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• Quantum fields are not finite quantum systems. Entanglement 
theory in QFT is different from that of finite systems. 
• In QFT there exist no Renyi entropies, no entanglement entropy, 

nor any unitarily invariant measure of a local state.
• In QFT the unitary orbit of local unitaries is dense in the Hilbert 

space!

inf
U2A,U 02A0

k| i � UU 0|⌦ik = 0 .
<latexit sha1_base64="kUdEOMSJjbZbXjaMfEYuQVxW9sI="></latexit>

t
<latexit sha1_base64="qs3vb1H7rt9+UkqsRMd9JrHN+ik=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBDjPg=</latexit>

A
<latexit sha1_base64="ZPEcebgNCuIJjupmI2tNUHePMZU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8eIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6re9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5L3jMU=</latexit>A0

<latexit sha1_base64="6Vu8573VWReTVQeyi+PQp6zZDRc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKexGQU8S8eIxinlAEsLspDcZMju7zMwKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqd+8wmV5pF8NOMYuyEdSB5wRo2VHm5Oe8WSW3ZnIMvEy0gJMtR6xa9OP2JJiNIwQbVue25suilVhjOBk0In0RhTNqIDbFsqaYi6m84unZATq/RJEClb0pCZ+nsipaHW49C3nSE1Q73oTcX/vHZigqtuymWcGJRsvihIBDERmb5N+lwhM2JsCWWK21sJG1JFmbHhFGwI3uLLy6RRKXvn5cr9Ral6ncWRhyM4hjPw4BKqcAc1qAODAJ7hFd6ckfPivDsf89ack80cwh84nz/zOIz2</latexit>

(Connes, Stormer 1978)



Why does it matter? Entanglement theory
• Entanglement is invariant under local unitaries.

Dense unitary orbits means that all state have the same amount of 
entanglement!

• Information content of a density matrix is a spectrum and a choice of 
basis (unitary)
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Choice of basis
spectrum



• Measures of entanglement are functions of the spectrum (unitary 
invariant)

• In QFT unitary orbits are dense, therefore, there are no Renyi entropies, 
entanglement entropies, or any unitary invariant measure of a single 
state.

• All that exists is the “relative entropy” of two states. The starting point of 
the entanglement theory of quantum fields.
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Local states: finite quantum systems
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• The local state is described by a density matrix.  
linear map 

• Entanglement: 

Acting on       you can excite 

If  all                   acting on       you can reach all 
excitations. (Reeh-Schlieder property of a state)

• Spectrum is totally discrete: there are “recurrences”
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Purification as a global vector



Local states: quantum field theory
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t
<latexit sha1_base64="qs3vb1H7rt9+UkqsRMd9JrHN+ik=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBDjPg=</latexit>

• The local state is

• “Totally entangled”:
Acting on       you can reach all excitations

Vacuum has the Reeh-Schlieder property.

• Spectrum is continuous: there are no 
eigenvalues: the only normalizable boost 
invariant state of QFT is the vacuum.

!(a) = h⌦|a|⌦i
<latexit sha1_base64="9Sc34e2vHmkct+QdGuX2CCutHDA=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhNmE3CtooARs7I5gLZEM4OzlJhszOLjOzQkjyCja+io2FIrZ2dr6Nk0uhiT8M/HznHM6cP4gF18Z1v52l5ZXVtfXURnpza3tnN7O3X9FRohiWWSQiVQtAo+ASy4YbgbVYIYSBwGrQux7Xqw+oNI/kvenH2AihI3mbMzAWNTM5PwqxAzk4ufQFyI5A6t+OyRCGU+OrCW5msm7enYguGm9msmSmUjPz5bciloQoDROgdd1zY9MYgDKcCRyl/URjDKwHHaxbKyFE3RhMLhrRY0tatB0p+6ShE/p7YgCh1v0wsJ0hmK6er43hf7V6YtoXjQGXcWJQsumidiKoieg4HtriCpkRfWuAKW7/SlkXFDBjQ0zbELz5kxdNpZD3TvOFu7Ns8WoWR4ockiOSIx45J0VyQ0qkTBh5JM/klbw5T86L8+58TFuXnNnMAfkj5/MHINKdNg==</latexit>

