47T 0
With equation of motion

" 4 sin cosy (we® — wi?) =0
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Define w912 1= wy? — wi? > 0, yields “string pendulum” eq.

\I|I=U
d f i}
_wzwzl\/Q—sin%b /;xwo
do
V="
g < 1: Folded string q > 1 Closed string ()" never vanishes)
e Virasoro constraints:
! m v/ ’ /s
0 = X"X, +YPY, =0
! e x . . m/ / / / /‘{(/2 - CL)]_2
0 = X"X,+YPY,+ X" X, +YPY = ¢q= .
W21

assuming wo1? # 0.



Classical energy and angular momentum

Generally
27 . 27 . .
E = ﬁ/o o XV=VAk  Jpg = fA,/O o (X, X, — X, Xp)
Here only J; := J12 and J5 := J34 are non vanishing and become

2m 2m
Ji=Viw / 92 cos® (o) Jo = VAws / 19 sin* (o).
0 0

From this we learn that | v\ = i—i + i—z

Recall Virasoro constr. | ¢ = =——=} Goal: Find E = E(J1, J2).

13



e Use do = dy — in definition of Ji:
w21V ¢—sin“ Y

J1 =

ﬂw14/¢0dw cos? 1) _ 2V w1
0

2 wo1V/q —sin®tp w2

e Similarly

2 wo d 4
27T:/ d0:4/ v = —K(q)
0 0 Wy \/q — sin? Y o W2l

With elliptic integrals E(x) := fw/2 diy v/1 — z sin®¢ and
/2 1
K(z) = 7 b

x Sll’l

e — Eliminate parameters of solution x,wy,ws in favor of E. Jq, Jo; q

E(q)

Y

14



Folded string equations: ¢ <1

49\  E? Jp? AN S Ji?

2 K(q? E(@? 7w (K(q9)-E)?* E(g)?
Assume analytic behaviour in BMN type limit J := J; + Jo — oo with \/J? fixed:

A )\2 A\ )\2
QZQO+ﬁq1+ﬁ(J2‘|‘--- E:J(EO+ﬁE1+ﬁE2+)

Solve iteratively: | Eg = 1 | < consistent with gauge theory.

qo implicitly given by | =2 =1 — Rlq0) ° and

By = =5 K(ao) ( Blao) — (1~ a0) K a0) )

Similarly E;: [-loop gauge theory prediction.

15



Circular string equations: ¢ > 1

. J2 E(gy")
e In complete analogy finds — = qq (1 — — )
J K (qq 1)

With first two energy terms in the \/.J? expansion

Ey=1, Ei=—=F(g ") K(g '),

e Folded and circular string one-loop energies:

= F

N M~ O 00O P N M O

El

©c o o ©

[Frolov, Tseytlin]
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Further developments

Classical AdS5 x S° string is integrable system

e More general solutions with (51,5, J1, 2, J3) through ansatz reducing to
Neumann integrab|e model [Arutyunov,Russo, Frolov, Tseytlin]
e Construction of underlying algebraic curve parametrizing the solutions

* R % Sg [Kazakov,Marshakov,Minahan,Zarembo]
* |R X S5 [Beisert,Kazakov,Sakai]
* AdS5 X S5 [Beisert,Kazakov,Sakai,Zarembo]

Leads to integral egs. of Bethe type < direct comparison to thernodynamic limit
of gauge theory Bethe egs. (to be discussed)

e Conjecture for quantum string Bethe egs:

* IR X SB [Arutyunov,Frolov,Staudacher] and recent|y AdS5 X 55 [Beisert,Staudacher]

17



The dual gauge theory story



The dual gauge theory: Computation of A

e Scaling dimensions A(\, V') from 2-pt function:

(Oa(z) Op(y)) = (7 — ;)O;BA(/\,N) @:}

e Consider pure scalar operators made of

Z = D1+ 1Py & J1=1 Jy=0 “SU(Q) sector”
W =®3+ 1Dy & J1=0 J =1
Operators: O, = Tr(word in Z & W) and products thereof

e Huge mixing problem for large J; and Jy: All Tr(Z7/1 W72) + perms are degene-
rate.

19



The dilatation operator D
e Introduction of the dilatation operator 7D: DoO,=A,0,

[Beisert,Kristjansen,Plefka,Staudacher]

e T e T (i

{
e

non—planar

e Acts on operators at origin, perturbatively defined: D = J; + Jo + Z A pW)
=1

2 S .
e Explicit form at one-loop: | D) = % Tr([Z, Wz, W]) Lij = dg )

PWoTr(Z AW B) = —Tr(A) Tr([Z, W] B)+(A & B) = Enhanced for A =1

20



Planar contribution: Nearest neighbor interactions
D)o T ZW...) = (Tr( ZW...)—Tr(...WZ...))

