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We show that in all theories with a Lorentz-covariant energy—momentum tensor, such as all known renormalizable
quantum field theories, composite as well as elementary massless particles with j > 1 are forbidden. Also, in all theories
with a Lorentz-covariant conserved cutrent, such as renormalizable theories with a symmetry that commutes with all local
symmetries, there cannot exist composite or elementary particles with nonvanishing values of the corresponding charge and

j>1/2.

It has been known for many years that there are
problems in the construction of lagrangian field theo-
ries for massless particles of higher spin. The difficulty
is definitely not one of constructing free field theories.
There are physically acceptable free-field lagrangians
[1] for massless particles of arbitrary spin j, in which
these particles are represented by tensor or tensor—
spinor fields with j or j — 1/2 Lorentz indices, and the
lagrangian satisfies a gauge invariance principle which
eliminates unphysical degrees of freedom. Nor is there
any difficulty in giving these particles interactions of
some sort. For instance, we can construct interactions
that trivially satisfy the gauge invariance conditions for
higher spin, by simply requiring that a “curl” be taken
on each Lorentz index. (Thus a spin-5/2 field v,
would have to appear in the interaction in the form
0,0,¥,, —0,0,¥,, —0,0,¥,, + 9,0,¥,,.) Rather,
the problem appears to do specifically with giving
massless higher spin particles electromagnetic or gravi-
tational interactions. The replacement of the deriva-
tives in the lagrangians of ref. [1] with gauge-covariant
or generally covariant derivatives yields a lagrangian
that for high spin does not satisfy the appropriate
higher-spin gauge invariance conditions, and leads to
field equations that are not even algebraically consis-
tent [2].

We find it difficult to believe that this problem is
solely a limitation on the properties of elementary
massless particles whose fields appear in the lagrangian,

and that this limitation need to apply to composite
particles. If there did exist massless higher spin com-
posite particles with electromagnetic or gravitational
interactions, then could we not describe their interac-
tions by an effective lagrangian? There may well be

a distinction between elementary and composite par-
ticles, but this distinction must have to do with
whether or not they appear in the fundamental lagran-
gian, and not with whether they can appear in any
lagrangian at all.

It seems likely to us instead that whenever it proves
impossible to construct a lagrangian field theory for
certain kinds of massless particles, then such particles
simply cannot exist, whether elementary or composite
In support of this view, we offer a pair of very simple
theorems *2, which rule out higher-spin massless parti-
cles in certain contexts.

+

Theorem 1. A theory that allows the construction
of a Lorentz-covariant conserved four-vector current
J ¥ cannot contain massless particles of spin j > 1/2
with nonvanishing values of the conserved charge
1J0 d3x.

#1 There is an S-matrix-theoretical argument against the pos-
sibility of giving gravitational interactions to massless par-
ticles with j = 5/2, by Grisaru et al. [3].

*2 A result similar to our theorem 1 has been derived by
Coleman [4].
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Theorem 2. A theory that allows the construction
of a conserved Lorentz covariant energy—momentum
tensor 8+ for which [ 807 d3x is the energy—momen-
tum four-vector cannot contain massless particles of
spinj>1.

These theorems are proved by studying the matrix
elements {p’, +7 | J*|p, +jand (p', +j |6 4| p, £/ of
J# and 0+ between one-massless-particle states of
helicity +j and four-momenta p’ and p. We first note
that under the assumptions of these theorems, the ma-
trix elements cannot vanish in the limit p’ - p, and we
then show that for all p’ and p with (p — p")? #0,
the matrix element of J* must vanish for j > 1/2, and
the matrix element of ##” must vanish forj > 1.

To see that the matrix elements do not vanish for
p' > p, note that Lorentz invariance dictates their form
in this limit to be *3

(p'|J*| p) > gpH/E(2m)3 , (1)
(p'16#7| p)~> fprpP/E(Q2m)3 . )

The coefficient g is the one-particle value of the charge
S 70 d3x, and does not vanish by hypothesis. The
quantity fp* is the one-particle value of the energy—
momentum four-vector [ 9% d3x, and so /= 1.

To show that the matrix elements do vanish for
high spin, we adopt a Lorentz frame in which

p=(p.pl), p'=(=p,1pl). 3)

(This is always possible for (p’ — p)? # 0, because
then p' + p is timelike, and we need simply choose a
frame in which p' + p has no space component.) Con-

3 qtis important that we define g and f in terms of limits of
matrix elements as the momentum transfer p’ — p approach-
es zero, and not in terms of the values of matrix elements
at p’' — p = 0. Our definition corresponds to the method
by which charges, energies, and momenta are actually
determined: by measuring the nearly forward scattering
caused by exchange of spacelike but nearly lightlike mass-
less vector bosons or gravitons, or else by evaluating [y/J 0
x d3x or fpr 6% d3x for a large but finite volume V. Of
we had defined g and f in terms of matrix elements with
p' — p =0, we could not have used the vanishing of the
higher-spin matrix elements for (p — p')? # 0 to conclude
that g= 0 forj > 1/2 and f= 0 forj > 1, without invoking
an assumption of continuity between spacelike and light-
like momentum transfers. Such a continuity assumption
seems entirely plausible, but with our definition of f and
g, it is not necessary.
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sider the effect of a rotation R(#) by an angle 8 around
the p direction. The one-particle states undergo the
transformations

| p, %)~ exp(£i0)) | p, £/, @
|2, %) > exp(¥i6/) | p', £/ ©)