A|⌦i = H
<latexit sha1_base64="Gqj9BdwTQhIo9alRMLOFvzFwuJ4=">AAACGXicbVDLSsNAFJ34rPVVdekmWARXJamCbpSKm+6sYB/QhHIznaRDJ5MwMxFKzG+48VfcuFDEpa78GydtEW09MHA459479x4vZlQqy/oyFhaXlldWC2vF9Y3Nre3Szm5LRonApIkjFomOB5IwyklTUcVIJxYEQo+Rtje8yv32HRGSRvxWjWLihhBw6lMMSku9kuVE2s67UycENcDA0svs3rkOSQCOAB4wkp3/WPWsVypbFWsMc57YU1JGUzR6pQ+nH+EkJFxhBlJ2bStWbgpCUaxnF51EkhjwEALS1ZRDSKSbji/LzEOt9E0/EvpxZY7V3x0phFKOQk9X5ivKWS8X//O6ifLP3JTyOFGE48lHfsJMFZl5TGafCoIVG2kCWFC9q4kHIAArHWZRh2DPnjxPWtWKfVyp3pyUaxfTOApoHx2gI2SjU1RDddRATYTRA3pCL+jVeDSejTfjfVK6YEx79tAfGJ/fvs+h+w==</latexit>

A
<latexit sha1_base64="ZPEcebgNCuIJjupmI2tNUHePMZU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8eIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6re9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5L3jMU=</latexit>



Local state as a dynamical system
• Density matrix is a positive operator 

“Modualr Hamiltonian” introduces dynamics 

• The spectrum of the density matrix is reflected in the spectrum of  the 
modular Hamiltonian.

• Whether it is totally discrete or a continuum is diagnosed by looking at 
long time evolution of operators under “Modular flow”

If the spectrum is totally discrete there are recurrences.
If the spectrum is totally continuous the flow is ergodic.

⇢it = e�itH⇢
<latexit sha1_base64="7AN74qZHxFgc6YF8JIJEmrX6NMQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpJUQTdKwU2XFewD2jRMppN26OTBzI1QQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jxYIrsKxvY2l5ZXVtvbBR3Nza3tk19/abKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3mj28xvPTCpeBTewzhmTkAGIfc5JaAl1zzsymHUSzlMrlkvPeMYcM3NtIlrlqyyNQVeJHZOSihH3TW/uv2IJgELgQqiVMe2YnBSIoFTwSbFbqJYTOiIDFhH05AETDnp9IUJPtFKH/uR1BUCnqq/J1ISKDUOPN0ZEBiqeS8T//M6CfhXTsrDOAEW0tkiPxEYIpzlgftcMgpirAmhkutbMR0SSSjo1Io6BHv+5UXSrJTt83Ll7qJUvcnjKKAjdIxOkY0uURXVUB01EEWP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8A07CXCw==</latexit>

⇢ = e�H⇢
<latexit sha1_base64="rTcw6/i7Qj31/XFGA2eO/B8KBMI=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWAR3FiSKuhGKbjpsoK9QBvDZHraDp1MwsykUELfxI0LRdz6Ju58GydtFtr6w8DHf87hnPmDmDOlHefbKqytb2xuFbdLO7t7+wf24VFLRYmk0KQRj2QnIAo4E9DUTHPoxBJIGHBoB+P7rN6egFQsEo96GoMXkqFgA0aJNpZv2z05im7hKb2o+xnOfLvsVJy58Cq4OZRRroZvf/X6EU1CEJpyolTXdWLtpURqRjnMSr1EQUzomAyha1CQEJSXzi+f4TPj9PEgkuYJjefu74mUhEpNw8B0hkSP1HItM/+rdRM9uPFSJuJEg6CLRYOEYx3hLAbcZxKo5lMDhEpmbsV0RCSh2oRVMiG4y19ehVa14l5Wqg9X5dpdHkcRnaBTdI5cdI1qqI4aqIkomqBn9IrerNR6sd6tj0VrwcpnjtEfWZ8/OR+TYQ==</latexit>



Modular flow of purified states

• Modular evolution:

Modular operator

Hamiltonian

• If the spectrum is discrete (there are eigenvalues) there are no recurrences.

a 2 A : a(t) = ⇢ita⇢�it
<latexit sha1_base64="NVDFIwr+/hQCXX9PVqOMNuWYngU=">AAACG3icbVBNS8NAFNz4bf2qevSyWAQ9WJIqKIJS8eKxgq2FppaX7dYu3Wzi7otQQv6HF/+KFw+KeBI8+G9M2h60dWBhmHmPtzNeKIVB2/62pqZnZufmFxZzS8srq2v59Y2aCSLNeJUFMtB1DwyXQvEqCpS8HmoOvif5jde7yPybB66NCNQ19kPe9OFOiY5ggKnUypfAFcr1AbsMZHyenLj39xG0Kezi3qmru8FtLCgmMKT7ApNcK1+wi/YAdJI4I1IgI1Ra+U+3HbDI5wqZBGMajh1iMwaNgkme5NzI8BBYD+54I6UKfG6a8SBbQndSpU07gU6fQjpQf2/E4BvT9710Mkthxr1M/M9rRNg5bsZChRFyxYaHOpGkGNCsKNoWmjOU/ZQA0yL9K2Vd0MAwrTMrwRmPPElqpaJzUCxdHRbKZ6M6FsgW2Sa7xCFHpEwuSYVUCSOP5Jm8kjfryXqx3q2P4eiUNdrZJH9gff0A0WmhPw==</latexit>

