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Instability of BTZ black holes  
in parity even massive gravity



Motivation

-3D Einstein gravity has no bulk propagating dof

-TMG, NMG and 3D-BI allow massive graviton excitations 

-From AdS/CFT point of view 3D-BI gravity can be used  
  to study intermediate coupling behaviour

-What is the QNM structure for BTZ black holes in 3D-BI theory?
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BI-3D gravity

IBI = �4m2

2
3

Z
d3x

p
� det g

q
det(1+ �

m2 g�1G)� �

�

<latexit sha1_base64="DQuaINKR9YoS4aHNoNpgRJZqQg8="></latexit>

Gµ⌫ = Rµ⌫ � 1
2Rgµ⌫

<latexit sha1_base64="W7VBLYXK17hMz8JpV2dSvxNzE4A=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCCy0zVdCNUHShy1rsBTpDyaSZNjTJDElGKENfwo2v4saFIm4Fd76NaTsUbf0h8PGfczg5fxAzqrTjfFsLi0vLK6u5tfz6xubWtr2zW1dRIjGp4YhFshkgRRgVpKapZqQZS4J4wEgj6F+P6o0HIhWNxL0exMTnqCtoSDHSxmrbxzft1OOJJ5LhZXWKJ54OJcJuCVZhd+rCtl1wis5YcB7cDAogU6Vtf3mdCCecCI0ZUqrlOrH2UyQ1xYwM816iSIxwH3VJy6BAnCg/HV81hIfG6cAwkuYJDcfu74kUcaUGPDCdHOmemq2NzP9qrUSHF35KRZxoIvBkUZgwqCM4igh2qCRYs4EBhCU1f4W4h0we2gSZNyG4syfPQ71UdE+LpbuzQvkqiyMH9sEBOAIuOAdlcAsqoAYweATP4BW8WU/Wi/VufUxaF6xsZg/8kfX5Ay4Fns4=</latexit>

m2 � 0
<latexit sha1_base64="SpJjaTGYBPfkmftUMyvgXiyZhPQ=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkUcCK5kdemHCzO4yM2tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkdYN9wIbCUKqQwENoPh7cxvPqHSPI4ezDhBX9J+xEPOqLFSSz5WOn0cud1iyS27c5BV4mWkBBlq3eJXpxezVGJkmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtjahE7U/m907JmVV6JIyVrciQufp7YkKl1mMZ2E5JzUAvezPxP6+dmvDan/AoSQ1GbLEoTAUxMZk9T3pcITNibAllittbCRtQRZmxERVsCN7yy6ukUSl7F+XK/WWpepPFkYcTOIVz8OAKqnAHNagDAwHP8Apvzsh5cd6dj0VrzslmjuEPnM8fcnmPlA==</latexit>

� = ±1
<latexit sha1_base64="yq/vPE2rJ6jBm/5VZ6eVWg1elLM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBSSib7aZdupsNuxuhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0o508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpehHWlLOEtg0znPZSRbGIOO1G47uZ332iSjOZPJpJSkOBhwmLGcHGSn6g2VDgmyAVXr9ac+vuHGiVeAWpQYFWv/oVDCTJBE0M4Vhr33NTE+ZYGUY4nVaCTNMUkzEeUt/SBAuqw3x+8hSdWWWAYqlsJQbN1d8TORZaT0RkOwU2I73szcT/PD8z8XWYsyTNDE3IYlGccWQkmv2PBkxRYvjEEkwUs7ciMsIKE2NTqtgQvOWXV0mnUfcu6o2Hy1rztoijDCdwCufgwRU04R5a0AYCEp7hFd4c47w4787HorXkFDPH8AfO5w/nJpEA</latexit>

⇤ = 2�m2(1� �)
<latexit sha1_base64="JM40nyDVpKygCwop+CPrZOEVAOM=">AAACCnicbVDLSsNAFJ3UV62vqEs30SLUhSWJgm6EohsXLirYBzSxTCaTduhMEmYmQglZu/FX3LhQxK1f4M6/cZpmoa0HBg7nnMude7yYEiFN81srLSwuLa+UVytr6xubW/r2TltECUe4hSIa8a4HBaYkxC1JJMXdmGPIPIo73uhq4nceMBckCu/kOMYug4OQBARBqaS+vu/cqLAPL1I7dQQZMJixe7tmHTs014+yvl4162YOY55YBamCAs2+/uX4EUoYDiWiUIieZcbSTSGXBFGcVZxE4BiiERzgnqIhZFi4aX5KZhwqxTeCiKsXSiNXf0+kkAkxZp5KMiiHYtabiP95vUQG525KwjiROETTRUFCDRkZk14Mn3CMJB0rAhEn6q8GGkIOkVTtVVQJ1uzJ86Rt162Tun17Wm1cFnWUwR44ADVggTPQANegCVoAgUfwDF7Bm/akvWjv2sc0WtKKmV3wB9rnD/f3mcs=</latexit>