(The difference of the signs in the exponents arises
because R(#) is a rotation of +8 around p but of
—8 around p' = —p.) Rotational invariance tells us
then that

exp(22i07)(p’, £j | J#| p, £}
6)
=R(0)“p<p', P p, £)),

exp(2i6/)(p', £/ 16+ p, £
=R(0)*,R(0)",(p', 2j107[p, £]}. (7

But the rotation matrix R (6) has Fourier components
e, 1, and e~19 only, so these equations require the
matrix element of J# to vanish unless 2/ =0 or 1, and
the matrix element of 8#? to vanish unless 27 = 0,1
or 2. Since these matrix elements thus vanish for j
> 1/2 orj > 11in the special Lorentz frame defined
by eq. (3), and the helicities of massless particles are
Lorentz invariant while J# and 84" are assumed to
be Lorentz covariant, the matrix elements would have
to vanish in all frames, and hence for all p and p with
(p' — p)* #0. This concludes the proof.

Of course, there are acceptable theories that have
massless charged particles with spin j > 1/2 (such as
the massless version of the original Yang—Mills theory),
and also theories that have massless particles with spin
j > 1 (such as supersymmetry theories or general
relativity). Our theorem does not apply to these theories
because they do not have Lorentz-covariant conserv-
ed currents or energy—momentum tensors, respectively.
For instance, interpreting the Yang—Mills theory as a
theory of charged massless spin-one particles and pho-
tons, the electric current is

J#=eIm(B*T(3,B,-0,B,) - a4 (BLB,)] ,

where B# is the complex field of the charged bosons.
This is not a four-vector, because under a Lorentz
transformation x* - A* xV the boson field B trans-
forms into A*, BY plus a term proportional to a deri-
vative 0 ®. Similarly, the energy—momentum pseu-
dotensor in general relativity is not a Lorentz tensor,
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because it involves the gravitational field &,,,, which

has a non-tensor behavior under Lorentz transforma-
tions. (Of course, we can make J* or 8#” into tensors
by introducing unphysical helicity states, such as lon-
gitudinal and timelike charged bosons in the Yang—
Mills theory, but then the proof of our theorem would
be invalid because the helicities of physical states would
not be Lorentz invariant.)

Our theorem does apply to all known renormalizable
quantum field theories such as quantum chromody-
namics, with the qualification that theorem 1 only ap-
plies to conserved currents associated with symmetries
that commute with any local symmetries. It can be
shown by direct construction that these theories have
a Lorentz-covariant energy—momentum tensor §4¥,
and a Lorentz-covariant Noether current J* for all
symmetries that commute with local symmetries.
Thus we conclude that all these theories have no mass-
less bound states with j > 1, and quantum chromody-
namics has no flavor nonsinglet massless bound states
with j > 1/2.

- It is perhaps not surprising that ordinary field theo-
ries like quantum chromodynamics do not have mass-
less bound states of high spin. What is somewhat sur-
prising is that this result can be proved so easily, and
with such generality.

We close by noting some applications of this result
to current research.

Because of the difficulties with general relativity
as a quantum theory, it has occasionally been suggested
that the graviton is not an elementary particle, but a
massless spin-two bound state that arises in an ordi-
nary renormalizable field theory [5]. (The couplings
of a massless spin-two particle, composite or not, must
at low energies mimic general relativity.) However,
our theorems rule out this possibility **.

Our theorems also remove one cbjection to the idea
that the familiar quarks and leptons are bound states
of more nearly fundamental particles. It might be
thought that in this case, quarks and leptons would
have to form closely lying states of differing angular
momenta (like atoms and nuclei) in disagreement with
the observation that quarks and leptons all seem to
have spin 1/2. However, the absence of any detectable

¥4 However, the theorem clearly does not apply to theories
{7] in which the gravitational field is a basic degree of free-
dom but the Einstein action is induced by quantum effects.
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quark or lepton structure indicates that quark and lep-
ton masses are very much less than the characteristic
energy scale of the binding forces, so it seems reason-
able to suppose that in the absence of electroweak or
other perturbations, the quark and lepton masses would
vanish. Assuming that the constituent particles and
binding forces are described by an ordinary renormaliz-
able theory, our theorem then rules out any other
particles with j > 1 that would also be massless in the ab-
sence of electroweak or other perturbations to the
binding forces. There may well exist excited quarks
and leptons with high spin, but they are likely to have
masses of the order of the characteristic scale of the
binding forces, and hence to be much heavier than the
ordinary quarks and leptons.

In particular, our theorems also close a loophole in
recent discussions [6] of the implications of Adler—
Bell—Jackiw triangle anomalies. It has been argued
that theories with triangle anomalies in the amplitudes
of conserved currents must involve massless untrapped
physical particles. Qur theorems confirm the conjec-
ture by 't Hooft [6] that these massless particles
would have to have spin zero or one-half. Our theorems
do leave open the possibility that there are massless spin-
one particles that are neutral under all symmetries that
commute with gauge symmetries, but there is an ar-
gument by Frishman et al. [6] that such particles
could not produce the anomaly, so that there would
still have to be massless particles-of spin zero or one-
half.

We are grateful for valuable conversations with S.
Coleman, S. Deser, M. Grisaru, Y. Ne’eman and H.
Schnitzer. This research is supported in part by the
National Science Foundation under Grant No. PHY77-
22864.
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