| i =
X

kk0

 kk0 |k, k0i, eitH | i =
X

kk0

 kk0eit log(pk/pk0 )|k, k0i
<latexit sha1_base64="6rWI2GG40kVeNrunKetaiMdp84E="></latexit>

t ⇠ 1/ log(pk/pk0)
<latexit sha1_base64="hCnSvCVT9HlkHyroGob7W6vRTZ4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotYN21SBV1JwY3LCvYBTQiT6aQdOjMJMxOhhOLGX3HjQhG3foU7/8Zpm4W2HrhwOOde7r0nTBhV2nG+raXlldW19cJGcXNre2fX3ttvqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB0ObyZ++4FIRWNxr0cJ8TnqCxpRjLSRAvtQQ09RDt2qx+J+OQmG1STIhqfjs8AuORVnCrhI3JyUQI5GYH95vRinnAiNGVKq6zqJ9jMkNcWMjIteqkiC8BD1SddQgThRfjZ9YQxPjNKDUSxNCQ2n6u+JDHGlRjw0nRzpgZr3JuJ/XjfV0ZWfUZGkmgg8WxSlDOoYTvKAPSoJ1mxkCMKSmlshHiCJsDapFU0I7vzLi6RVq7jnldrdRal+ncdRAEfgGJSBCy5BHdyCBmgCDB7BM3gFb9aT9WK9Wx+z1iUrnzkAf2B9/gBGppYP</latexit>

�⇢ = ⇢⌦ ⇢�1
<latexit sha1_base64="aBCaKKZKHY6PHLgaTaEKno92dfU=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SDYGHajoI0S0MIygnlANi6zk0kyZHZnmbkrhCW1jb9iY6GIrV9g5984m2yhiQdmOJxzL/fe40eCa7Dtbyu3sLi0vJJfLaytb2xuFbd3GlrGirI6lUKqlk80EzxkdeAgWCtSjAS+YE1/eJX6zQemNJfhHYwi1glIP+Q9TgkYySvuu9dMAPFcNZAX6edK4AHTOOX3ybEz9oolu2xPgOeJk5ESylDzil9uV9I4YCFQQbRuO3YEnYQo4FSwccGNNYsIHZI+axsaEjOuk0xOGeNDo3RxTyrzQsAT9XdHQgKtR4FvKgMCAz3rpeJ/XjuG3nkn4WEUAwvpdFAvFhgkTnPBXa4YBTEyhFDFza6YDogiFEx6BROCM3vyPGlUys5JuXJ7WqpeZnHk0R46QEfIQWeoim5QDdURRY/oGb2iN+vJerHerY9pac7KenbRH1ifPyTEmoc=</latexit>

H⇢ = � log�⇢ = � log ⇢⌦ I+ I⌦ log ⇢
<latexit sha1_base64="LHDV//2uCzMhF5GencingWCme+M=">AAACN3icbZDLSgMxFIYzXmu9VV26CRZBEMtMFXSjFHRRN1LBXqBTSiZN29DMZEjOCGXoW7nxNdzpxoUibn0D03bQ2nog8PH/J5xzfi8UXINtP1tz8wuLS8uplfTq2vrGZmZru6JlpCgrUymkqnlEM8EDVgYOgtVCxYjvCVb1epdDv3rPlOYyuIN+yBo+6QS8zSkBIzUzN8Wmq7ry/MgVsuNeMQFkUjDkSuA+09j1CXQ9L74eHP7ij5k0NzNZO2ePCs+Ck0AWJVVqZp7clqSRzwKggmhdd+wQGjFRwKlgg7QbaRYS2iMdVjcYEDOtEY/uHuB9o7RwWyrzAsAjdfJHTHyt+75nOocb62lvKP7n1SNonzViHoQRsICOB7UjgUHiYYi4xRWjIPoGCFXc7IpplyhCwUSdNiE40yfPQiWfc45z+duTbOEiiSOFdtEeOkAOOkUFVEQlVEYUPaAX9IberUfr1fqwPsetc1byZwf9KevrG6M7raA=</latexit>



• One way to think of ergodic flow is in terms of a totally discrete spectrum in 
the limit where the set  of eigenvalue gaps                           becomes dense in 
positive numbers. The state never comes back where it started (ergodicity)