Effective cosmological constant:
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NMG 

Gullu, Sisman, Tekin, ‘10

+extensions 

Expansion in 1/.   : m2 

BI has a single vacuum solution while truncated models  
may have several vacua!



BI-3D gravity

Equations of motion:
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NMG



Linearized equations of motion
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Massless mode
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To find the mass for NMG and its generalization one has to start from the 
linearized equation and the pre-factor plays a role!



Linearized equations of motion
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-Any truncation leads to only 3 terms in the mass expansion 

-For  m l>1 and  n→ infinity we recover the BI-3D with only 2 terms 



In all cases (parity even theories )  
the linearized massive mode is given by

(⇤+ a)hµ⌫ = 0
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Analytical analysis
One can decompose the massive mode equation in TT-gauge as  
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Numerical calculation
Tackle the 2nd order differential equation 

Using the Eddington-Finkelstein form of the BTZ metric 

(⇤+ a)hµ⌫ = 0
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k=0 →    two sets of perturbations (ht�, hr�) (hrr, htr, htt, h��)
<latexit sha1_base64="LmsaRFoH1DLQg/SocmB/q+p+6CI=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUkDJTBV0WdeGygn1AZyiZNG1DM48md4Qy9Ifc+CsiuKiIW3/DzEwFbb0Q7uGcc7m5xw0FV2CaMyO3srq2vpHfLGxt7+zuFfcPmiqIJGUNGohAtl2imOA+awAHwdqhZMRzBWu5o5tEbz0yqXjgP8AkZI5HBj7vc0pAU93ibXnYjcEOh3x6hjWUKTzF9ngckR5OVCkzCX46ZD1xZu5usWRWzLTwMrDmoITmVe8WX+1eQCOP+UAFUapjmSE4MZHAqWDTgh0pFhI6IgPW0dAnHlNOnF47xSea6eF+IPXzAafs74mYeEpNPFc7PQJDtagl5H9aJ4L+lRNzP4yA+TRb1I8EhgAn0eEel4yCmGhAqOT6r5gOiSQUdMAFHYK1ePIyaFYr1nmlen9Rql3P48ijI3SMyshCl6iG7lAdNRBFT+gFzdC78Wy8GR/GZ2bNGfOZQ/SnjK9vq2qoZw==</latexit>

TT-gauge →    two decoupled equations for

Dirichlet  b.c. & Ingoing  b.c. → QNMs

Z1 = hr�, Z2 = h��
<latexit sha1_base64="Os/RM4RLc2L7liALLlEgipXugJU=">AAACIXicbVDLSsNAFJ34rPUVdelmsAgupCRVsBuh6MZlBfvAJoTJdNIMnTycmQgl5Ffc+CtuXCjSnfgzTtIsauuBgcM55zL3HjdmVEjD+NZWVtfWNzYrW9Xtnd29ff3gsCuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vg293vPhAsahQ9yEhM7QKOQehQjqSRHb1oBkj5GLH3MHPPad1JuxT7Nzq2nBA3hvNvI3dwsAo5eM+pGAbhMzJLUQIm2o0+tYYSTgIQSMyTEwDRiaaeIS4oZyapWIkiM8BiNyEDREAVE2GlxYQZPlTKEXsTVCyUs1PmJFAVCTAJXJfONxaKXi/95g0R6TTulYZxIEuLZR17CoIxgXhccUk6wZBNFEOZU7QqxjzjCUpVaVSWYiycvk26jbl7UG/eXtdZNWUcFHIMTcAZMcAVa4A60QQdg8ALewAf41F61d+1Lm86iK1o5cwT+QPv5BfwppKQ=</latexit>



Numerical calculation
Tackle the 2nd order differential equation 

⇥
(M � 3)(M + 1)(M � 1)2u� iM!

