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Ultraviolet Divergenccs N Gravitg
® Simple power counting 18 gravitg and supergravitg
theories leads to a naive degree of di\/ergence

A=(D-2)L+2

in D spacetime dimensions. So, for D=4, 1.3, one

exl:)ects | = 8. In dimensional regularization onlg

logarlthmlc CllVCf'gCﬂCCS arc scen ( 1 POICS ce=D] 4)

sO 8 powers O1C momentum Woulcl ]ﬁa\/e to come out onto

the extemal lmes O‘F such cllagram.



* Local supérsgmmetrﬂ imPIics that the pure curvature

Part of such a D=4 §~|ooP clivergence candidate must

be built from the square of the Bel-Robinson tensor

Deser, Kay & K.5.5

P
/ " g T,uvaT'LNpG ,  Tuvps = R,uOCVBRpocGB'l' #RyavB#RpocGB

o Thisis clirectlg related to the 1 3 corrections in the
suPerstri ng, ettective action, except that in the stri ng
context such contributions occur with finite coefficients.

In string t‘neorg) the corresponding question is how

Poles mig‘ﬂt clevelop in (1) as one takes the zero-
slope imit o — 0 and how this bears on the ultraviolet

Properties of the corresponding feld theory.

Berkovits; Green, Russo & \/anhove;
cftalk bg Michael Green



* The consequences O1C suPersgmmetrg For the ultraviolet
structure are not restrictecl to the requi rement that

counterterms be sul:)ersgmmetric invariants.

o There exist more Powemcul “non-renormalization theorems,”
the most famous of which excludes infinite renormalization
within D=4, N=1 supersymmetry of chiral invariants, given in

N=] superspace bg integrals over half the superspace:
/dZ! W (x!.9), B =0

* However, maxima”g extended SYM and supergravitg

theories do not have formalisms with al sul:)ersgmmetries
|inear|9 realised “off-shell” in superspace. So the power of
such nonrenormalization theorems is restricted to the off-

shell Iinearlg realizable 5ubalgebra.



o The full extent of a theorg’s “on-shell’ sul:)ersgmmetrg) even

tlﬁoug}w it may be non-linear, also restricts the infinities since

the leading counterterms have to be invariant under the

original unrenormalized 5uPer59mmetr9 transtormations.

TS Assuming that 1/2 supersymmetrg IS |inear|3 realizable and

requiring gauge and supersymmetry invariances, Preclictions

were derived for the first clivergent loop orders in maximal

(N=4 & 16 sul:)ercharge) SYM and (N=8 © 32 sc.) SUGRA.:

Howe, K.5.5 & Townsend

Max. SYM first clivergences,
assuming half susy off-shell
(8 supercharges)

Max. SUGRA first divergcnces)
assuming half sUsY off-shell
(16 suPercharges)

Dimension D 10 8 7 0 5) 4
Loop order L 1 1 2 3 4 00
Gen. form O°F* | F4 | 9°F* | 9°F* | F* | finite
Dimension D 11 10 8 7 §) 5 4
Loop order L 2 2 1 2 3 2 | 3
Gen. form OR* | 9'R* | R* | 0*R* | 0°R* | R* | R?




* When written in terms of the full on-shell
su[Dersymmc-‘:‘crgJ the F4 super Yang~Mi”s and the R*
suPergravitg candidates have similar “1/2 BPS

structure”. In their D=4 incarnations, theﬂ are
Howe, K.5.5. & Townsend

Kallosh

Algypy = / (d*0d*0) 105 tr(9*) 105 105 0;; H6ofsu

! ISG:/(dSH d8'7)232848(w4)232848 232848 VV|jk| H 70 of 5UI(8)

* However, it now seems that such counterterm analgsis
in terms of BPS clegree IS incomplete. The

calculational front has recent|9 Progressecl
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remarkablg.




Unitaritg~basecl calculations

* Using unitarity and dimensional regularization, there have

Bern, Carrasco, Dixon,

Johansson & Roiban

been signhcicant advances in the coml:)utation of Ioop

corrections in the maximal suPersgmmetric cases.