{pk/pk0}
<latexit sha1_base64="w94m2vL/W00bkVkHfGoHXvwJEwI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ6qkkV9CQFLx4r2A9oYthsN+3STbLsbpQS8j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8QHCmtG1/W0vLK6tr66WN8ubW9s5uZW+/rZJUEtoiCU9kN8CKchbTlmaa066QFEcBp51gdDPxO49UKpbE93osqBfhQcxCRrA20oObCX90JvxsdJK7uV+p2jV7CrRInIJUoUDTr3y5/YSkEY014VipnmML7WVYakY4zctuqqjAZIQHtGdojCOqvGx6dY6OjdJHYSJNxRpN1d8TGY6UGkeB6YywHqp5byL+5/VSHV55GYtFqmlMZovClCOdoEkEqM8kJZqPDcFEMnMrIkMsMdEmqLIJwZl/eZG06zXnvFa/u6g2ros4SnAIR3AKDlxCA26hCS0gIOEZXuHNerJerHfrY9a6ZBUzB/AH1ucPdVqSeA==</latexit>

• If the spectrum is continuous (no eigenvalues) the evolution is ergodic.

H = Kx ⌦ I+ I⌦Kx = K̂x
<latexit sha1_base64="/WGcGfV54Zbn5wsvHJNvM92YmLI=">AAACIXicbVBdSwJBFJ3t0+zL6rGXIQmCQHYtyBdD6MXwxSA/wJVldhx1cPaDmbuhLP6VXvorvfRQhG/Rn2nUjUo7cOFwzr3ce48bCq7AND+MldW19Y3N1FZ6e2d3bz9zcFhXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx3cTP3GA5OKB/49jELW9kjP511OCWjJyRTKxYoztAPgHlPY9gj0XTe+HZ//0G9T9xWx3ScQV8bO0MlkzZw5A14mVkKyKEHVyUzsTkAjj/lABVGqZZkhtGMigVPBxmk7UiwkdEB6rKWpT/TOdjz7cIxPtdLB3UDq8gHP1N8TMfGUGnmu7pzerRa9qfif14qgW2jH3A8jYD6dL+pGAkOAp3HhDpeMghhpQqjk+lZM+0QSCjrUtA7BWnx5mdTzOesil7+7zJaukzhS6BidoDNkoStUQmVURTVE0SN6Rq/ozXgyXox3YzJvXTGSmSP0B8bnFw4WpA8=</latexit>

⇢A ⇠ e�2⇡Kx
<latexit sha1_base64="nLXZ1cWu5/+ZmqkHXY4Tbz7OteM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBV1JxY3gpoJ9QBPDZDpph85kwsxELKFu/BU3LhRx61+482+ctllo64ELh3Pu5d57woRRpR3n25qbX1hcWi6sFFfX1jc27a3thhKpxKSOBROyFSJFGI1JXVPNSCuRBPGQkWbYvxz5zXsiFRXxrR4kxOeoG9OIYqSNFNi7nuyJ4MJTlENylx1VvITC6+BhGNglp+yMAWeJm5MSyFEL7C+vI3DKSawxQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsaI06Un40/GMIDo3RgJKSpWMOx+nsiQ1ypAQ9NJ0e6p6a9kfif1051dOZnNE5STWI8WRSlDGoBR3HADpUEazYwBGFJza0Q95BEWJvQiiYEd/rlWdKolN3jcuXmpFQ9z+MogD2wDw6BC05BFVyBGqgDDB7BM3gFb9aT9WK9Wx+T1jkrn9kBf2B9/gBsDZY2</latexit>

A
<latexit sha1_base64="ZPEcebgNCuIJjupmI2tNUHePMZU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8eIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6re9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5L3jMU=</latexit>

Ā
<latexit sha1_base64="ybgJIWnNlGzkpleuLQ00/3MqGTw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCepePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZK7V5AVXY77ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdKqVb2Lau3hslK/yeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9Qf4+K</latexit>

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

t
<latexit sha1_base64="qs3vb1H7rt9+UkqsRMd9JrHN+ik=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBDjPg=</latexit>

At large time, all excitations are 
boosted away and the state looks like 
vacuum. (Ergodicity)

lim
t!1

h�|eitK̂x | i = h�|⌦i .
<latexit sha1_base64="BbcRDJiGVI7mueTdpSADBpJLSdM="></latexit>



How close are two local quantum states?

• Equivalence class under unitary orbits

• Distance between unitary orbits

⇢ ⇠ U⇢U†
<latexit sha1_base64="BE5x4oZrF92dbLixF4dTkU4+nAc=">AAACAXicbZBPS8MwGMZT/875r+pF8BIcgqfRTkFPMvDicYLdBmsdaZp2YUlTklQYY178Kl48KOLVb+HNb2O69aCbDwR+PO/78uZ9woxRpR3n21paXlldW69sVDe3tnd27b39thK5xMTDggnZDZEijKbE01Qz0s0kQTxkpBMOr4t654FIRUV6p0cZCThKUhpTjLSx+vahLwfCV5RDryDo3fsRShIi+3bNqTtTwUVwS6iBUq2+/eVHAuecpBozpFTPdTIdjJHUFDMyqfq5IhnCQ5SQnsEUcaKC8fSCCTwxTgRjIc1LNZy6vyfGiCs14qHp5EgP1HytMP+r9XIdXwZjmma5JimeLYpzBrWARRwwopJgzUYGEJbU/BXiAZIIaxNa1YTgzp+8CO1G3T2rN27Pa82rMo4KOALH4BS44AI0wQ1oAQ9g8AiewSt4s56sF+vd+pi1LlnlzAH4I+vzBwPolpg=</latexit>

inf
U

d(⇢, U!U†) = inf
U

tr((
p
⇢� U

p
!U†)2)