Spin chain picture: Te(ZZWZW) = [LI111) = tmm

p)

planar

Mh

L
= 2 Z 1 — Pl,l+1 Ul+1 T ) Is spin:1/2 Heisen-
=1

l:1 berg chain! [Minahan,Zarembo]

Ground state: ||| ... |) = Tr(Z”) with A = 0 < rotating point particle sol.

String excitations ol : “magnons”: |m) =17 | ... |1

W) £ Te(WZ™W z7—m)

21



Integrability

e Heisenberg spin chain is integrable: Existence of L. commuting charges Q,:

(Qm, Qnl =0 | VY(m,n)!

L

L
=1 =1

e Spectrum follows from Bethe equations!

* Integrablllty proven up to 3 |00p Order in N = 4 SYM [Beisert; Eden, Sokatchev, Stanev|
* In dlm reduced toy mOdel up to 4 |OOpS [Fischbacher,Klose,Plefka]

e Fascinating possibility: Does integrability and BMN scaling (emergence of

N = 2 eff. coupling) fix the dilatation operator D to all loop orders?
7 g

= ‘ Exact spectrum of planar N’ = 4 Super Yang-Mills theory! I

22



The coordinate Bethe-Ansatz

e How to diagonalize D? Open up the trace (no cyclicity)

Te(WZZIW .. WZ) — \WZZW ... WZ)  —eeee—oeor

1 2 3 4 .. L-1 L

e Consider two-magnon states |1)) = Z V(x1,x0)| .. . ZWZ ... ZWZ...)

1<z1<xo<L x = xyT T - X2

e One-loop Schrodinger eq. Zle(l — P, i+1) [¥) = Eo|1) |in “position space”:

xa > 11+ 1 Eop(xy, x2) =29 (21, 22) — Y(21 — 1, 22) — Y (21 + 1, 22)

LIWZ ... ZWZ ... 2¢(z1, v2) — P(x1, 02 — 1) — P (21, T2 + 1)

xo =x1 + 1 Esp(x1,x2) =29 (x1,22) — YP(x1 — 1, 22) — YP(x1, 22+ 1)

L ILIWWZ ...
23



9 > 1 —|— 1 Eg @D(azl, 33'2) :277D(ZL'1,$2) — w(azl — 1,CB2) — 77D(£E1 —|— ]., ZBQ)
2¢9(z1, z2) — Y(z1, 22 — 1) — P(z1, 22+ 1) (1)

o = o1 + 1 Eyp(x1, x2) =29 (21, 72) — Y(21 — 1, 22) — YP(21, 22+ 1)  (2)

e Solved by Bethe's ansatz (1931):
| S-matrix

Y(xy, T0) = el(P1T1+p222) | S(ps, p1) ot (P2 z1+p1 22)

e Then (1) is solved for any S(po, p1) with | By = S0 4 sin® (%)

NB. 2 —e ™ — " = 4Sin2g

e (2) determines S-matrix: | S(p2, p1) = igi;:zg;;j with p(p) = 3 cot(E)

24



Bethe-equations: Follow from periodicity

x1 x2 xI+L

e Demand ¢(z1,x2) = ¢(x2,71 + L)

= e'P1L

= S(p1,p2) and e

solve for p1 & py = FE3(p1,p2) = Zk , 4sin 7’“ spectrum!

e Big leap (<« factorized scattering from integrability): M-body problem

Total phase acquired by one magnon cycling around the chain:

- Scatters off all
0Pk H Sr.pi) | k=1,....M  other magnons
i=1,i#k exactly once

25



e Energy additive:

M
EQ(p17 T 7pM> — Z4Sin2p7k
k=1

e Cyclicity of trace condition: Zi\ilpk = (0 < vanishing total momentum

e Example: Two magnons: p := p; = —po
ipL 2 — WP = ip(L—1) — 1 = —
c cot 5 — i ‘ ‘ Po 1
2
B . 9 m™n L—o0 2 n
E, = 8sin (L—l) — 87 T3

Recall Ay = 25 Ey — n?\/L?
Agrees with plane-wave string spectrum Ejight—cone = 2\/1 +n2\/J?