+ These have led to surPriSing cancellations at the A~ and 4-

looP ochers, giel&ing new lowest Possible orders for the

SUPGF Yang~l\/\i”s ancl suPergravitB

Max. SYM first
clivergences, current Jowest

Possible orders.

Max. supergravitg first
clivergences, current lowest

Possible orders.

divc—:rgence onsets:

Dimension D 10 8 7 6 5) 4
Loop order L 1 1 2 3 67 !

1 1 1 1 1 1
BPS degree 7l > 2 2 2 2
Gen. form | 2E4 | F4 124 | 12E4 [ 1 2F4 | finite

Red: known divergences

Dimension D 11 10 8 7 6 5) 4
Loop order L 2 2 1 2 3 6?7 57
BPS degree 0 0 % %1 % 0 %1
Gen. form OPRY | OORY | R* | O°R* | O°R* | 0% R* | 0*R*




Gates, Grisaru, Knut-Whelau, & Siegel

Ectoplasm Berkovits and Howe

, o E)os;ard, Howq & KSS
XS The construction omc suPersgmmetrlc mvariants i1s

isomorl:)]ﬁic to the construction of cohomologica”y
nontrivial closed forms in superspace:

| = M oc*L p 1s invarnant (wl‘xere o' is a pull-back to the

“bocly” subspace M) it Lpis a closed form in superspace,

and is nonvanishing onlg i £Lpis nontrivial.

o Use the BRST formalism, treating all gauge symmetries

includ ing sl:)ace~time clhqeomorphisms with the nilpotent
BRST oPerator s. The invariance condition for £p is
sLp+doLpr 1 =0, where do is the usual bosonic exterior

derivative. Since s2 = 0 and s anticommutes with dg, one

obtains SLp_1+ d()LD _2=0 , etc.



* Solving the BRST Ward identities thus becomes a

colﬁomological Problem. Note that the sSUperst mmetry

ghost 1S a commuting field. One needs to stud y the

Cohomologg of the ni Potent ol:)erator l = s+ dg, whose
cochains Lp_q,q are (D-g) forms with ghost number q, 1.e.

(D-q) forms with g spInor indices. The spInor indices are
tota”g sgmmetric since the supersgmmetrg glﬁost 1S

commuting.

* For gauge-invariant suPersgmmetric integrancls, this
establishes an isomorphism between the cohomologg of
closed forms in superspace (a|<a “ectoplasm”) and the

construction of BRST-invariant counterterms.



SU PC 'S Pa ce Colqorv]ologﬂ Bonora, Pasti & Tonin

o Flat superspace has a stanc:latczl basis of invariant I-forms
E® = da®— 2dlo(! s ?

2
E¢Y = d“
dual to which are the superspace covariant derivatives (Oa, Dy)

o There is a natural bi~gra&ing of superspace forms into even

and odd Parts: | ™ = Ppepyg! PO

* Corresponclinglg, the Hat superspace exterior derivative

sPlits into three parts with bi—-—graclings (1,0), (O,1) & (~1,2):
d= d()(l, O) -+ dl(O, 1) —+ to(—l, 2)

bosonic der. fermionic der. torsion

d! 8, di! D,
where for a (P)q) form in Hat superspace, one has

(tow)azaaap! 1888542 7 (F )(! 1! 2 Was 484! 348842 )
10



o The nilpotence of the total exterior derivative d implies the

relations
te = 0
t()dl T Cllto = 0
di + todo + dotg = 0

o Then, sincedlp =0, the lowest dimension nonvanislﬁing

cochain (or “‘generator”) Lp—q,q must satisncy toLpr q.q =0,

sO Lp_q.q belongs to the t cohomologg group HtD_q’q.

* Starting with the to cohomologg groups H{, one then

defines a sPinorial exterior derivative d; : HP? — HP™

b9 dslw] = [dywl], where the [ ] brackets denote H; classes.

