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ADS/CFT Duality

ZB ≡
∫
Dϕ(z,x)e

−s(ϕ) =
∫
DΦ(x)e−S(Φ)+

∫
dxϕ0(x)O(x), (1)

< ϕ(x1)....ϕ(xn) >=
δ

δJ(x1)
...

δ

δJ(xn)
ZJ , (2)

ZJ ≡
∫
DΦe−S(Φ)+

∫
JΦdx. (3)
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Integrating High momenta p > ∧ K. Wilson

Z =
∫
p<∧DΦe−S∧(Φ), (4)

Wegner + Houghton 1973

Smooth Cutoff

Wilson 1974
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Smooth Cutoff-Almost Integrating out

Wilson 1974

Cutoff Function

Polchinski 1984

∧ d

Φ∧
Sint = −1

2

∫
dp∧ d

d∧
K[

δSint
δϕ(−p)

δSint
δϕ(p)

+
δ2Sint

δϕ(−p)δϕ(p)
], (5)

S∧ = −1

2

∫ ϕ(−p)ϕ(p)

K
+ Sint. (6)

Concrete form of ”Almost Integration” of WILSON
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Alternative Methods for Momentum Cutoff

ϕ(p) −→ h(p)ϕ(p), (7)

∧ d

d∧
S∧ = −1

2

∫
dp ∧ d

d∧
h[
δS∧
δϕ(p)

δS∧
δϕ(−p)

+
δ2S∧

δϕ(−p)δϕ(p)
] (8)
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RG flow on field theory side in AdS/CFT corre-

sponds to evolution along the radical direction in the

bulk

ZB,z0 ≡
∫
z>z0

Dϕ(z, x)e−s(ϕ) =
∫
DΦ(x)e−S∧(Φ)+

∫
ϕ0(x)O(x) (9)

∧ ∼ 1

z0
. (10)

Precise relation between the scaler?

Cutoff function in the bulk?
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Percursor

HKLL construction Hamilton, Kabat, Lipschytz, Lowe hep-th/0606141

ϕ(z, x) =
∫
dx′K(z, x | x′)O(x′) (11)
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Use the Precursor map to find the correspondence

between the cutoff functions and scales on the two

sides

Õ(p) −→ h(p) ˜O(p), (12)

ϕ̃h(p) =
∫
dp′K̃(z, p|p′)h(p′)Õ(p′). (13)

ρ(z)ϕ̃(p) =
∫
dp′K̃(z, p|p′)Õρ(p), (14)
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Examples: Higher-spin/O(N)
Koch, Jeviski, Rodrigues, Yoon

arXiv:1408.4800

AdS4/CFT3

O(x, y) ≡ Φi(x)Φi(y) (15)
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Precursors:

ϕ̃s(z, x) =
∫
d4p ei(p.x+pzz)

∫
d2P1d

2P2δ(p
+
1 +p+

2−p+).δ(p1+p2−p)

(16)

.δ(p1

√√√√p+2
p+1
−p2

˙√√√√p+1
p+2
−pz). ( 1

p+1
+ 1
p+2

)(p+
1 +p+

2 )sP
−1
2 ,
−1
2

s (
p+2 −p

+
1

p+2 +p+1
).Õ(p1, p

+
1 ; p2, p

+
2 ),

of HKLL form:

˜ϕs(z, x) =
∫
p2<0

d3peip.xJ−1
2
(z

√
−p2).

√√√√πz
2

√
−p2

s!

Γ(s + 1
2)

1

(p+)s
Õs(p),

(17)

Õs(p) =
∫
d2P1d

2P2(
1

p+
1

+
1

p+
2

)δ(p+
1 +p+

2 −p+)δ(p1 +p2−p). (18)

(p+
1 + p+

2 )sP
−1

2 ,−
1
2

s (
p+2 −p

+
1

p+2 +p+1
) Õ(P1, P2)
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Cutting off the bulk field

ϕs(z, x)→ ϕρs (z, x) ≡ ρ(z)ϕs(z, x), (19)

Gives cuttoff on the boundary operator

Õs(p)→ (ρ̃oÕs)(p), (20)

and

˜̃ρ(r) ˜̃O(r), (21)

r is the ”dual Fourier” component of p, reletive coor-

dinate
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Another example

AdS3/CFT2, scalar field

S =
∫
dx2dz (∂µ ϕ ∂µ ϕ + m2ϕ2), (22)

Precursor:

ϕ(z, x) = cz
∫
p2<0

dp2eip.x
1

pν
Jγ(pz)Õ(p), ν = ∆− 1 (23)

∫ ∞
0
zpJν(pz)Jν(p

′z)dz = δ(p− p′), (24)

1

pν
Õρ(p) =

∫ ∞
0
dp′Iρ(p, p

′)
1

p′ν
Õ(p′), (25)
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AdS/CFT equivalence conjecture:

Zρ(ϕ0) = e−Wρ(ϕ0), (26)

Zρ(ϕ0) =
∫
Dϕ(z, x)e−s(ρϕ), (27)

e−Wρ(ϕ0) =
∫
DΦ(x)e−S(Φρ)+

∫
ϕ0ρΦρ. (28)

where

ϕ0,ρ = Iρϕ0

ϕ0(x) = ϕ(z = z0, x), (29)

z0 the inflection point of ρ.

Φρ(p) =
∫
dp′Iρ(p, p

′)Φ(p′), (30)

or, generally,

Φρ ≡ IρΦ, (31)
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Varying z0:

In the bulk:

Żρ(ϕ0) = H(ϕ0,
∂

∂ϕ0
)Zρ(ϕ0). (32)

H is the ”Hamiltonian” derived from the bulk action

s.

On the boundary

(e−Wρ(ϕ0))̇ =
∫
DΦ[− ∂

∂z0
S(

∂

∂ϕ0ρ
)−İρΦS ′(Φρ)+ϕ0(I2

ρ )̇ Φ]e−S(Φρ)+ϕ0ρΦρ

=
∫
dp[− ∂

∂z0
S(

∂

∂ϕ0ρ
)−İρ

∂

∂ϕ0
S ′(

∂

∂ϕ0ρ
)+2ϕoİρ

∂

∂ϕ0ρ
]e−Wρ(ϕ0),

(33)

∂

∂z0
S = −1

2

∫
dp[

∂

∂ϕ
Sİρ

∂

∂ϕ
S +

∂

∂ϕ
İρ
∂

∂ϕ
S]. (34)

under the path integral:

H(ϕ0,
∂

∂ϕ0
) = − ∂

∂z0
S(

∂

∂ϕ0ρ
)− İρ

∂

∂ϕ0
S ′(

∂

∂ϕ0ρ
) + 2ϕoİρ

∂

∂ϕ0ρ
.

(35)
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T T̄ deformation of CFT Zamalachikov,

Hartman, Kruthoff, Shagholian, Tajdini (HKST)

d

drc
= −H(Φ,O) (36)

Compare to Eq. 35

only one direction in the field space.
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