26



Thermodynamic limit of the spin chain

e To make contact with spinning strings: Take M (number of magnons) and L
(length of chain) — oo

e Reformulate Bethe eqgs. via roots u; = % cot Zk:

2
u; +1/2 L_ﬁui—uk—l—i ﬁui—l—i/Q_l
wi—i/2)  YLla, —wup —i’ wi—i/2

ki i=1
I Total momentum =0
2
The energy thenis  (Q)o = Z T
i Wit Tt

e Satisfy total momentum constraint by choice (u;, —u;, ul, —ul).

e Take log of Bethe eqs.: (n; € 7)

27



M .
i t1/2 i — .
Ll”(u>: > ln(u uk;+z.)_27”ni7
U; — /2 , U; — U — 1
k=1 (k#1)

In thermodynamic limit: L — oo then p; ~ 1/L hence Bethe roots u; ~ L

M
1 2 1
L — 9. = _
U; 7Tnj—l_l) Z_uj—uk
k=1 (k#1)
e For M — oo: Introduce Bethe root density:  p(u) := +; D=1 0(u — uy)
1 TN () U M
][dvp(v)u:_ TSI where vwe€(C and «o:=—.
c Uv—u 2 « L
p(u)

Has to solve this singular integral eq. for p(u) Energy: Q2 =M [, 25

u

28



Bethe strings

e Roots u condense on smooth contours " Bethe strings”. Root distribution dual
to folded Spinning String: [Beisert,Minahan,Staudacher,Zarembo]

A a

=
J/2 roots / § \J/Z roots
ReTt
o C,

i b

e Upshot:

1 1 1 E(q)

E2=2—7T2K(Q) {QE(Q)_(Q_Q)K(Q)} with §:§_2mK(Q)

. 2
Agrees with string result! Needs to relate ¢f' "% = —(1;\/—&1)

29



e Bethe integral egs. can be similarly solved for p(u) dual to circular spinning
String and agrees. [Beisert,Frolov,Staudacher, Tseytlin]

e Complete functions Fy(J2/J) matched!

El

© o o o
N A O 0O L N ~ O

e Same is true for all higher charges qx(J2/J) of spin chain and string.

[Arutyunov,Staudacher]
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Higher loops: Is integrability stable?

e Recall: D= J; + Js + Z A pD)
I=1

L L
ﬁl—loop = Z(l — P i+1) = Z 1 — 60111 Heisenberg XXX /o model!
i=1 i=1

L
D2—100p — E _5"l . 3l+2 —|— 4 5[ . 3l+1 —3-1 [Beisert,Kristjansen,Staudacher]
1=1
L
D3 _100p = E —G; - Gr43 + (81 - Fi42) (G141 - Fi43) — (G1 - F1+3) (141 - Fr2)
1=1

+ 106 - 0102 — 296, - 0501+ 20 -1 [Beisert]

k-loop piece: (k + 1) nearest neighbor interactions!

e Integrable structure is stable, i.e. higher loop deformations of (),, may be
constructed.
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e Are facing an integrable long range spin chain of novel type, structure of
infinite tower of conserved higher charges

L
Q2 = Z[l—&’l-5’l+1+)\(—5’l.5l+2+45l.5l+1 _3,1)+)\2D3_100p+“l
1=1
L
Qs = Z [ (63 X Gj11) - Gixro + A (parity odd range 4 interaction) + .. }
1=1
L
Q4 = Z [ (parity even range 4 interaction) + A(parity even range 5 interaction) . . }
1=1

with| [Qk, Q)] =0 VEk. Qr = Zio A\ Qéc ~ (parity (—1)* range k+I interaction)

* diagonalized through asymptotic Bethe-Ansatz = to be discussed
* Underlying “algebraic” structure, like Yang-Baxter equation, unknown

32



e Of novel type, not encountered in statistical mechanics literatur yet (?7):

. ( Sinﬁ%) Haldane-Shastry
H:Zh(\i—j\)@'-&} h(s) = 4 m Inozemtsev (L — oo)
1= \PL,in/x  Weierstrass p-fct( L finite)

Here also have (& - ;)(0% - 1) and higher type interactions!

Recall D3_150p:

L

D5 loop = > { — 01+ 0143+ (01 0142) (G141 - O143) — (01 O143) (0141 - Tiy2)
i=1

+105l-5l+2—2951-51+1+20-1]

33



Higher Loop Bethe-ansatz

L Long-range interaCtionS: Ansatz needs to be mOdIfled [Staudacher; Fischbacher,Klose,Plefka]

Y(xy,T0) = et (P1o1+P2 22) f(xo — x1,p01,p2)

+ S(pa, p1) € P2EIFPIZ2) (T 00 4 24 py, po)

with “Fudge functions”: f(z,p1,p2) =14+ > ", NIl £ (2, p1, p2) >

e Yields perturbative S-matrix: S(p1,p2) = So(p1,p2) + > .1 A" Sn(p1, p2)

and unmodified Bethe equations: | ekl = T, ik S (Dks Di)

e But charges are corrected ¢,-(p) = dr.0 + Zzozl A" Q'r,n(p)
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Seems very likely that exact spectrum of NV = 4 SYM will be expressed in this

language = What is the all loop form of S(pi,p2) 77

Remarkable asymptOtiC all |OOp Con_jeCture [Beisert,Dippel,Staudacher]

_p(p1) —p(p2) +1¢ 1 o2 in2(P
S(p1,p2) — <P(p1) — S0(p2) — @(p> — 2 t(2) \/1 + A (2>

q2(p) = %(\/1 + 8 X sin’(§) — 1)

(But explicit form of Hamiltonian unknown!)