1



Cederwall, Gran, Nilsson & Tsiml:)is
Howe & TsimPis

* One finds that d.is nilpotent, ds =0, and so one can

define spinorial cohomologg groups HYY9 = Hy, (H{™) -

The groups H -9 gjve multi pure spinors.
o This formalism gives a way to reformulate BRST
cohomology in terms of spinorial cohomologg. The
lowest dimension cochain, or generator, of a

counterterm’s sul:)encorm will be d closed, i.e. it must be

an element of HP! ¢4

* Solving dslk p—q.4q] =0 allows one to solve for all the

higlf)er components of Lp intermsof Lp_q.q.
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Cohomological non-renormalization

v SPinorial cohomo ogy allows one to derive non-
renormalization thcorems 1Cor counterterms: t]’lé
cocgcle structure O{: cancliclate counterterms must

match that of the classical action.

¢ For example, in maximal SYM, this leads to non-
renormalization theorems ruling out the F*

counterterm otherwise expectecl at L=41n D=5.

o Similar non-renormalization theorems exist in
supergravitg) but their stucly S complicatecl ]33
local sul:)ersgmmetrg and the clensitg character oF

counterterm integran&s.
1%



Dualit9 invariance constraints cF also Broedel & Dixor

* Maximal suPergravitg has a series of cluality sgmmetries
|

which extend the automatic GL (11-D) symmetrc

obtained upon dimensional reduction from D=11, e.g B,
in the N=8, D=4 t]’weorg, with the 70 scalars taldng their
values in an £,/SU(8) coset target space.

o The N=8, D=4 theor ry can be formulated in a manncestlg

E)ossach Hillman & Nicolai

'__,7 covariant (but NnonN- manncestlg | orentz covariant)

Marcus

formalism. Anomalies for sU 8), and hence E — cancel.

® Combining the rec]uirement of continuous clualitg

invariance with the spinorial cohomo ogy rec]uirements

gi\/es Lurther restrictions on counterterms.
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* Inacurved superspace, an invariant is constructed from

the top (l:)ure “boclg”) coml:)onent in a coordinate

‘ 1
baSIS: | = E/ dDX gt EmDAD T E'm1A1 LA1...AD (X’ 0 = O) :

° R@Cerring this to a Premcerreci “Hat” basis and ic enti@ing EaA

components with vielbeins and gravitinos) one has in D=4

+ Since the gravitinos do not transtorm under the E,

C

[ =

1
24

(e5eheSe” Lapca + 4€5 €50 Lapea + 65N 307 Lapa g

+4A ST Lag gy + VXU AD I Lo 5 15)

¢ Thus the “soul” components of the Cocgcle also

contribute to the local supersgmmetric covariantization.

ua

C

ua

it
S

it
N,

———

, the L.agcp form components have to be seParate|9

invariant.
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* At Ieacling order, the E,/SU8) coset generators of E7siml:>|9

Procluce constant shifts in the 70 scalar fields. This leads to a

much easier check of invariance than analgsing the full

spinorial cohomo ogy Problem.

° Althouglﬁ the pure boclg (4,0) component L abeq of the R

counterterm have |ong been known to be shift invariant at
Howe, KSS & Townsend

lowest order (since all 70 scalar fields are covered bg

derivatives), it is harder for the fermionic soul components to

be SO, since t]’xeg are of lower dimension.

o Thus, one finds that the maxi-soul (0,4)L a3+ component S

not invariant under constant shifts of the 70 scalars. Hence

the D=4 N=8 §~|oo 1/2 BPS R*counterterm is not E, dualitg
Bossa CL Hpwe & KSS
ed

invariant, so it 1s ruled out. y




N=5, N=6
+ Similar analysis of the D=4 §~loop R* invariants in N=5

and N=6 sul:)ergravities shows them to be likewise ruled

out 199 the analogous requirements of sU 5,D and
SO*(12) dualitg invariances.

* In N=6 sul:)ergravitg, there is a 4~|ool:> | 2 R4 tgl:)e invariant.

