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Masaryk University

Erasmus IP course 2013

Pavel Koč́ı Gerbes and Generalized Kähler Manifold



S1 bundle

Our starting point of the following construction will be a closed
two-form ω.

ω = dAα

δ(dA)αβ = d(δAαβ) = ωα − ωβ = 0

⇒ δAαβ = Aα − Aβ = dΛαβ

δ(dΛ)αβ γ = d(δΛαβ γ) = δ(δA)αβ γ = 0

⇒ δΛαβ γ = Λαβ − Λαγ + Λβ γ = dαβ γ .

Then we can define new functions gαβ = e iΛαβ which satisfy
following relations

gαβ : Uα ∩ Uβ → S1

gαβ = g−1
β α

gαβ gβ γ gγ α = 1
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Gerbes

By analogy with the previous approach we start with
H
2π ∈ H3(M,Z). The Poincaré lemma implies the following relations

H = dBα

δBαβ = Bα − Bβ = dAαβ

δAαβ γ = Aαβ − Aαγ + Aβ γ = dΛαβ γ

δΛαβ γ φ = Λαβ γ − Λαβ φ + Λαγ φ − Λβ γ φ = dαβ γ φ ∈ 2πZ

The set of functions gαβ γ = e iΛαβ γ satisfying the following chain
of relations

gαβ γ : Uα ∩ Uβ ∩ Uγ → S1

gαβ γ = gγ αβ = gβ γ α = g−1
β α γ = g−1

αγ β = g−1
γ β α

gαβ γ gαβ φ gαγ φ gβ γ φ = 1

are transition functions of a gerbe with connection.
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Generalized Kähler Manifold

(M, J±, g ,H) is a generalized Kähler manifold if the following
axioms hold

(J±)2 = −I
N±(X ,Y ) = 0

J± tgJ± = g

∇±J = 0

Γ± i
j k = Γ i

j k ±
1

2
H i
j k

dH = 0.

A generalized Kähler manifold is locally encoded by a real potential
K (z , z̄ ,w , w̄ ,XL, X̄L,XR , X̄R)
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Gerbes and Generalized Kähler Manifold

Kα − Kβ = F+
αβ(z ,w ,XL) + F̄+

αβ(z̄ , w̄ , X̄L) + F−
αβ(z , w̄ ,XR) + F̄−

αβ(z̄ ,w , X̄R)

F+
αβ(z ,w ,XL) + F+

αγ(z ,w ,XL) + F+
β γ(z ,w ,XL) = i

(
cαβ γ(z)− bαβ γ(w)

)
F̄+
αβ(z̄ , w̄ , X̄L) + F̄+

αγ(z̄ , w̄ , X̄L) + F̄+
β γ(z̄ , w̄ , X̄L) = −i

(
c̄αβ γ(z̄)− b̄αβ γ(w̄)

)
F−
αβ(z , w̄ ,XR) + F−

αγ(z , w̄ ,XR) + F−
β γ(z , w̄ ,XR) = −i

(
cαβ γ(z) + b̄αβ γ(w̄)

)
F̄−
αβ(z̄ ,w , X̄R) + F̄−

αγ(z̄ ,w , X̄R) + F̄−
β γ(z̄ ,w , X̄R) = i

(
c̄αβ γ(z̄) + bαβ γ(w)

)
cαβ γ + cαβ φ + cαγ φ + cβ γ φ =

i

4
dαβ γ φ

bαβ γ + bαβ φ + bαγ φ + bβ γ φ =
i

4
dαβ γ φ,

We can introduce a biholomorphic gerbe Gαβ γ(z) and a twisted
biholomorphic gerbe Fαβ γ(w)

Gαβ γ(z) = e4cαβ γ(z)

Fαβ γ(w) = e4bαβ γ(w)
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