<latexit sha1_base64="Op65TOHsXJtdI1u5sE3GiLL2kek="></latexit>

d(⇢,!) = tr((
p
⇢�

p
!)2) = 2(1� tr(

p
⇢
p
!))

<latexit sha1_base64="I7yRfZyCfSMP0PpxHOiWzHMaM34="></latexit>


X

k

(
p
pk �p

qk)
2

<latexit sha1_base64="7NwNWGpRZipcbqoTxk/C4URgsmA=">AAACDXicbZC7TsMwFIadcivlFmBksShIZaBKChJMqBILY5HoRWpC5LhOa8VOUttBqqK+AAuvwsIAQqzsbLwNbpsBWn7J0qf/nKPj8/sJo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMU4FJE8csFh0fScJoRJqKKkY6iSCI+4y0/fB6Um8/ECFpHN2pUUJcjvoRDShGSlueeeQwMoSOTLkXVhw5FCpLvHB8OsOhxpP7mmeWrao1FVwEO4cyyNXwzC+nF+OUk0hhhqTs2lai3AwJRTEj45KTSpIgHKI+6WqMECfSzabXjOGxdnowiIV+kYJT9/dEhriUI+7rTo7UQM7XJuZ/tW6qgks3o1GSKhLh2aIgZVDFcBIN7FFBsGIjDQgLqv8K8QAJhJUOsKRDsOdPXoRWrWqfVWu35+X6VR5HERyAQ1ABNrgAdXADGqAJMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHdNZwL</latexit>



• Relabeling unitaries

• Distance between unitary orbits

• Distance as a commutator: Introduce an auxiliary qubit degree of freedom 
and consider the density matrix

and the partial isometry 
then

pk ! p�(k)
<latexit sha1_base64="25g+9VW3bpaOmQAzWZ0PST4TcVE=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2WmCrqSghuXFewDOsOQSTNtaJIJSUYoQ8FfceNCEbd+hzv/xrSdhbYeuHA4517uvSeWjGrjed/Oyura+sZmaau8vbO7t+8eHLZ1milMWjhlqerGSBNGBWkZahjpSkUQjxnpxKPbqd95JErTVDyYsSQhRwNBE4qRsVLkHstoBAOTQhnlgaYDjqqj80nkVryaNwNcJn5BKqBAM3K/gn6KM06EwQxp3fM9acIcKUMxI5NykGkiER6hAelZKhAnOsxn50/gmVX6MEmVLWHgTP09kSOu9ZjHtpMjM9SL3lT8z+tlJrkOcypkZojA80VJxqB9d5oF7FNFsGFjSxBW1N4K8RAphI1NrGxD8BdfXibtes2/qNXvLyuNmyKOEjgBp6AKfHAFGuAONEELYJCDZ/AK3pwn58V5dz7mrStOMXME/sD5/AF2QJUm</latexit>

inf
U

tr((
p
⇢� U

p
!U†)2)  inf

�2Sd

X

k

(
p
pk �p

q�(k))
2

<latexit sha1_base64="1sEj2kbuR0m6eqwUuWgEJnv8b5M="></latexit>

✓ = ⇢⌦ |0ih0|+ ! ⌦ |1ih1|
<latexit sha1_base64="4xH+0NjGj6Vp8xLMdnhL4ljNm+Q=">AAACMXicbVBNSwMxEM36bf2qevQSLIIglF0V9KIIXjwqWBW6pcym0zaYTZZkViht/5IX/4l48aCIV/+EaS2i1YGQx3tvmJmXZEo6CsPnYGJyanpmdm6+sLC4tLxSXF27cia3AivCKGNvEnCopMYKSVJ4k1mENFF4ndyeDvTrO7ROGn1JnQxrKbS0bEoB5Kl68SymNhIcxbZtYkMyRcd7YWxBtxTGavjxsLcTmxRb8O2IxhxRr14sheVwWPwviEagxEZ1Xi8+xg0j8hQ1CQXOVaMwo1oXLEmhsF+Ic4cZiFtoYdVDDX5wrTu8uM+3PNPgTWP908SH7M+OLqTOddLEO1OgthvXBuR/WjWn5mGtK3WWE2rxNaiZK06GD+LjDWlRkOp4AMJKvysXbbAgyIdc8CFE4yf/BVe75WivvHuxXzo5HsUxxzbYJttmETtgJ+yMnbMKE+yePbEX9ho8BM/BW/D+ZZ0IRj3r7FcFH58T06qz</latexit>