�
�2M2 + 3(M � 3)u2 + 3M � 1

�
+ 3(2M � 1)u!2

⇤
Z1(u)

+
⇥
2iu!

�
�M2 + 3(M � 2)u2 � 3M + 1

�
+

�
1�M2

� �
(2M � 5)u2 � 2M + 1

�
� 6u2!2

⇤
Z 0

1(u)

+
⇥�
M2 � 1

�
u
�
u2 � 1

�
� 3iu2

�
u2 � 1

�
!
⇤
Z 00

1 (u) = 0
<latexit sha1_base64="wjYz2piTPHIZm6mHw+d4OS8BzxY="></latexit>

 �
M2 � 1

�2
u
�
u2 � (M � 2)M

�
+ !2

�
�M2

�
u2 + 2

�
u+ 2Mu+ u3

�

+ i
�
M2 � 1

�
!
�
�2M3 +M2 + 2Mu2 + u2

�
� i(2M + 1)u2!3

�
Z2(u) +


2i

�
M2 � 1

�
u!

�
M2 � u2

�

+
�
M2 � 1

� �
�2M3 +M2 +

�
2M3 � 3M2 + 2M + 1

�
u2 + (1� 2M)u4

�
+ 2iu3!3

+ u2!2
�
(2M � 1)u2 � 2M � 1

� �
Z 0

2(u) +
⇥�
M2 � 1

�
u
�
u2 � 1

� �
u2 �M2

�
+

�
u3 � u5

�
!2

⇤
Z 00

2 (u) = 0
<latexit sha1_base64="HUNhKtzGjJboy6keqAlmE4HBONM="></latexit>

u := r/r0
<latexit sha1_base64="IVM2Cq5o6GJfk3AvoYE7ZkD4sZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xd0oKIIQ9OIxgnlAsoTZyWwyZHZ2nekVwpKf8OJBEa/+jjf/xsnjoIkFDUVVN91dQSKFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuB37jSeujYjVAw4T7ke0p0QoGEUrNdOra32qO26nUHRL7gRkkXgzUoQZqp3CV7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LFU04sbPJveOyLFVuiSMtS2FZKL+nshoZMwwCmxnRLFv5r2x+J/XSjG89DOhkhS5YtNFYSoJxmT8POkKzRnKoSWUaWFvJaxPNWVoI8rbELz5lxdJvVzyzkrl+/Ni5WYWRw4O4QhOwIMLqMAdVKEGDCQ8wyu8OY/Oi/PufExbl5zZzAH8gfP5Axzoj1w=</latexit>



Numerical calculation (k=0)

QNMs

Z1
<latexit sha1_base64="c/GCsWjFBSYdUDHtSYmTOK1jWGc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjAjm6eOs7/XLFbfqzoFWiZeTCuRo9MtfvYEkSUSFIRxr3fXc2PgpVoYRTmelXqJpjMkYD2nXUoEjqv10HnqGzqwyQKFU9gmD5urvjRRHWk+jwE5mIfWyl4n/ed3EhNd+ykScGCrI4lCYcGQkyhpAA6YoMXxqCSaK2ayIjLDCxNieSrYEb/nLq6RVq3oX1dr9ZaV+k9dRhBM4hXPw4ArqcAcNaAKBJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AxUmSGA==</latexit> → !(1,1)

n = �i (M � 1 + 2n) , !(1,2)
n = �i (M + 3 + 2n) , n = 0, 1, 2, · · ·

<latexit sha1_base64="jDCl3zlkGdSan4f3hQ/PMBhNR7I="></latexit>

Chebyshev polynomials (with N    250, precision   1000) ~ ~

Z2
<latexit sha1_base64="+2Qd7Iyo4uHihPj/X7gRbiDtzko=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjAjm6eOsX+uXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0mrVvUuqrX7y0r9Jq+jCCdwCufgwRXU4Q4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBxs2SGQ==</latexit>

→ !(2,1)
n = �i (M � 1 + 2n) , !(2,2)

n = �i (M + 3 + 2n) , n = 0, 1, 2, · · · ,

!(2,3) = �i
�
1�M2

�
<latexit sha1_base64="GQkh4EwE235YvOLfensXqE23Piw="></latexit>

Except the first two modes in ω(i,1) set there is a degeneracy in other modes between first and second sets 

namely ,ω(i,1)=ω(i,2) for n=0,1,2,··· 

The first two sets in Z2 channel coincide with the two sets of Z1 channel and, the first set is 

in perfect agreement with the analytical expressions 

For 0 < M < 1, the zeroth mode in the first family, ω(i,1), is unstable and all other modes are stable.  
For M > 1, the single mode in the third family ω(2,3) is unstable and all other modes are stable. 