Reproduces all known gauge theory data:

* Dilop firmly known in SU(2) sector to 3 loops
* Dilop up to 5 loops assuming integrability + BMN scaling

Restriction: length of chain > loop order (wrapping issue):
= Prediction up to [ — 1-loops for operator of length [
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Discrepancies at three loops

e Fact: For folded, spinning string two-loop energies agree, but: [Serban, Staudacher]

string theory J gauge theory, J
L (j1_|_1j2) # L (,]1_|_1J2)

same is true for quartic fluctuations about point particle solution
[Callan,Schwarz,Swanson,et. al.]

e Resolution:
(a) AdS/CFT correspondence is wrong (not favored)

(b) BMN argument too ‘“naive”: Non-commuting order of limits problem:

[Beisert,Dippel,Staudacher]

x String theory: First J — oo then expansion in )\’
* Gauge theory: First expansion in A then J — oo.
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e But then also perturbative BMN scaling (existence of the effective GT loop-
counting parameter \’') not guaranteed!

As a matter of fact we recently observed a breakdown of BMN scaling in a
A4

dim. reduced “toy model” (plane wave matrix theory) at 4-loops FEjioop ~ 7

[Fischbacher,Klose,Plefkal]
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Further developments

e Larger sectors of the gauge theory

* SO(6) @ ].-IOOp [Minahan,Zarembo]
* SU(Q, 2|4) @ ].—lOOp => super Spin chain [Beisert,Staudacher]
* SU(2|3) to 3-loops [seiser]

e Recently assymptotic all-loop conjecture generalized to full theory (SU (2, 2(4))

[Beisert,Staudacher]

e Leigh-Strassler deformations of N' = 4 SYM and corresponding Lunin-Maldacena
background: All structures seem to lift.
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The non-planar sector and string interactions



The non-planar sector (gs # 0)

e Non-planar piece of DY) = Tr[Z, W][Z, W]: Induces string splitting

P o Tr(Z AW B) = —Tr(A) Tr([Z, W] B) + (A= B)

e The full one-loop “Hamiltonian” for two-magnons: | D) = Déﬁnar + Dl(rllz
[Beisert,Kristjansen,Plefka,Staudacher]

Dy |231) = =XN3Z|z;1) @ @ “free string”

Dl(rllz|x, 1 = XNg / dr Oy lr —7r; 1 —7) @ |r)

0
“string l—z
splitting” —X g2 / dr O |x;1 —71) ®|r)
0

Plane-wave string field theory from gauge theory! go 1= sz

|

Kristjansen,Plefka,Semenoff,Staudacher

Constable,Freedman,Minwalla et al

]40



Spinning String decay [Peeters,Plefka,Zamaklar]

e Non-planar sector in gauge theory for J;, Jo — o0?

2
Again emergence of the effective genus-counting parameter g, = —(JlJ]rVJ?)

e Gauge theory side: Integrability lost in non-planar sector, but splitting vertex
known.
Problem: Enormous complexity of the Bethe-wavefunction! Determination of
decay rates has not been achieved ...

41



e String side: “Cutting” (change of boundary conditions) of the string world-sheet:

Yields prediction for dominant
contribution to the decay ampli-
tude in the limit J;, Jo — o0:

From continuity:

Energies EU/11) of decay pro-
ducts known.

e Higher charges (),, are conserved in semiclassical situation!

= Genrerally not the case, as non-planar effects destroy the integrable structure.
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Summary & outlook

“Snapshot” at the AdSs x S° string spectrum through J — oo limit: Analytic
function in \' := %!

Corresponds to novel (non 't Hooftian) large N limit of the gauge theory:
2 .
N,J — oo with JW fixed = 2 new effect. parameters )\ (loops) and g¢-

(genus).

x Planar sector < integrable (long-range) spin chain
* Non-planar sector: string interactions

Integrability of (planar) Super Yang-Mills = key to the exact all loop spec-

trum?

Parallel development: Integrable structure of the (class.) AdSs x S° string

Where is the spin chain in quantum string theory (on AdS5 x S° )?

43