V = U ⌦ |0ih1|
<latexit sha1_base64="LCdFlFTUNYhtIC9m1gM4nXrrupM=">AAACCHicbVBNS8NAEJ34WetX1KMHF4vgqSRV0ItS8OKxgmkLTSib7aZdutmE3Y1Q2h69+Fe8eFDEqz/Bm//GbZuDtj5Y9vHeDDPzwpQzpR3n21paXlldWy9sFDe3tnd27b39ukoySahHEp7IZogV5UxQTzPNaTOVFMchp42wfzPxGw9UKpaIez1IaRDjrmARI1gbqW0f1a88P9EspgqNHF9i0eUU+Xz2u6O2XXLKzhRokbg5KUGOWtv+8jsJyWIqNOFYqZbrpDoYYqkZ4XRc9DNFU0z6uEtbhgpsJgfD6SFjdGKUDooSaZ7QaKr+7hjiWKlBHJrKGOuemvcm4n9eK9PRZTBkIs00FWQ2KMo40gmapII6TFKi+cAQTCQzuyLSwxITbbIrmhDc+ZMXSb1Sds/KlbvzUvU6j6MAh3AMp+DCBVThFmrgAYFHeIZXeLOerBfr3fqYlS5Zec8B/IH1+QOirpkT</latexit>

tr((
p
⇢�

p
!)2) = tr

⇣
|[V,

p
✓]|2

⌘

<latexit sha1_base64="KUzVrzj1B+hXxcDD72rxzlEX1FA="></latexit>



• We are looking for operators that 
commute with 

modular flow in this state
a unitary “cocyle”

|⌦i
<latexit sha1_base64="NfAZw2SRG40I1kHfrH5iQWH35N8=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6EkKXrxZwX5Ady3ZdHYbmmSXJKuU2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhSln2rjut7O0vLK6tl7YKG5ube/slvb2mzrJFIUGTXii2iHRwJmEhmGGQztVQETIoRUOriZ+6wGUZom8M8MUAkFiySJGibHS/ZN/IyAmviIy5tAtld2KOwVeJF5OyihHvVv68nsJzQRIQznRuuO5qQlGRBlGOYyLfqYhJXRAYuhYKokAHYymV4/xsVV6OEqULWnwVP09MSJC66EIbacgpq/nvYn4n9fJTHQRjJhMMwOSzhZFGccmwZMIcI8poIYPLSFUMXsrpn2iCDU2qKINwZt/eZE0qxXvtFK9PSvXLvM4CugQHaET5KFzVEPXqI4aiCKFntErenMenRfn3fmYtS45+cwB+gPn8wesqpKc</latexit>

A
<latexit sha1_base64="ZPEcebgNCuIJjupmI2tNUHePMZU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8eIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6re9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5L3jMU=</latexit>

Ā
<latexit sha1_base64="ybgJIWnNlGzkpleuLQ00/3MqGTw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCepePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZK7V5AVXY77ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdKqVb2Lau3hslK/yeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9Qf4+K</latexit>

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

t
<latexit sha1_base64="qs3vb1H7rt9+UkqsRMd9JrHN+ik=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBDjPg=</latexit>

What is the unitary that relates two states?

| i,
<latexit sha1_base64="rv79uSsAXeDdvIj+bjsngZ04/hs=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8SEmqoCcpePFYwX5AE8pmO2mXbjZxd1Mosb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d3bLx0cNlWcSooNGvNYtgOikDOBDc00x3YikUQBx1YwvJ36rRFKxWLxoMcJ+hHpCxYySrSR/CevrpgniehzPO+Wyk7FmcFeJm5OypCj3i19eb2YphEKTTlRquM6ifYzIjWjHCdFL1WYEDokfewYKkiEys9mR0/sU6P07DCWpoS2Z+rviYxESo2jwHRGRA/UojcV//M6qQ6v/YyJJNUo6HxRmHJbx/Y0AbvHJFLNx4YQKpm51aYDIgnVJqeiCcFdfHmZNKsV96JSvb8s127yOApwDCdwBi5cQQ3uoA4NoPAIz/AKb9bIerHerY9564qVzxzBH1ifP6c4kgE=</latexit>