The results are TOO accurate!!!!



Numerical calculation (k=0)

! = �i
�
1�M2

�
<latexit sha1_base64="4CUagT2T8cdexTGRz6DeETULiwY=">AAACBnicbVDJSgNBEO2JW4zbqEcRBoMQwYSZKOhFCHrxIkQwC2Ri6OnUJE16FrprhBBy8uKvePGgiFe/wZt/Y2c5aOKDgsd7VVTV82LBFdr2t5FaWFxaXkmvZtbWNza3zO2dqooSyaDCIhHJukcVCB5CBTkKqMcSaOAJqHm9q5FfewCpeBTeYT+GZkA7Ifc5o6illrnvRgF06EWeu8euAB9zTv7mvuhK3uniUcvM2gV7DGueOFOSJVOUW+aX245YEkCITFClGo4dY3NAJXImYJhxEwUxZT3agYamIQ1ANQfjN4bWoVbalh9JXSFaY/X3xIAGSvUDT3cGFLtq1huJ/3mNBP3z5oCHcYIQsskiPxEWRtYoE6vNJTAUfU0ok1zfarEulZShTi6jQ3BmX54n1WLBOSkUb0+zpctpHGmyRw5IjjjkjJTINSmTCmHkkTyTV/JmPBkvxrvxMWlNGdOZXfIHxucPHnKXng==</latexit>

2nd QNM equation simplifies for single mode  

Z 00(u) +
(2M2u�2M(u2�1)+(u�2)u�1)

u(u2�1) Z 0(u) +
(M2�1)(�2M(u+1)+u2+1)

(u�1)u(u+1)2 Z(u) = 0
<latexit sha1_base64="bZjw7M74Fpmp7cV6jz+3gvZZLTg="></latexit>

This has analytical solutions (with ingoing  bc):

Z(u) = u2M (u+ 1)M
2�1

2F1

⇣
M(M+1)

2 , (M2+M�2)
2 ;M + 1;u2

⌘

<latexit sha1_base64="TYvbnPLdzVryJxrfnbSty0SUYSA="></latexit>

For other modes one can also find the analytic solutions 
after plugging the modes in the QNM equations.



Numerical calculation (k>0)

Perturbations are coupled even in TT-gauge

!(1)
n (k) = �i (M � 1 + 2n)± k , !(2)

n = �i (M + 3 + 2n)± k , n = 0, 1, 2, · · · ,

!(3) = �i
⇣
1�M2 + (±k)2

⌘
.

<latexit sha1_base64="pmGfTnss5V07vfBV0SwxrwQkDps="></latexit>

The third set has completely different dependency not only in the parameter M 

but also in angular momentum k such that they are purely imaginary 

for any value of the parameters in the domain of our interest. 

If 1  M 
p

1 + (±k)2
<latexit sha1_base64="WrEoSvA5W9fm9thQJ6JOwfGazWA=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoiGWmCrosunEjVLAP6NSSSW/b0MyjSUYow3yFG3/FjQtF3Io7/8Z0OgutHgg5nHPvzc1xQ86ksqwvI7ewuLS8kl8trK1vbG6Z2zsNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x1dTv3mPQjJAv9WTULoeGTgsz6jRGmpax7HTjokFtBLsO1wGONrnF6OHAsV20clJ/Tw6PCukiRds2iVrRT4L7EzUkQZal3z0+kFNPLAV5QTKdu2FapOTIRilENScCIJIaEjMoC2pj7xQHbidKMEH2ilh/uB0MdXOFV/dsTEk3LiubrSI2oo572p+J/XjlT/vBMzP4wU+HT2UD/iWAV4mhHuMQFU8YkmhAqmd8V0SAShSidZ0CHY81/+SxqVsn1SrtycFqsXWRx5tIf2UQnZ6AxV0RWqoTqi6AE9oRf0ajwaz8ab8T4rzRlZzy76BePjG7pNnnA=</latexit>

all QNMs are stable!!!

-Maybe rotating BTZ is stable for k=0!!