’Dreliminarg analgsis indicates that this also is ruled out.

¢ In maximal sul:)ergravit3) such a A = 10 invariant might
1

have been expectecl at one looP in D=10. However, in
maximal sul:)ergravitg this invariant vanishes subject
to the classical field equations. But in D=4, N=6 it

does not vanish, so it could have been a threatening

counterterm. v



1/4 and 1/8 BPS counterterms in D=4

° APP ication of the spinoria cohomologg/ dua itg
analgsis to the 1/4 8*R*and 1/8 BPS 8°R% candidate

counterterms in D=4, N=8 suPergravitg IS Possible)

but incomplete. However, in the case of the maxima

D=4 theorg a ditterent tHPC of argumcnt based on 7"5:7

Cl l, , , , ,bl Elvangc%» Kiermaier (from 1A string theorg}
ua lt}j invariance 1s POSS’ C. Bossard, Howe & KSS (Purelg sul:)ergravitg)

Beisert, Elvang, Freedman, Kiermaier, Morales & Stiebeger

* In Fact, the existence of the 1/2 BPS | =1, D=8 R* the
1/4 BPS |L.=2, D=7 9*R*and the 1/8 BPS | =3, D=6 9°R*

Drummond Heslop, Howe & Kerstan

clivergcnces together with the unigueness of the

Corresl:)oncli ng D=4 counterterm structures al OWS

one to rule out the corresponc‘ing D=4 candidates.
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o The existence of these D=8,7& 6 Aivergences indicate
that the corresponc‘ing forms of the R*, 9*R* & 9°R*
counterterms have to be such that the Purelg
gravitational parts of these invariants are not dressed ]33

¢ dilatonic factors — otherwise, t]’weg would violate the
corresponding SL(3,R) x SL(2,R), SL(5,R) & SO(5,5)
dualitg symmetries: lowest-order shift symmetries would
be violated.

* Upon dimensional reduction to D=4, however, the

]

Finstein-frame classical N=8 action is arrangccl to have

no dilaton factors. But then the dimensional reductions

of the R*, 9*R* & 8°R* counterterms necessarilg do have

such dilaton factors.
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o These dimensional reductions from D=8, 7 & 6 do not
clirectlg have manifest SU (8) sgmmetrg. But theg can be
rendered SU(8) invariant }:)5 averaging, ie ]39 integrating the
dimensiona”g reduced counterterms over
SU(8)/(SO(3) x 8O(2)), SU(8)/SO(5) or SU(8)/(SO(B)! SO(5)) .

¢ Terms linear in dilatons ¢ are wipccl out in such averaging,

but - P quaclratic terms survive.

-4

Q Consequentlg, the climcnsiona”g reduced SU (8) invariant
1/2,1/4 and 1/8 BPS R*, 0*R*and 9° R*N=8 counterterms

all fail the test of lowest-order £, scalar shift sgmmetry.

¢ Moreover, the D=41/2,1/4 and 1/8 BPS counterterms
are unique. S0 theg fail the Ti7dualit9 test and are all

ruled out. o



Current outlook

o All of these discussions concern BPS candidate

counterterms, ie constrained exl:)ressions integratecl over

submanitolds of superspace. Non-BPS counterterms for

the N= 8t]ﬁeor3 given bg fall = mtegrals start

at! =16, corresponclmg to L=/ in D=4

o The first such counterterm that is mani?estlg

p——r

| —

—/

invariant is / d*?! (detE) the volume of N=8 superspace.

su Pergravitg:

Current clivergence expectations for maximal

Dimension D

11

10

Loop order L

2

| 00

5
6

BPS degree

0

s N~

0

4
5
0)

Gen. form

|12R4

|10R4

:U DO | =
B~

1OR% | ]

|12R4

!8R4

Red: known divergences

Blue: anticipa’cecﬂ clivergences

E7 full superspace
counterterms for |L>7:
Howe & Lindstrom
Kallosh
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