qubitqubit|⇥i = |⌦i ⌦ |00i+ | i ⌦ |11i
<latexit sha1_base64="Cpzy/sWcQCWIc8XqJiYA6o2K96Q=">AAACN3icbVBNSwMxEM36bf2qevQSLIIglN0q6EURvHjSCq0WuqVk02kbms0uyaxQ2v4rL/4Nb3rxoIhX/4Fpu4K2Pgi8eW+GybwglsKg6z47M7Nz8wuLS8uZldW19Y3s5tatiRLNocwjGelKwAxIoaCMAiVUYg0sDCTcBZ2LoX93D9qISJWwG0MtZC0lmoIztFI9e9X3S21A5mumWhJO+/51CK2f0o9QhGBo33VT5aDvF42YtD0vVerZnJt3R6DTxEtJjqQo1rNPfiPiSQgKuWTGVD03xlqPaRRcwiDjJwZixjusBVVLFbP7ar3R3QO6Z5UGbUbaPoV0pP6e6LHQmG4Y2M6QYdtMekPxP6+aYPOk1hMqThAUHy9qJpJiRIch0obQwFF2LWFcC/tXyttMM4426owNwZs8eZrcFvLeYb5wc5Q7P0vjWCI7ZJfsE48ck3NySYqkTDh5IC/kjbw7j86r8+F8jltnnHRmm/yB8/UN3AKtrw==</latexit>

✓
<latexit sha1_base64="a9g4R2QJN0NpFcnDn3suEQSQSYM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePFYwX5AG8pmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWavVwxJH2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A6QRjyg=</latexit>

u(t) = ✓it(1⌦ |0ih1|)✓�it ⇠ ⇢it!�it
<latexit sha1_base64="dD9/SlhnL7a9j8RWATyltqW0tqA="></latexit>



• Then,

however, this is not a unitary. To find the unitary, one has look at the spectral 
decomposition of this operator. However, there is a shortcut:

Weak limit: if the spectrum of the cocycle is continuous then

(comment: this operator plays a central role in the proof of QNEC)   

Z 1

�1
dt ✓it(1⌦ |0ih1|)✓�it

<latexit sha1_base64="peRMPw+7oaOpEz3qtluSks8ShL8="></latexit>

Z 1

�1
dt [u(t),

p
✓] = 0

<latexit sha1_base64="6DTiOgESCHRIPWHkJdSpPM547nk=">AAACG3icbVDLSgMxFM3UV62vqks3wSJU0DJTBUVQCm5cVrAP6Iwlk2ba0ExmTO4IZeh/uPFX3LhQxJXgwr8xfSy0eiDcwzn3cnOPHwuuwba/rMzc/MLiUnY5t7K6tr6R39yq6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vD7lyO/cc+U5pG8gUHMvJB0JQ84JWCkdr7scgnt9NCUAAbD20nFHcDuGW4lRdg/cPWdgtSFHgMy9M7tdr5gl+wx8F/iTEkBTVFt5z/cTkSTkEmggmjdcuwYvJQo4FSwYc5NNIsJ7ZMuaxkqSci0l45vG+I9o3RwECnzJOCx+nMiJaHWg9A3nSGBnp71RuJ/XiuB4NRLuYwTYJJOFgWJwBDhUVC4wxWjIEwWnFDFzV8x7RFFKJg4cyYEZ/bkv6ReLjlHpfL1caFyMY0ji3bQLioiB52gCrpCVVRDFD2gJ/SCXq1H69l6s94nrRlrOrONfsH6/AacmaEd</latexit>

w.o. lim
t!1

[u(t),
p
✓] = 0 .

<latexit sha1_base64="Pkydnjv7ORi4ZBN8oLtUCDreZ8I=">AAACGXicbVDLSsNAFJ34rPVVdelmsAgVJCRV0I1ScOOygn1AE8pkOmmHTiZx5kYpob/hxl9x40IRl7ryb5w+Ftp64MLhnHu5954gEVyD43xbC4tLyyurubX8+sbm1nZhZ7eu41RRVqOxiFUzIJoJLlkNOAjWTBQjUSBYI+hfjfzGPVOax/IWBgnzI9KVPOSUgJHaBefBjm1P8KidgQcx9rgMYTDErbQER8eevlOQedBjQIb+heNhu10oOrYzBp4n7pQU0RTVduHT68Q0jZgEKojWLddJwM+IAk4FG+a9VLOE0D7pspahkkRM+9n4syE+NEoHh7EyJQGP1d8TGYm0HkSB6YwI9PSsNxL/81ophOd+xmWSApN0sihMBTYRjGLCHa4YBTEwhFDFza2Y9ogiFEyYeROCO/vyPKmXbffELt+cFiuX0zhyaB8doBJy0RmqoGtURTVE0SN6Rq/ozXqyXqx362PSumBNZ/bQH1hfP5asoAA=</latexit>

(Ceyhan, Faulkner 2018)



• The physical interpretation of the cocycle:

A
<latexit sha1_base64="ZPEcebgNCuIJjupmI2tNUHePMZU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8eIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6re9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5L3jMU=</latexit>

Ā
<latexit sha1_base64="ybgJIWnNlGzkpleuLQ00/3MqGTw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCepePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZK7V5AVXY77ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdKqVb2Lau3hslK/yeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9Qf4+K</latexit>

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

t
<latexit sha1_base64="qs3vb1H7rt9+UkqsRMd9JrHN+ik=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBDjPg=</latexit> Near the edge of A it acts like identity. 