Summary and outlook

-Non-rotating BTZ is not stable in 3D parity even massive gravity theory 
   (regardless of bulk-boundary clash)

-There is a new SINGLE QNM which is not in a Christmas tree

-What about rotating BTZ?

-How can we understand this in first order formulation?

-This unstable BTZ decay to ….?

-Is this unique for 3D massive gravity (parity even)



Thank you for your 
attention



BI-3D gravity

Boundary theory:

Wald formula: c =
`

2G3
gµ⌫

@L
@Rµ⌫

=
3`

2G3
��

<latexit sha1_base64="fTDPkDBHxdysgbo1jr0gYCWhxBI="></latexit>

Unitarity of the boundary theory     → � = 1 & � > 1
<latexit sha1_base64="YReWxFlEgA1Pq8z6FxGz/gnQPgU=">AAACDHicbVDLSgMxFM34rPVVdekmWBRXZaYKulGKblxWsA/oDOVOJtOGJjPTJCOU0g9w46+4caGIWz/AnX9j2g6irQcCh3POTXKPn3CmtG1/WQuLS8srq7m1/PrG5tZ2YWe3ruJUElojMY9l0wdFOYtoTTPNaTORFITPacPvXY/9xj2VisXRnR4k1BPQiVjICGgjtQtFV7GOgAsHu/1+CgF2j34YN9cEcOmYlF2yJ8DzxMlIEWWotgufbhCTVNBIEw5KtRw70d4QpGaE01HeTRVNgPSgQ1uGRiCo8oaTZUb40CgBDmNpTqTxRP09MQSh1ED4JilAd9WsNxb/81qpDs+9IYuSVNOITB8KU451jMfN4IBJSjQfGAJEMvNXTLoggWjTX96U4MyuPE/q5ZJzUirfnhYrV1kdObSPDtAxctAZqqAbVEU1RNADekIv6NV6tJ6tN+t9Gl2wspk99AfWxzeLlZoG</latexit>

Brown-York stress tensor: T ab = ��(Kab � ĥabK)
<latexit sha1_base64="WcuiRrGZszMJzYRJcUFkvve7UTA=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUxDJTBd0IRTdCNxX6gs5Y7qRpG5p5kGSEMvQj3Pgrblwo4taFO//GdDoLbT0QODnnHpJ73JAzqUzz28gsLa+srmXXcxubW9s7+d29pgwiQWiDBDwQbRck5cynDcUUp+1QUPBcTlvu6Gbqtx6okCzw62ocUseDgc/6jIDSUjd/Ur+PwZ1c2ZINPLC5TvYAF6uJemoPQcXDSXKpHnfzBbNkJsCLxEpJAaWodfNfdi8gkUd9RThI2bHMUDkxCMUIp5OcHUkaAhnBgHY09cGj0omTpSb4SCs93A+EPr7Cifo7EYMn5dhz9aQHaijnvan4n9eJVP/SiZkfRor6ZPZQP+JYBXjaEO4xQYniY02ACKb/iskQBBCle8zpEqz5lRdJs1yyzkrlu/NC5TqtI4sO0CEqIgtdoAq6RTXUQAQ9omf0it6MJ+PFeDc+ZqMZI83soz8wPn8Apb+ekA==</latexit>

Extrinsic curvature Boundary metric

Hamilton-Jacobi analysis:

→ Expansion in 1/m2  agrees with NMG and its extension.



Linearized equations of motion

gµ⌫ = ḡµ⌫ + hµ⌫
<latexit sha1_base64="SzOeukejCzPP4McTFuzIcH395ro=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARBaEkVdCNUHTjsoK9QBPCZDpJh04mYWYilJBHcOOruHGhiFuX7nwbp20o2vrDwMd/zuHM+f2EUaks69soLS2vrK6V1ysbm1vbO+buXlvGqcCkhWMWi66PJGGUk5aiipFuIgiKfEY6/vBmXO88ECFpzO/VKCFuhEJOA4qR0pZnHode5kSpw9P8yvGRyMJ8ZpwOZgg9s2rVrIngItgFVEGhpmd+Of0YpxHhCjMkZc+2EuVmSCiKGckrTipJgvAQhaSnkaOISDebHJTDI+30YRAL/biCE/f3RIYiKUeRrzsjpAZyvjY2/6v1UhVcuhnlSaoIx9NFQcqgiuE4HdingmDFRhoQFlT/FeIBEggrnWFFh2DPn7wI7XrNPqvV786rjesijjI4AIfgBNjgAjTALWiCFsDgETyDV/BmPBkvxrvxMW0tGcXMPvgj4/MHQByd+A==</latexit>