Far at infinity it acts like identity
eiH⇢t

<latexit sha1_base64="pBXk7ZwKA91ezwdd9Z4xIF8aGIA=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6EkCXnKMYB6QbMLspJMMmZ1dZnqVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glgKg6777aytb2xubed28rt7+weHhaPjhokSzaHOIxnpVsAMSKGgjgIltGINLAwkNIPx3cxvPoI2IlIPOInBD9lQiYHgDK3UhW4qaLXX0aOI4rRXKLoldw66SryMFEmGWq/w1elHPAlBIZfMmLbnxuinTKPgEqb5TmIgZnzMhtC2VLEQjJ/Or57Sc6v06SDSthTSufp7ImWhMZMwsJ0hw5FZ9mbif147wcGNnwoVJwiKLxYNEknR/mgjoH2hgaOcWMK4FvZWykdMM442qLwNwVt+eZU0yiXvslS+vypWbrM4cuSUnJEL4pFrUiFVUiN1wokmz+SVvDlPzovz7nwsWtecbOaE/IHz+QP8opIq</latexit>

e�iH!t
<latexit sha1_base64="3LUUTkGKvrEEAUy9tBOLmxH2SPk=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwYkmqoCcpeOmxgv2ANobNdtIu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d3bt0sHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2MbqZ++wGkYrG40+MEvIgMBAsZJdpIvl2C++yM4brfiyMYEKwnvl12Ks4MeJm4OSmjHA3f/ur1Y5pGIDTlRKmu6yTay4jUjHKYFHupgoTQERlA11BBIlBeNjt9gk+M0sdhLE0JjWfq74mMREqNo8B0RkQP1aI3Ff/zuqkOr7yMiSTVIOh8UZhyrGM8zQH3mQSq+dgQQiUzt2I6JJJQbdIqmhDcxZeXSatacc8r1duLcu06j6OAjtAxOkUuukQ1VEcN1EQUPaJn9IrerCfrxXq3PuatK1Y+c4j+wPr8AVk5k2Y=</latexit>

S( k⌦) = i
d

dt
h |u⌦| (t) i

<latexit sha1_base64="xr2DabcBy90omCZS3/l3oqdrrq4="></latexit>

• Relative Entropy:



There exist unitaries U and U’ such that for any two states 

Furthermore, 

| i ' UU 0|⌦i
<latexit sha1_base64="I4nvMJlG1ILtgsdw3RzoyuWyIhM=">AAACDXicbVA9TwJBEN3zE/ELtbTZiEYrcocmWhkSGzsx8YCEI2RvGWDD7t65u2dCgD9g41+xsdAYW3s7/40LXKHgSyZ5eW8mM/PCmDNtXPfbWVhcWl5Zzaxl1zc2t7ZzO7sVHSWKgk8jHqlaSDRwJsE3zHCoxQqICDlUw97V2K8+gNIsknemH0NDkI5kbUaJsVIzdzgMypoFisgOh0AzAffY94+HwY2ADkn1Zi7vFtwJ8DzxUpJHKcrN3FfQimgiQBrKidZ1z41NY0CUYZTDKBskGmJCe6QDdUslEaAbg8k3I3xklRZuR8qWNHii/p4YEKF1X4S2UxDT1bPeWPzPqyemfdEYMBknBiSdLmonHJsIj6PBLaaAGt63hFDF7K2Ydoki1NgAszYEb/bleVIpFrzTQvH2LF+6TOPIoH10gE6Qh85RCV2jMvIRRY/oGb2iN+fJeXHenY9p64KTzuyhP3A+fwCwWZvu</latexit>

8|�i, lim
t!1

|h�|u(t)u0(t) i � h�|⌦i| = 0 .
<latexit sha1_base64="u1FSKQMuyERqnpspiQxYTVjL/es="></latexit>

Summary:



• Quantum field theory is NOT a finite quantum system. In QFT 
there exist no Renyi entropies, no entanglement entropy, or any 
unitarily invariant measure of a local state.

• In QFT the unitary orbit of local unitaries is dense in the Hilbert 
space.

• Cocycle and relative entropy are at the core of the entanglement 
theory of quantum fields.

inf
U2A,U 02A0

k| i � UU 0|⌦ik = 0 .
<latexit sha1_base64="kUdEOMSJjbZbXjaMfEYuQVxW9sI="></latexit>



Thank you!