+ TT-gauge: rµh
µ⌫ = h = 0

<latexit sha1_base64="ahEgDCI9ENRMla8DA/Iqw3UfDuY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQKuikU3bisYB/QxDCZTpqhk0mYmQglZOHGX3HjQhG3foQ7/8ZJm4W2Hrjcwzn3MnOPnzAqlWV9Gyura+sbm5Wt6vbO7t6+eXDYk3EqMOnimMVi4CNJGOWkq6hiZJAIgiKfkb4/uS78/gMRksb8Tk0T4kZozGlAMVJa8syaw5HPkJc5UQrz8L7oDk/zVtiyPLNuNawZ4DKxS1IHJTqe+eWMYpxGhCvMkJRD20qUmyGhKGYkrzqpJAnCEzQmQ005ioh0s9kROTzRyggGsdDFFZypvzcyFEk5jXw9GSEVykWvEP/zhqkKLt2M8iRVhOP5Q0HKoIphkQgcUUGwYlNNEBZU/xXiEAmElc6tqkOwF09eJr1mwz5rNG/P6+2rMo4KqIFjcApscAHa4AZ0QBdg8AiewSt4M56MF+Pd+JiPrhjlzhH4A+PzB6vGmBk=</latexit>

+ tedious massage 

1p
1 + �

`2m2

⇥
� 2

`2 (1 + 3 �
`2m2 )hµ⌫ � (1 + 5�

`2m2 )⇤hµ⌫ � �
m2⇤2hµ⌫

⇤

=
1p

1 + �
`2m2

(⇤+ �m2 + 3
`2 )(⇤+ 2

`2 )hµ⌫ = 0
<latexit sha1_base64="7dQuj09Dd/5G32Ut6OBP1Jzltw4="></latexit>

Massless mode

Massive mode: m2 = ��m2(1 + �
m2`2 ) = ��m2�2

<latexit sha1_base64="7+3RCPgTiqg+5wnQtCniaWSopYQ="></latexit>

� = �1
<latexit sha1_base64="bG4cVX84KzG/aGhzMKo3mvfWnwA=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCF8tuFfQiFL14rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHN1O/dYTVZrF8sGMExoIPJAsYgQbKz12NRsIfH3m99yyV/FmQMvEz0kZctR77le3H5NUUGkIx1p3fC8xQYaVYYTTSambappgMsID2rFUYkF1kM0OnqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG0+9RnylKDB9bgoli9lZEhlhhYmxGJRuCv/jyMmlWK/55pXp/Ua7d5HEU4QiO4RR8uIQa3EEdGkBAwDO8wpujnBfn3fmYtxacfOYQ/sD5/AH/Zo/g</latexit>

: m2 > m2
BF

<latexit sha1_base64="Nna3zkMklYR/ARn1iQyj0Qesz2Q=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4KjNV0JWUCuKygn1AZyyZNNOGJjNDckcsQzdu/BU3LhRx6z+4829MHwttPRA4Oede7r0nSATX4Djf1sLi0vLKam4tv76xubVt7+zWdZwqymo0FrFqBkQzwSNWAw6CNRPFiAwEawT9y5HfuGdK8zi6hUHCfEm6EQ85JWCktn3gSQK9IMzk8K50IduZB+wBssrV0PzbdsEpOmPgeeJOSQFNUW3bX14npqlkEVBBtG65TgJ+RhRwKtgw76WaJYT2SZe1DI2IZNrPxlcM8ZFROjiMlXkR4LH6uyMjUuuBDEzlaGc9643E/7xWCuG5n/EoSYFFdDIoTAWGGI8iwR2uGAUxMIRQxc2umPaIIhRMcHkTgjt78jypl4ruSbF0c1ooV6Zx5NA+OkTHyEVnqIyuURXVEEWP6Bm9ojfryXqx3q2PSemCNe3ZQ39gff4Axh+YvQ==</latexit>

 nonunitary bdry theory 

? m2
BF = �1/`2

<latexit sha1_base64="ul3SsPleeuBgbLeOBRO6S1OGaa4=">AAACF3icbVDJSgNBEO1xjXGLevTSGAQvxpko6EUMEcRjBKNCJoaenkrSpGexu0YMw/yFF3/FiwdFvOrNv7GzHNweFDzeq+quel4shUbb/rQmJqemZ2Zzc/n5hcWl5cLK6oWOEsWhziMZqSuPaZAihDoKlHAVK2CBJ+HS6x0P/MtbUFpE4Tn2Y2gGrBOKtuAMjdQqlFJ3+EiqwM+OMvcmYT6lQSt1Ee4wrZ5k2XX5cNvZcUHK63KrULRL9hD0L3HGpEjGqLUKH64f8SSAELlkWjccO8ZmyhQKLiHLu4mGmPEe60DD0JAFoJvpcKWMbhrFp+1ImQqRDtXvEykLtO4HnukMGHb1b28g/uc1EmwfNFMRxglCyEcftRNJMaKDkKgvFHCUfUMYV8LsSnmXKcbRRJk3ITi/T/5LLsolZ7dUPtsrVqrjOHJknWyQLeKQfVIhp6RG6oSTe/JInsmL9WA9Wa/W26h1whrPrJEfsN6/AKyin48=</latexit>

� = 1
<latexit sha1_base64="BMEu9iPi5dzyiaDSdbJC+JkOyog=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8ld0q6EUoevFYwX5Au5Rsmm1Dk+yaZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rBztOWCDJQPGIU2Kd1O4aPpDk2u+Vyl7FmwEvEz8nZchR75W+uv2YppIpSwUxpuN7iQ0yoi2ngk2K3dSwhNARGbCOo4pIZoJsdu8Enzqlj6NYu1IWz9TfExmRxoxl6DolsUOz6E3F/7xOaqOrIOMqSS1TdL4oSgW2MZ4+j/tcM2rF2BFCNXe3YjokmlDrIiq6EPzFl5dJs1rxzyvV+4ty7SaPowDHcAJn4MMl1OAO6tAACgKe4RXe0CN6Qe/oY966gvKZI/gD9PkDk2mPqQ==</latexit>

: m2 < m2
BF

<latexit sha1_base64="yOuawS3Jxoj2K/3FPLkAv3L3wMI=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhd0oaGERIohlBPOA7BpmJ7PJkJndZeauGJY0Nv6KjYUitv6DnX/j5FFo4oGBM+fcy733BIngGhzn21pYXFpeWc2t5dc3Nre27Z3duo5TRVmNxiJWzYBoJnjEasBBsGaiGJGBYI2gfznyG/dMaR5HtzBImC9JN+IhpwSM1LYPPEmgF4SZHN6VLmQ784A9QFa5Gpp/2y44RWcMPE/cKSmgKapt+8vrxDSVLAIqiNYt10nAz4gCTgUb5r1Us4TQPumylqERkUz72fiKIT4ySgeHsTIvAjxWf3dkRGo9kIGpHO2sZ72R+J/XSiE89zMeJSmwiE4GhanAEONRJLjDFaMgBoYQqrjZFdMeUYSCCS5vQnBnT54n9VLRPSmWbk4L5co0jhzaR4foGLnoDJXRNaqiGqLoET2jV/RmPVkv1rv1MSldsKY9e+gPrM8fwvmYuw==</latexit>

 unitary bdry theory }
<latexit sha1_base64="AnfMNpnhUbXuzrgr4LZSz9tmDLY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKuiy6cVnBPqAJZTK5aYdOJmFmIpbQX3HjQhG3/og7/8ZpmoW2HrhwOOfeuXNPkHKmtON8W2vrG5tb25Wd6u7e/sGhfVTrqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWByO/d7jyAVS8SDnqbgx2QkWMQo0UYa2jWveCOXEM48GUhCYWjXnYZTAK8StyR1VKI9tL+8MKFZDEJTTpQauE6q/ZxIzSiHWdXLFKSETsgIBoYKEoPy82LvDJ8ZJcRRIk0JjQv190ROYqWmcWA6Y6LHatmbi/95g0xH137ORJppEHSxKMo41gmeB4FDJoFqPjWEUMnMXzEdExOANnFVTQju8smrpNtsuBeN5v1lvXVTxlFBJ+gUnSMXXaEWukNt1EEUPaFn9IrerJn1Yr1bH4vWNaucOUZ/YH3+ALINlNw=</latexit>

Bulk-boundary clash


